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Abstract
Consider the following forest fire model where the possible locations of trees are the sites of
Z. Each site has three possible states: ’vacant’, ’occupied’ or ’burning’. Vacant sites become
occupied at rate 1. At each site, ignition (by lightning) occurs at rate λ. When a site is ignited,
a fire starts and propagates to neighbors at rate pi. We study the asymptotic behavior of this
process as λ → 0 and pi → ∞. We show that there are three possible classes of scaling limits,
according to the regime in which λ → 0 and pi → ∞.
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1 Introduction
This section is devoted to preliminaries. We first define the (λ, π)−forest fire process with non
instantaneous propagation. We then recall some known results about forest fire processes. Finally,
we give the plan of the present paper.
1.1 The discrete model
Here we introduce the forest fire model with non instantaneous propagation.
Definition 1.1. Let λ ∈ (0 , 1] and π ≥ 1 be fixed. For each i ∈ Z, we consider three Poisson
processes, NS(i) = (NSt (i))t≥0, N
M (i) = (NMt (i))t≥0 and N
P (i) = (NPt (i))t≥0 with respective
parameters 1, λ and π, all of these processes being independent. Consider a {0, 1, 2}-valued process
(ηλ,pit (i))t≥0,i∈Z such that a.s., for all i ∈ Z, (η
λ,pi
t (i))t≥0 is càdlàg. We say that (η
λ,pi
t (i))t≥0,i∈Z is
a (λ, π)−forest fire process ((λ, π)−FFP in short) if a.s., for all i ∈ Z, all t ≥ 0,
ηλ,pit (i) =
∫ t
0
1{ηλ,pi
s−
(i)=0} dN
S
s (i) +
∫ t
0
1{ηλ,pi
s−
(i)=1} dN
M
s (i)
+
∫ t
0
1{ηλ,pis− (i+1)=2,ηλ,pis− (i)=1} dN
P
s (i+ 1) +
∫ t
0
1{ηλ,pis− (i−1)=2,ηλ,pis− (i)=1} dN
P
s (i− 1)
− 2
∫ t
0
1{ηλ,pi
s−
(i)=2} dN
P
s (i).
Formally, we say that ηλ,pit (i) = 0 if there is no tree at site i at time t and η
λ,pi
t (i) = 1 if the site
i is occupied. The case ηλ,pit (i) = 2 means that the site i is burning. Thus, the forest fire process
starts from an empty initial configuration, seeds fall according to some i.i.d. Poisson processes of
parameter 1 and matches fall according to some i.i.d. Poisson processes of parameter λ. When a
seed falls on an empty site, a tree appears immediately. When a match falls on an occupied site, a
fire starts and waits for an exponential time of parameter π before it propagates to its neighbors
and vanishes. If its right (resp. left) neighbor is occupied then it becomes burning. Seeds falling on
occupied sites, matches falling on vacant sites and fires propagating to vacant sites have no effect.
This process can be shown to exist and to be unique (for almost every realization ofNS , NM , NP )
by using a graphical construction. Indeed, to build the process until a given time T > 0, it suffices
to work between sites i which are vacant until time T [because NST (i) = 0]. Interaction cannot
cross such sites. Since such sites are a.s. infinitely many, this allows us to handle a graphical
construction. It should be pointed out that this construction only works in dimension 1.
For a, b ∈ Z, we set Ja , bK = {a, . . . , b} ⊂ Z. For η ∈ {0, 1, 2}Z and i ∈ Z, we define the occupied
connected component around i as
C(η, i) =
{
∅ if η(i) = 0 or 2,
Jl(η, i) , r(η, i)K if η(i) = 1,
where l(η, i) = sup{k < i : η(k) = 0 or 2}+ 1 and r(η, i) = inf{k > i : η(k) = 0 or 2} − 1.
1.2 Motivation and references
Consider a graph G = (S,A), S being the set of vertices and A the set of edges. Introduce the
space of configurations E = {0, 1, 2}S. For η ∈ E, we say that η(i) = 0 if the site i ∈ S is vacant,
η(i) = 1 if the site i is occupied by a tree and η(i) = 2 if the tree in i is burning. Two sites are
neighbors if there is an edge between them. We call forests the connected components of occupied
sites. For i ∈ S and η ∈ E, we denote by C(η, i) the forest around i in the configuration η (with
C(η, i) = ∅ if η(i) = 0 or η(i) = 2). We consider the following rules
• vacant sites become occupied (a seed falls and a tree immediately grows) at rate 1;
• occupied sites take fire (a match falls) at rate λ > 0;
3
• fires propagate to neighbors (inside the forest) at rate π > 0.
Such a model was introduced by Henley [14] and Drossel and Schwabl [9] as a toy model for
forest fire propagation and as an example of a simple model intended to clarify the concept of
self-organized criticality.
The study of self-organized critical systems has become rather popular in physics since the end of
the 80’s. These are simple models supposed to clarify temporal and spatial randomness observed
in a variety of natural phenomena showing long range correlations, like sand piles, avalanches,
earthquakes, stock market crashes, forest fires, shapes of mountains, clouds, etc. It is remarkable
that such phenomena, reminiscent of critical behavior, arise so frequently in nature where nobody
is here to finely tune the parameters to critical values. The most classical model is the sand pile
model introduced in 1987 in [1], but many variants or related models have been proposed and
studied more or less rigorously, describing earthquakes (see [16]) or forest fires (see [14]).
The features of the model depend on the geometry of the graph; we only consider in this paper
the case S = Z (with its natural set of edges). They also depend on the laws of the processes
governing seeds, matches and propagation. We work here in the classical case where all processes
are Poisson processes.
From the point of view of self-organized criticality, the interesting regime is the asymptotic
behavior of the forest-fire process as λ → 0 and π → ∞: then fires are very rare, but concern
huge occupied components. We present three possible limit processes (depending on the regime at
which λ→ 0 and π →∞) arising when we suitably rescale space and accelerate time.
Forest fire on Z
All the available results concern the limit case where the propagation is instantaneous (π = ∞):
when a tree takes fire, the whole forest (to which it belongs) is destroyed immediately. The model
is thus:
• vacant sites become occupied (a seed falls and a tree immediately grows) at rate 1;
• matches fall on occupied sites at rate λ and then burn instantaneously the corresponding
forest.
We denote ηλt ∈ {0, 1}
Z the configuration at time t. Observe that (possible) infinite clusters in the
initial configuration would immediately disappear.
The following results are related to this model.
Asymptotic density
Van den Berg and Járai study in [4] the asymptotic density of vacant sites in the limit λ → 0.
Their result states that there are two constants 0 < c < C such that for any initial configuration,
for any λ > 0 small enough, for t large enough (of order log(1/λ)),
c
log(1/λ)
≤ P
[
ηλt (0) = 0
]
≤
C
log(1/λ)
.
This is coherent with the intuition that the rarer fires are, the more space is occupied by trees
(although because of the lack of monotonicity, this is not straightforward). We mention that such
a result was stated in Drossel-Clar-Schwabl [8]. But the proof in [8] is not rigorous: it is based
on the ansatz that the cluster sizes were following a cutoff power law, for cluster-sizes up to some
sλmax defined by s
λ
max log s
λ
max = 1/λ, i.e.
sλmax ≃
1
λ log(1/λ)
.
In [4], van den Berg and Járai also show that the cluster sizes cannot follow the predicted power
law.
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Sizes of clusters, first results
In [7], Brouwer and Pennanen show that this last ansatz holds true up to s
1/3
max. More specifically,
they show that there are some constants 0 < c < C such that for all 0 < λ < 1 and all stationary
measures µλ (invariant by translation) of the forest fire model on Z with parameter λ, for all
x < (sλmax)
1/3,
c
(1 + x) log (1/λ)
≤ µλ (|C(η, 0)| = x) ≤
C
(1 + x) log (1/λ)
.
Observe that this estimate is valid for relatively small clusters that will not be seen after rescaling
(microscopic clusters).
Scaling limits
Still in the limit case where the propagation is instantaneous, Bressaud and Fournier have proved
in [5] that in the asymptotic of rare matches, the forest fire process converges, under suitable
normalization, to some limit forest fire process. They described precisely the dynamics of this limit
process and have shown that it is unique, that it can be built by using a graphical construction
and thus can be perfectly simulated. Using the limit process, they have also estimated the size of
clusters. Very roughly, they have proved that in a very weak sense, for λ small enough and for t
large enough (of order log(1/λ)), the cluster-size distribution resembles
P
[
C(ηλt , 0) = x
]
≃
a
(x+ 1) log(1/λ)
1{x≪1/(λ log(1/λ))} + bλ log(1/λ)e−xλ log(1/λ),
where a, b are two positive constants. This means that there are two types of clusters: microscopic
clusters, described by a power-like law and macroscopic clusters, described by an exponential-like
law. This shows a phase transition around the critical size 1/(λ log(1/λ)).
In [6], Bressaud and Fournier have extended their results by replacing Poisson processes by
the case where seeds (respectively matches) fall on each site of Z independently, according to
some stationary renewal processes, with stationary delay distributed according to some law νS
(respectively νλM ). This means that for any time t ≥ 0 and on any site i ∈ Z, the time we have
to wait for the next seed is a νS−distributed random variable. They also assume that νS has a
bounded support or a tail with fast or regular or slow variations. They prove that, after rescaling,
the corresponding forest fire process converges, as λ→ 0, to a limit process. They show that there
are four classes of limit processes, according to the fact that
• νS has a bounded support,
• νS has a tail with fast decay,
• νS has a tail with polynomial decay,
• νS has a tail with logarithmic decay.
They see that the limit forest fire process build in [5] is quite universal: it describes the asymptotics
of a large class (roughly exponential decay for νS) of forest fire processes. A similar limit process
arises when νS has bounded support. But some quite different limit processes arise when νS has a
heavy tail.
Main idea of the present paper
From the modelling point of view, the instantaneously destroying of clusters is not clearly justified.
The goal of this paper is to extend the result in [5] to the case where fires need a random time to
propagate to neighbors.
We thus consider the case where seeds (resp. matches) fall on each site of Z independently,
according to some Poisson processes with parameter 1 (resp. λ) and where a burning tree has to
wait for an exponential time of parameter π to propagate to neighbors. Since the scaling in [5]
depends only on the seed and match processes (i.e. only on 1 and λ), the time and space scales
will be the same here. We will separate three cases :
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• the case where fires propagate very fast;
• the case where fires propagate very slowly;
• the intermediate case.
The first case is the most physically realistic and the most widely used. We will show that, if π is
large, then everything happens as if π =∞ (instantaneous propagation). The other cases are even
though mathematically interesting.
1.3 Plan of the paper
In Section 2, we start by explaining the heuristic scales and the relevant quantities (rescaled
macroscopic clusters and measure of microscopic clusters). We then give our main results (scaling
limits and cluster-size distribution) together with heuristic proof. In Section 3, we study the
existence and uniqueness of the limit process. In Section 4, we study the effect of fires in the
discrete process, which will be usefull in the rest of the paper (propagation through an occupied
zone). In Section 5, we give a discrete version of Section 3. The rest of the paper is devoted to the
rigorous proof of our results: we treat the convergence in the regime R(∞, z0) in Section 7, in the
regime R(p), for some p ∈ (0 ,∞) in Section 8 and finally in the regime R(0) in Section 9. In the
end of each two last sections, we deduce estimates on the cluster size distribution for the process.
2 Main results
2.1 Notation
In the whole paper, we use the convention 1/∞ = 0 and 1/0 =∞.
We denote, for J = [a, b] an interval of R, by |J | = b− a the length of J and for α > 0, we set
αJ = [αa, αb].
For I ⊂ Z, |I| = #I stands for the number of elements in I. For I = Ja , bK = {a, . . . , b} ⊂ Z
and α > 0, we will set αI := [αa , αb] ⊂ R. For α > 0, we of course take the convention that
α∅ = ∅.
For x ∈ R, ⌊x⌋ stands for the integer part of x.
We denote by I = {[a, b], a ≤ b} the set of all closed finite intervals of R. For two intervals [a, b]
and [c, d], we set
δ([a, b], [c, d]) = |a− c|+ |b− d|, δ([a, b], ∅) = |b− a|.
For (x, I), (y, J) in D([0, T ],R+×I∪{∅}), the set of càdlàg functions from [0, T ] into R+×I∪{∅},
we define
dT ((x, I), (y, J)) =
∫ T
0
[
|x(t) − y(t)|+ δ(It, Jt)
]
dt.
For two functions I, J : [0 , T ]→ I ∪ {∅}, we set
δT (I, J) =
∫ T
0
δ(It, Jt) dt.
For (x, t) ∈ R× [0 , T ] we also set, for p ≥ 0,
Λp(x,t) := {(x + z, t− p |z|) : |z| ≤ t/p}
((r, v) ∈ Λp(x,t) ⇐⇒ v = t− p |r − x|) and its part which joins (y, s) to (x, t)
Λp(x,t)(y, s) =


{(z, t− p |z − x|) : z ∈ [x , y]} if (y, s) ∈ Λp(x,s) and y > x,
{(z, t− p |z − x|) : z ∈ [y , x]} if (y, s) ∈ Λp(x,s) and y < x,
∅ else.
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Similarly, we define
Vp(x,t) = {(x+ z, t+ p |z|) : z ∈ R}
Vp(x,t)(y, s) =


{(z, t+ p |z − x|) : z ∈ [x , y]} if (y, s) ∈ Vp(x,t) and y > x,
{(z, t+ p |z − x|) : z ∈ [y , x]} if (y, s) ∈ Vp(x,t) and y < x,
∅ else,
see Figure 1. Observe that Λp(x,t)(y, s) = V
p
(y,s)(x, t). Also observe that Λ
0
(x,t) = V
0
(x,t) = {(z, t) : z ∈ R}.
t
x
(x, t)
(y, s)Λ p
(x,t) (y, s) (x, t)
(y, s)
V
p
(x,
t)
(y,
s)
Figure 1: Λp and Vp
On the left side is drawn Λp
(x,t)
and Λp
(x,t)
(y, s). On the right side is drawn Vp
(x,t)
and Vp
(x,t)
(y, s).
2.2 Heuristic scales and relevant quantities
We look for some time scale for which tree clusters see about one fire per unit of time. But for
λ very small, clusters will be very large before a match falls inside. We thus also have to rescale
space. Since this does not depend on π, these scales are the same as in [5]. We also have to find
the different regimes at which λ→ 0 and π →∞.
Time scale
For λ > 0 very small and for t not too large, one might neglect fires, so that roughly, each site is
vacant with probability e−t. Indeed, the time we have to wait for the first seed follows, on each
site, the law E(1). Thus C(ηλ,pit , 0) ≃ J−X ,Y K, where X,Y are geometric random variables with
parameter e−t. Consequently, for t not too large,∣∣∣C(ηλ,pit , 0)∣∣∣ ≃ et.
On the other hand, the rate that at which matches fall in the cluster C(ηλ,pit , 0) is λ|C(η
λ,pi
t , 0)|. So
we decide to accelerate time by a factor
aλ = log(1/λ). (2.1)
In this way, λ|C(ηλ,piaλ , 0)| ≃ 1.
Space scale
We now rescale space in such a way that during a time interval of order aλ = log(1/λ), something
like one match falls per unit of (space) length. Since fires occur at rate λ, our space scale has to
be of order
nλ =
⌊
1
λaλ
⌋
=
⌊
1
λ log(1/λ)
⌋
. (2.2)
This means that we will identify J0 ,nλK ⊂ Z with [0, 1] ⊂ R.
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Propagation velocity
The time needed for a fire to destroy a macroscopic cluster (which contains about nλ sites) is of
order nλpi . Indeed, a burning tree waits for an exponential time of parameter π before it propagates
to neighbors. Thus, if a fire starts at 0, it needs roughly a time nλ/π to reach nλ. We have to
compare the time nλ/π to the characteristic time aλ. Thus we have to separate the three following
regimes, as λ→ 0 and π →∞ (observe that nλ
aλpi
≃ 1
λ log2(1/λ)pi
):
• 1
λ log2(1/λ)pi
→ 0, which corresponds to the case where fires propagate very fast;
• 1
λ log2(1/λ)pi
→ p, for some p ∈ (0 ,∞), which is an intermediate case;
• 1
λ log2(1/λ)pi
→∞, which corresponds to the case where fires propagate very slowly.
Recall that, when neglecting fires and for t < 1, 1/λt is the order of magnitude of the occupied
cluster around 0 at time aλt. Thus a match falling in 0 at time aλt needs a time of order 1/(λ
tπ)
to destroy the whole component. In order to treat the last case, we suppose that there exists
z0 ∈ [0 , 1) such that
1
λtπ
→
{
0 if t < z0,
∞ if t > z0.
(2.3)
This means that if the match falls at time aλt < aλz0, there are few occupied sites around 0. Thus
the fire destroys the whole component in a time of order 1/(λtπ)≪ aλ. On the other hand, if the
match falls a time aλt > aλz0 then the component is too big to be destroyed before aλT , for all
T > 0.
To summarize, we will treat separately the three following regimes, as λ→ 0 and π →∞.
1. R(0): nλ
aλpi
≪ 1, the fast regime;
2. R(p): nλ
aλpi
∼ p ∈ (0 ,∞), the intermediate regime;
3. R(∞, z0):
nλ
aλpi
≫ 1 and log(pi)log(1/λ) → z0 ∈ [0 , 1], the slow regime.
Rescaled clusters
We thus set, for λ ∈ (0, 1), π ≥ 1, t ≥ 0 and x ∈ R, recalling Subsection 2.1,
Dλ,pit (x) :=
1
nλ
C
(
ηλ,piaλt, ⌊nλx⌋
)
. (2.4)
However, this creates an immediate difficulty: recalling that C(ηλ,pit , 0) ≃ e
t for t not too large,
we see that for each site x, |Dλ,pit (x)| ≃ λ log(1/λ)e
t log(1/λ) = λ1−t log(1/λ), of which the limit
when λ→ 0 is 0 for t < 1 and +∞ for t ≥ 1.
For t ≥ 1, there might be fires in effect and one hopes that this will make the possible limit of
|Dλ,pit (x)| finite. However, fires can only reduce the size of clusters so that for t < 1, the limit of
|Dλ,pit (x)| will really be 0. This cannot be a Markov process because it remains at 0 during a time
interval of length exactly 1. We thus need to keep track of more information in order to control
when it exits from 0.
To have an idea of the sizes of microscopic clusters, we keep some information about the degree
of smallness of microscopic clusters. We consider
mλ =
⌊
1
λa2λ
⌋
=
⌊
1
λ log2(1/λ)
⌋
. (2.5)
Remark that mλ ≪ nλ but mλ ≫ λ−t, for all t ∈ [0 , 1). We introduce, for λ > 0, π ≥ 1, x ∈ R,
t ≥ 0,
Kλ,pit (x) =
∣∣∣{i ∈ J⌊nλx⌋ −mλ , ⌊nλx⌋+mλK : ηλ,piaλt(i) = 1}
∣∣∣
2mλ + 1
∈ [0 , 1], (2.6)
Zλ,pit (x) =
− log(1−Kλ,pit (x))
log(1/λ)
∧ 1 ∈ [0 , 1]. (2.7)
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Observe that Kλ,pit (x) stands for the local density of occupied sites around ⌊nλx⌋ at time aλt. This
density is local because mλ ≪ nλ. We hope that for t < 1, neglecting fires, K
λ,pi
t (x) ≃ 1 − λ
t,
whence Zλ,pit (x) ≃ t.
For all λ > 0 small enough (we need that 2mλ+1 < 1/λ), it also holds that Z
λ,pi
t (x) = 1 if and
only if Kλ,pit (x) = 1, i.e. if and only if all the sites are occupied around ⌊nλx⌋. Indeed, Z
λ,pi
t (x) = 1
implies that − log(1 −Kλ,pit (x)) ≥ log(1/λ), so that K
λ,pi
t (x) ≥ 1 − λ > 1 − 1/(2mλ + 1), whence
Kλ,pit (x) = 1.
Final description
We will study the (λ, π)−FFP through (Dλ,pit (x), Z
λ,pi
t (x))t≥0,x∈R. The main idea is that for λ > 0
very small and π ≥ 1 large enough:
• if Zλ,pit (x) = z ∈ (0, 1), then |D
λ,pi
t (x)| ≃ 0 and the (rescaled) cluster containing x is micro-
scopic (in the sense that the non-rescaled cluster containing ⌊nλx⌋ is small when compared
to nλ), but we control the local density of occupied sites around x, which resembles 1 − λ
z.
Observe that this density tends to 1 as λ→ 0 for all z ∈ (0, 1);
• if Zλ,pit (x) = 1 and D
λ,pi
t (x) = [a, b], then the (rescaled) cluster containing x is macroscopic
and has a length equal to |b− a| (or |C(ηλ,pi
aλt
, ⌊nλx⌋)| ≃ nλ |b− a| in the original scales).
Definition 2.1. Let (E, d) be a metric space.
Let p ≥ 0. In the rest of the paper, we will say that f(λ, π) ∈ E tends to ℓ ∈ E when λ → 0
and π → ∞ in the regime R(p) if for all δ > 0, there are ε > 0 and λ0 ∈ (0 , 1] such that for all
λ ∈ (0 , λ0) and all π ≥ 1 in such a way that
∣∣∣ nλ
aλpi
− p
∣∣∣ < ε, there holds d(f(λ, π), ℓ) < δ.
Let z0 ∈ [0 , 1]. Similarly, we will say that f(λ, π) ∈ E tends to ℓ ∈ E when λ→ 0 and π →∞
in the regime R(∞, z0) if for all δ > 0, there are ε > 0, K0 > 0 and λ0 ∈ (0 , 1] such that for
all λ ∈ (0 , λ0) and all π ≥ 1 in such a way that
nλ
aλpi
≥ K0 and
∣∣∣ log(pi)log(1/λ) − z0∣∣∣ < ε, there holds
d(f(λ, π), ℓ) < δ.
2.3 Main results when p ∈ [0 ,∞)
In this section, we are interested in the regime R(p), for some p ∈ [0 ,∞). We treat together the
cases p = 0 and p ∈ (0 ,∞). There are just few differences between these two cases: see Remark
2.3 for an alternative definition in the case p = 0.
2.3.1 Definition of the limit forest fire process
We now describe the limit process. We want this process to be Markov and this forces us to add
some variables. We consider a Poisson measure πM (dx, dt) on R× [0,∞), with intensity measure
dxdt, whose marks correspond to matches. Recall Notation 2.1.
Definition 2.2. Let p ≥ 0. A process (Zt(x), Ht(x), Ft(x))t≥0,x∈R with values in R+×R+×N
such that a.s., for all x ∈ R, (Zt(x), Ht(x))t≥0 is càdlàg, is said to be a p−limit-forest-fire-process
(or LFFP(p) in short), if a.s., for all t ≥ 0, all x ∈ R,
Zt(x) =
∫ t
0
1{Zs(x)<1} ds−
∑
s≤t
(Fs(x) ∧ 1),
Ht(x) =
∫ t
0
Zs−(x)1{Zs−(x)<1}πM ({x} × ds)−
∫ t
0
1{Hs(x)>0} ds, (2.8)
Ft(x) =
∫∫
(y,s)∈Λp
(x,t)
1{∀(r,v)∈Λp
(x,t)
(y,s) , Zv−(r)=1 and Hv−(r)=0}πM (dy, ds).
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To the LFFP(p), we associate the process Dt(x) = [Lt(x), Rt(x)], with
Lt(x) = sup{y ≤ x : Zt(y) < 1 or Ht(y) > 0},
Rt(x) = inf{y ≥ x : Zt(y) < 1 or Ht(y) > 0}.
A typical path of the finite box version of the LFFP(p) is drawn and commented in Figure 3 and
a simulation algorithm is explained in the proof of Proposition 3.4.
Remark 2.3. If p = 0, we can rewrite the process (Zt(x), Ht(x), Ft(x))t≥0,x∈R as follow
Zt(x) =
∫ t
0
1{Zs(x)<1} ds−
∫ t
0
∫
R
1{Zs−(x)=1,y∈Ds−(x)}πM (dy, ds),
Ht(x) =
∫ t
0
Zs−(x)1{Zs−(x)<1}πM ({x} × ds)−
∫ t
0
1{Hs(x)>0} ds,
Ft(x) =
∫
R
1{Zt−(x)=1,y∈Dt−(x)}πM (dy × {t}),
where Dt−(x) is defined as above. Indeed, for all x ∈ R, all t ≥ 0,{
(y, s) : ∀(r, v) ∈ Λ0(x,t)(y, s) : Zv−(r) = 1 and Hv−(r) = 0
}
= Dt(x)× {t}
With a slightly different formulation, this limit process is the same as in [5] where the propagation
is instantaneous. This relationship is very natural. Indeed, the case p = 0 corresponds to the case
where the propagation velocity is very high.
2.3.2 Formal dynamics
Let us explain the dynamics of this process. For p ∈ [0 ,∞), we consider T > 0 fixed and set
AT = {x ∈ R : πM ({x} × [0 , T ]) > 0}. For each t ≥ 0, x ∈ R, Dt(x) stands for the occupied
cluster containing x. We call this cluster microscopic if Dt(x) = {x}. Otherwise, we call it
macroscopic.
1. Initial condition. We have Z0(x) = H0(x) = F0(x) = 0 and D0(x) = {x} for all x ∈ R.
2. Occupation of vacant zones. We consider here x ∈ R \ AT . Then we have Ht(x) = 0 for
all t ∈ [0, T ]. When Zt(x) < 1, Dt(x) = {x} and Zt(x) stands for the local density of occupied
sites around x. Then Zt(x) grows linearly until it reaches 1, as described by the first term on the
RHS of the first equation in (2.8). When Zt(x) = 1, the cluster containing x is macroscopic and is
described by Dt(x).
3. Microscopic fires. Here we assume that x ∈ AT and that the corresponding mark of πM
happens at some time t where Zt−(x) < 1. In such a case, the cluster containing x is microscopic.
Then we set Ht(x) = Zt−(x), as described by the first term on the RHS of the second equation of
(2.8) and we leave unchanged the value of Zt(x) and Ft(x). We then let Ht(x) decrease linearly
until it reaches 0, see the second term on the RHS of the second equation in (2.8). At all times
where Ht(x) > 0, that is during [t , t+ Zt−(x)), the site x acts like a barrier (see Point 4. below).
4. Macroscopic fires. Here we assume that y ∈ AT and that the corresponding mark of πM
happens at some time s where Zs−(y) = 1. This means that the cluster containing y is macroscopic.
Thus this mark creates 2 fires: one goes to the left, the other to the right. These fires propagates
along of Vp(y,s), until they are stopped by a microscopic zone or a barrier or an other fire.
In other words, for all (x, t) ∈ R × R+, we set Ft(x) = 0 unless there exists one (or two)
mark (y, s) of πM such that (y, s) ∈ Λ
p
(x,t) (or equivalently (x, t) ∈ V
p
(y,s)) and for all (r, v) ∈
Λp(x,t)(y, s), Zv−(r) = 1 and Hv−(r) = 0, in which case we set Ft(x) = 1 (or Ft(x) = 2). When x is
crossed by a fire, Zt(x) jumps from 1 to 0, see the second term on the RHS of the first equation in
(2.8).
5. Clusters. Finally the definition of the clusters (Dt(x))x∈R becomes more clear: these clusters
are delimited by zones with local density smaller than 1 (i.e. Zt(y) < 1) or by sites where a
microscopic fire has (recently) started (i.e. Ht(y) > 0).
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2.3.3 Well posedness
The existence and uniqueness of the LFFP(0) has been proved in [5]. The proof in the case
p ∈ (0 ,∞) is in the same spirit.
Theorem 2.4. For any Poisson measure πM (dx, dt) on R × [0 ,∞) with intensity measure
dxdt, there a.s. exists a unique LFFP(p). Furthermore, it can be constructed graphically and its
restriction to any finite box [0, T ]× [−n , n] can be perfectly simulated.
The LFFP(p) (Zt(x), Ht(x), Ft(x))t≥0,x∈R is furthermore Markov, since it solves a well-posed
time homogeneous Poisson-driven S.D.E.
2.3.4 The convergence result
Theorem 2.5. Consider for each λ ∈ (0 , 1], π ≥ 1, the process (Zλ,pit (x), D
λ,pi
t )t≥0,x∈R associ-
ated to the (λ, π)−FFP. Consider also the LFFP(p) (Zt(x), Ht(x), Ft(x))t≥0,x∈R and the associated
(Dt(x))t≥0,x∈R. We assume that λ→ 0 and π →∞ in the regime R(p), for some p ∈ [0 ,∞).
1. For any T > 0, any finite subset {x1, . . . , xq} ⊂ R, (Z
λ,pi
t (xi), D
λ,pi
t (xi))t∈[0,T ],i=1,...,q goes in
law to (Zt(xi), Dt(xi))t∈[0,T ],i=1,...,q in D([0 , T ],R× (I ∪ {∅})). Here D([0 , T ],R× (I ∪ {∅}))
is endowed with the distance dT .
2. For any finite subset {(x1, t1), . . . , (xq, tq)} ⊂ R× [0 ,∞), (Z
λ,pi
ti (xi), D
λ,pi
ti (xi))i=1,...,q goes in
law to (Zti(xi), Dti(xi))i=1,...,q in (R× (I ∪ {∅}))
q. Here I ∪ {∅} is endowed with δ.
3. For all t > 0, (
log(|C(ηλ,pi
aλt
, 0)|)
log(1/λ)
1{|C(ηλ,pi
aλt
,0)|≥1}
)
∧ 1
goes in law to Zt(0).
Point 3 will allow us to check some estimates on the cluster-size distribution. Since we deal with
finite-dimensional marginals in space, it is quite clear that the processes H and F do not appear in
the limit, since for each x ∈ R, for all t ≥ 0, a.s., Ht(x) = Ft(x) = 0. (of course, it is false that a.s.,
for all x ∈ R, all t ≥ 0, Ht(x) = Ft(x) = 0). We obtain the convergence of Dλ,pi (resp. Zλ,pi) to D
(resp. Z) only when integrating in time. We cannot hope for a Skorokhod convergence since the
limit process D(x) (resp. Z(x)) jumps instantaneously from {x} (resp. 1) to some interval with
positive length (resp. 0), while Dλ,pi(x) (resp. Zλ,pi(x)) needs many small jumps, in a very short
interval, to become macroscopic (resp. empty).
The space (D([0 , T ],R × (I ∪ {∅})),dT ) is not a complete metric space since dT is too weak.
However, it seems that it is not really a problem because in the proof, we use a coupling argument
and obtain a convergence in probability.
2.3.5 Heuristics argument
We now explain roughly the reasons why Theorem 2.5 holds. We consider a (λ, π)−FFP (ηλ,pit (i))t≥0,i∈Z
and the associated process (Zλ,pit (x), D
λ,pi
t (x))t≥0,x∈R. We assume below that λ is very small, π
very large and nλ/(aλπ) close to p.
0. Scales. With our scales, there are nλ = ⌊1/(λ log(1/λ))⌋ sites per unit of length. Approxi-
mately one fire starts per unit of time per unit of length. A vacant site becomes occupied at rate
aλ = log(1/λ).
1. Initial condition. We have, for all x ∈ R, (Zλ,pi0 (x), D
λ,pi
0 (x)) = (0, ∅) ≃ (0, {x}).
2. Occupation of vacant zones. Assume that no match falls in a zone [a, b] (which correspond
to the zone Jnλa ,nλbK before rescaling) during [0 , 1] (or [0 ,aλ] before rescaling).
a. For s ∈ [0, 1), we have Dλ,pis (x) ≃ [x± λ
1−s] ≃ {x} and Zλ,pis (x) ≃ s for all x ∈ [a, b].
Indeed, each site is occupied with probability 1− e−aλs = 1 − λs. Thus the local density is
roughly Kλ,pit ≃ 1− λ
s, whence Zλ,pit (x) ≃ s, while the typical size of occupied clusters is λ
s,
whence Dλ,pis (x) ≃ [x± λ
s/nλ] ≃
[
x± λ1−s
]
.
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b. At time s = 1, Zλ,pi1 (x) ≃ 1 and all the sites in [a, b] are occupied (with very high probability).
Indeed, we have (b− a)nλ sites and each of them is occupied at time 1 with probability 1−
e−aλ = 1−λ so that all of them are occupied with probability (1−λ)(b−a)nλ ≃ e−(b−a)/ log(1/λ),
which goes to 1 as λ→ 0.
Assume now that the zone around x (i.e. the zone J⌊nλx⌋−mλ , ⌊nλx⌋+mλK before rescaling) has
been destroyed at time t (or at time aλt before rescaling) by a fire. Then, observations 2a. and 2b.
above still hold:
i. for s ∈ [0 , 1) and if no fire starts in J⌊nλx⌋ −mλ , ⌊nλx⌋ +mλK during [aλt , aλ(t + s)], we
have Dλ,pit+s(x) ≃ [x± λ
1−s] ≃ {x} and Zλ,pit+s(x) ≃ s;
ii. Zλ,pit+1(x) ≃ 1 and all the sites around x are occupied at time t+ 1 with very high probability.
3. Microscopic fires. Assume that a fire starts at some location x (i.e. ⌊nλx⌋ before rescaling)
at some time t (or aλt before rescaling) with Z
λ,pi
t− (x) = z ∈ (0, 1). The possible clusters on the left
and right of x cannot be connected during (approximately) [t, t + z], but they can be connected
after (approximately) t+ z. In other words, x acts like a barrier during [t, t+ z].
Indeed, the connected component A of x (or ⌊nλx⌋ before rescaling) at time t (or aλt before
rescaling) has a size of order λ1−z (which thus contains approximately λ1−znλ ≃ λ−z sites). The
fire destroys the component A in a time of order 1/(λzaλπ)≪ 1 (or 1/(λ
zπ)≪ aλ in original scale).
Thus this fire crosses very fast the component A and each site of A becomes burning and then empty
(i.e. ηλ,pi(i) jumps from 1 to 2 then from 2 to 0) during the time interval [t , t+ 1/(λzaλπ)] ≃ {t}
(or [aλt , aλt+ 1/(λ
zπ)] ≃ {aλt} before rescaling). The probability that a fire starts again in A is
very small. Thus, using the same computation as in point 2, we observe that P[A is completely
occupied at time t+ s]≃ (1− λs)λ
−z
≃ e−λ
s−z
. When λ→ 0, this quantity tends to 0 if s < z and
to 1 if s > z.
4. Macroscopic fires. Assume, now, that a fire starts at some place x (i.e. ⌊nλx⌋ before rescaling)
at some time t (or aλt before rescaling) and that Z
λ,pi
t− (x) ≃ 1. Thus, D
λ,pi
t− (x) is macroscopic (i.e.
its length is of order 1 in our scales). Then the match creates two fires: one propagates to the left
and one to the right at speed p (p unit times per unit space). There are only two burning trees
at each instant with very high probability. Of course, these fires are stopped when they meet a
vacant site (i.e. a microscopic zone or a barrier) or another fire.
Indeed, we have to wait for an exponential time of parameter π between each propagation in the
original scales. It then produces two independent Poisson processes of parameter π which stand for
the location of the fires. Then, for b > x, this Poisson process is at ⌊nλb⌋ in the original scale (or in
b after rescaling) roughly at time aλt+(nλ/π)(b−x) (or at time t+(nλ/(aλπ))(b−x) ≃ t+p(b−x)
after rescaling). All sites i ∈ J⌊nλx⌋ , ⌊nλb⌋K becomes successively burning and empty roughly at
time aλt+(i−⌊nλx⌋)/π in the original scale (or the site y = i/nλ ∈ R is burning at time t+p(y−x)
after rescaling).
5. Clusters. For t ≥ 0, x ∈ R, the cluster Dλ,pit (x) resembles [x ± λ
1−z ] ≃ {x} if Zλ,pit (x) =
z ∈ (0, 1). We then say that x is microscopic. Now, macroscopic clusters are delimited either by
microscopic zones or by sites where there has been recently a microscopic fire (see point 3) or by
a burning tree.
Comparing the arguments above to the rough description of the LFFP(p) (see Section 2.3.2),
our hope is that the (λ, π)-FFP resembles the LFFP(p) for λ > 0 very small, π very large and
1/(λaλ
2π) close to p.
Remark 2.6. Remark 2.3 is now more clear. Consider the regime R(0). If a fire starts at x
(or ⌊nλx⌋ before rescaling) at time t (or aλt before rescaling), the time needed to reach a point b
(or ⌊nλb⌋ before rescaling) is roughly nλ|b− x|/(aλπ) ≃ 0 (or nλ(b− x)/π ≪ aλ before rescaling).
It means that if b ∈ D0t−(x) (or ⌊nλb⌋ ∈ C(η
λ,pi
aλt−, ⌊nλx⌋) before rescaling) the fire reaches b at
time t + nλ|b − x|/(aλπ) ≃ t. In the scaling limit, the cluster containing x is thus destroyed
instantaneously.
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2.3.6 Cluster size distribution
We will deduce from Theorem 2.5 the following estimates on the cluster-size distribution.
Corollary 2.7. Let p ∈ [0 ,∞) be fixed. Let (Zt(x), Ht(x), Ft(x))t≥0,x∈R be a LFFP(p) and
(Dt(x))t≥0,x∈R the associated process. For each λ ∈ (0, 1] and π ≥ 1, let (η
λ,pi
t (i))t≥0,i∈Z be a
(λ, π)−FFP.
a. For all t ≥ (5 + p)/2, all 0 < a < b < 1, for some 0 < c1 < c2 depending on p, as λ→ 0 and
π →∞ in the regime R(p),
lim
λ,pi
P
[∣∣∣C(ηλ,piaλt, 0)∣∣∣ ∈ [1/λa , 1/λb]] = P [Zt(0) ∈ [a , b]] ∈ [c1(b − a) , c2(b− a)].
b. For all t ≥ 3/2, all B > 0, for some 0 < c1 < c2 and 0 < κ1 < κ2 depending on p, as λ→ 0
and π →∞ in the regime R(p),
lim
λ,pi
P
[∣∣∣C(ηλ,piaλt, 0)
∣∣∣ ≥ Bnλ] = P [|Dt(0)| ≥ B] ∈ [c1e−κ2B, c2e−κ1B].
This result shows that there is a phase transition around the critical size nλ: the cluster-size
distribution changes of shape at nλ. The main idea is that two types of clusters are present:
macroscopic clusters, of which the size is of order nλ and microscopic clusters, of which the size is
smaller than nλ.
2.4 Main results for p = ∞
In this section, we are interested in the regime R(∞, z0), for some z0 ∈ [0 , 1].
2.4.1 Definition of the limit process
In this regime, the limit process is much simpler, in the sense that fires only have a local (in space)
effect (but can have long time effect). This is due to the fact that a fire can’t go too far away in a
finite time.
We consider a Poisson measure πM (dx, dt) on R× [0,∞), with intensity measure dxdt, whose
marks correspond to matches.
Definition 2.8. Let z0 ∈ [0 , 1]. A process (Yt(x))t≥0,x∈R with values in R+ such that a.s., for
all x ∈ R, (Yt(x))t≥0 is càdlàg, is said to be a LFFP(∞, z0) if a.s., for all t ≥ 0, all x ∈ R,
Yt(x) =
∫ t∧z0
0
s πM ({x} × ds)−
∫ t
0
1{Ys(x)∈[0,1)} ds+ 1{t≥z0}πM ({x} × [z0 , t]). (2.9)
The process Y takes its values in [0 , 1] and can be non-zero only at locations where πM ({x} ×
R) 6= 0. If the mark of πM happens at time t < z0, then the (microscopic) cluster containing x is
destroyed instantaneously and Ys(x) ∈ (0 , 1) during [t , 2t): x acts like a barrier during this time
interval. If the mark happens at time t > z0 then the cluster containing x is too big to be destroyed
and Ys(x) = 1 for ever: there is always a burning tree close to x. We then naturally associate the
process Dt(x) = [Lt(x) , Rt(x)], with
Lt(x) =
{
x if t < 1,
sup{y ≤ x : Yt(y) > 0} if t ≥ 1;
Rt(x) =
{
x if t < 1,
inf{y ≥ x : Yt(y) > 0} if t ≥ 1.
A typical path of the finite box version of the LFFP(∞, z0) is drawn and commented in Figure
2.
Remark 2.9. The process Y is a time inhomogeneous Markov process. To make it homoge-
neous, we can add a second variable Z as in the first equation (2.8) in the Definition 2.2.
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Figure 2: LFF(∞, z0)−process in a finite box.
The marks of piM are represented by •’s. The filled zones represents zones in which |D(x)| > 0.
The plain vertical segments represent the sites where Yt(x) ∈ (0 , 1) and the dashed vertical segments
represent the sites where Yt(x) = 1. In the rest of the space, we always have Yt(x) = 0. Until time 1,
all the particles are microscopic. Matches 1 to 7 falls before z0. At each of these marks, a process Y
starts and its life-time equals the instant where it has started. This creates a barrier with height Tk
(the segment above Tk ends at time 2Tk). The other matches falls after z0. At each of these marks, a
process Y starts and remains equal to 1 forever.
Thus, for each x ∈ [−A ,A], DAt (x) = {x} for t ∈ [0 , 1) and merge at t = 1. Here we have at time
1 the clusters [−A,X8], [X8,X4], [X4, X10], [X10, X6], [X6,X9], [X9,X5], [X5,X11], [X11,X7] and ,
[X7, A].
Remark that t 7→ |Dt(x)| is non-increasing on [2z0 ,∞) for all x.
2.4.2 Formal dynamics
Let us explain the dynamics of this process. We consider A = {x ∈ R : πM ({x} × [0 ,∞)) > 0}.
For each t ≥ 0, x ∈ R, Dt(x) stands for the occupied cluster containing x. We call this cluster
microscopic if Dt(x) = {x}. Otherwise, we call it macroscopic.
1. Initial condition. We have Y0(x) = 0 and D0(x) = {x} for all x ∈ R.
2. Occupation of vacant zones. We consider here x ∈ R \ A. Then we have Yt(x) = 0 for all
t ∈ [0 ,∞). When t < 1, Dt(x) = {x}. When t ≥ 1, the cluster containing x is macroscopic and is
described by Dt(x).
3. First kind of fires. Here we assume that x ∈ A and that the corresponding mark of πM
happens at some time t < z0. We set Yt(x) = t, as described by the first term on the RHS of the
equation of (2.9). We then let Yt(x) decrease linearly until it reaches 0, see the second term on the
RHS of the equation in (2.9) (i.e. Ys(x) = min(2t− s, 0)1{s≥t}).
4. Second kind of fires. Here we assume that x ∈ A and that the corresponding mark of πM
happens at some time t where t > z0. Then we set Ys(x) = 1 for all s ∈ [t ,∞) see the third term
of the RHS of the equation (2.9).
5. Clusters. Finally the definition of the clusters (Dt(x))x∈R becomes more clear: these clusters
remain microscopic until t = 1. For t ≥ 1, (Dt(x))x∈R,t≥1 is delimited by sites where a fire of first
kind has (recently) started (i.e. Yt(y) ∈ (0 , 1)) or by sites where a fire of second kind has started
(i.e. Yt(y) = 1). Remark that for t ≥ 2z0, only fires of second kind delimit the clusters.
2.4.3 Well posedness
The following proposition is obvious from the definition, see Figure 2.
Proposition 2.10. Let πM be a Poisson measure on R× [0 ,∞) with intensity measure dxdt.
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There a.s. exists a unique LFFP(∞, z0) (Yt(x))t≥0,x∈R. It can be simulated exactly on any finite
box [0 , T ]× [−n , n].
2.4.4 The convergence result
We will prove the following result.
Theorem 2.11. Let z0 ∈ [0 , 1]. Consider for each λ ∈ (0 , 1] and π ≥ 1 the process (D
λ,pi
t (x))t≥0,x∈R
associated with the (λ, π)−FFP. Consider also the LFFP(∞, z0) (Yt(x))t≥0,x∈R and the associated
(Dt(x))t≥0,x∈R process. We assume that λ→ 0 and π →∞ in the slow regime R(∞, z0).
1. For any T > 0, any finite subset {x1, . . . , xq} ⊂ R, (D
λ,pi
t (xi))t∈[0,T ],i=1,...,q goes in law to
(Dt(xi))t∈[0,T ],i=1,...,q in D([0 , T ], I)q. Here D([0 , T ], I)q is endowed with δT .
2. For any finite subset {(x1, t1), . . . , (xq, tq)} ⊂ R × [0 ,∞), (D
λ,pi
ti (xi))i=1,...,q goes in law to
(Dti(xi))t∈[0,T ],i=1,...,q in I
q, I being endowed with δ.
2.4.5 Heuristics arguments
We assume below that λ > 0 is very small, π ≥ 1 is very large, λa2λπ is close to 0 and log(π)/ log(1/λ)
is close to z0.
0. Scales. With our scales, there are nλ = ⌊1/(λ log(1/λ))⌋ sites per unit of length. Approxi-
mately one fire starts per unit of time per unit of length. A vacant site becomes occupied at rate
aλ = log(1/λ).
1. Initial condition. We have, for all x ∈ R, Dλ,pi0 (x) = ∅ ≃ {x} and D0(x) = {x}.
2. Occupation of vacant zones. Exactly as in the regime R(p), Dλ,pit (x) ≃ [x± λ
1−t] ≃ {x} for
t < 1 and the clusters become macroscopic at time 1.
3. First kind of fires. Assume that a match falls at some place x (or ⌊nλx⌋ in the original
scales) at some time t < z0 (or aλt < aλz0 in the original scales). Then the fire burns almost
immediately the occupied cluster and it needs roughly a time t (or aλt in the original scales) to be
filled again. Thus x acts like a barrier during [t , 2t).
Indeed, the connected component A of x (or ⌊nλx⌋ before rescaling) at time t (or aλt before
rescaling) has a size of order λ1−t (which thus contains approximately λ1−tnλ ≃ λ−t sites). The
fire destroys the component A in a time of order 1/(λtaλπ)≪ 1 (or 1/(λtπ)≪ aλ in original scales)
due to R(∞, z0). Thus this fire crosses very fast the component A and each site of A becomes
burning and then empty (i.e. ηλ,pi(i) jumps from 1 to 2 then from 2 to 0) during the time interval
[t , t + 1/(λtaλπ)] ≃ {t} (or [aλt , aλt + 1/(λtπ)] ≃ {aλt} before rescaling). The probability that
a fire starts again in A is very small. Thus, we observe that P[A is completely occupied at time
t+ s]≃ (1− λs)λ
−z
≃ e−λ
s−z
. When λ→ 0, this quantity tends to 0 if s < t and to 1 if s > t.
4. Second kind of fires. Assume that a match falls at some place x (or ⌊nλx⌋ in the original
scales) at some time t > z0 (or aλt > aλz0 in the original scales). Then the fire needs an infinite
time (in our scales) to burn the occupied cluster, so that there is a burning site close to x forever.
Indeed, Dλ,pit (x) contains roughly λ
−t sites if t ∈ (z0 , 1) and nλ sites if t ≥ 1. In any case,
the time needed for the fire to cross this cluster is of order
∣∣∣Dλ,pit (x)∣∣∣ /π, which is very large when
compared to aλ in the regime R(∞, z0). Thus, the fire cannot reach the rim of D
λ,pi
t (x).
5. Clusters. For t ≥ 0, x ∈ R, the cluster Dλ,pit (x) resembles [x ± λ
1−z] ≃ {x} if t < 1. Now,
macroscopic clusters emerge when t ≥ 1 and are delimited either by a burning tree or by sites
where there has been recently a microscopic fire (see point 3).
Comparing the arguments above to the rough description of the LFFP(∞, z0) (see Section
2.4.2), our hope is that the (λ, π)−FFP resembles the LFFP(∞, z0) in the regime R(∞, z0).
2.4.6 Cluster-size distribution
The following corollary is easily deduced from the Theorem 2.11.
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Corollary 2.12. Let z0 ∈ [0 , 1]. Let (Yt(x))t≥0,x∈R be a LFFP(∞, z0) and (Dt(x))t≥0,x∈R the
associated process. For each λ ∈ (0, 1] and π ≥ 1, let (ηλ,pit (i))t≥0,i∈Z be a (λ, π)−FFP.
For all t > 2z0, as λ→ 0 and π →∞ in the regime R(∞, z0),
1
nλ
∣∣∣C(ηλ,piaλt, 0)
∣∣∣ L−→ |Dt(0)| ∼ Γ(2, t− z0).
This result shows that for t large enough, there are only macroscopic clusters, that is clusters
with size of order nλ.
We immediately give the proof of Corollary 2.12. For t ≥ 0, Theorem 2.11 shows that, when
λ→ 0 and π →∞ in the regime R(∞, z0),
1
nλ
∣∣∣C(ηλ,piaλt, 0)
∣∣∣ L−→ |Dt(0)| .
Furthermore, if t > 2z0, only fires of the second kind (i.e. matches falling after z0) still have an effect.
Indeed, when a match falls in x at time t < z0, it creates a barrier in x during [t , 2t) ⊂ [0 , 2z0].
Thus, Dt(0) is only delimited by sites where a match has fallen during [z0 , t]. This is a Poisson
process on R with intensity t− z0. Consequently,
|Dt(0)| ∼ Γ(2, t− z0).
2.4.7 Irreversibility
It might look surprising at the first glance that the limit process is non-reversible while the discrete
process is reversible. Indeed, for t ≥ 1 ∧ 2z0, clusters in the limit process are macroscopic and the
sizes are non-increasing. On the other hand, in the discrete process, it is quite clear that, when
working in a finite box, the process returns to its original state. This is due to the time scale: we
have to wait a very long time to observe again the original state.
3 Existence and uniqueness of the limit process
The goal of this section is to show that the limit processes are well-defined, unique, can be obtained
from a graphical construction and can be restricted to a finite box.
3.1 Restriction of the LFFP(∞, z0) to a finite box
Let z0 ∈ [0 , 1] be fixed. In this subsection, we study the LFFP(∞, z0).
Proposition 3.1. Let πM a Poisson measure on R× [0 ,∞) with intensity measure dxdt and
A > 0.
1. The values of (Yt(x))t≥0,x∈[−A,A] are entirely determined by πM |[−A,A]×R+ . Actually, for all
x ∈ R, the values of (Yt(x))t≥0 are entirely determined by πM |{x}×R+ .
2. There exists some constants α > 0 and C > 0 not depending on A > 0 such that
P
[
(Dt(x))t≥0,x∈[−A/2,A/2] ⊂ [−A ,A]
]
≥ 1− Ce−αA. (3.1)
Proof. The first part of Proposition 3.1 is obvious from the definition of the process (Yt(x))t≥0,x∈R.
In order to prove the second part, consider the event Ω+A on which πM has at least one mark
(X1, τ1) in [A/2 , A]× (3/4 , 1) and at least one mark (X2, τ2) in [A/2 , A]× (1 , 3/2).
Observe now that on Ω+A, Yt(X1) > 0 for all t ∈ [τ1 , 2τ1) ⊃ [1 , 3/2], because it is a either a fire of
first kind (if τ1 ≤ z0) orX1 burns for ever (if τ1 > z0), and Yt(X2) = 1 for all t ∈ [τ2 ,∞) ⊃ [3/2 ,∞]
because τ2 > 1 ≥ z0, then X2 burns for ever, because it is necessarily a fire of second kind.
Similarily, we define the event Ω−A on which πM has at least one mark (X˜1, τ˜1) in [−A ,−A/2]×
(3/4 , 1) and at least one mark (X˜2, τ˜2) in [−A ,−A/2]× (1 , 3/2).
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Thus, on Ω+A ∩ Ω
−
A, Dt(x) ⊂ [−A ,A] for all t ≥ 0 and all x ∈ [−A/2 , A/2]. Finally, we can
bound from below the left hand side of (3.1) by
P
[
Ω+A ∩ Ω
−
A
]
≥ 1− 2(e−A/8 + e−A/4) ≥ 1− 4e−A/8
whence (3.1) with C = 4 and α = 1/8.
Definition 3.2. Let z0 ∈ [0 , 1] and (Yt(x))x∈R,t≥ be a LFFP(∞, z0). For all A > 0 and for
x ∈ [−A ,A], we define the process DAt (x) = [L
A
t (x) , R
A
t (x)], with
LAt (x) =
{
x if t < 1,
sup{y ≤ x : Yt(y) > 0} ∨ (−A) if t ≥ 1;
RAt (x) =
{
x if t < 1,
inf{y ≥ x : Yt(y) > 0} ∧ A if t ≥ 1.
As a corollary of Proposition 3.1, we have, for A > 0,
P
[
(Dt(x))t≥0,x∈[−A/2,A/2] = (DAt (x))t≥0,x∈[−A/2,A/2]
]
≥ 1− Ce−αA.
3.2 Restriction of the LFFP(p) to a finite box
The aim of this subsection is to prove Theorem 2.4. We define an analogous process of LFFP(p) on
a finite space interval, which can be perfectly simulated. We then show that these two processes
are equal with very high probability.
3.2.1 Algorithm
Let p ∈ [0 ,∞). Here we show that when working on a finite space interval, the LFFP(p) is
somewhat discrete. We consider a Poisson measure πM (dx, dt) on R×[0 ,∞) with intensity measure
dxdt.
Definition 3.3. Let A > 0. A process (ZAt (x), H
A
t (x), F
A
t (x))t≥0,x∈[−A,A] with values in R+×
R+×N− such that a.s., for all x ∈ [−A ,A], (ZAt (x), H
A
t (x))t≥0 is càdlàg, is a A−LFFP(p) if a.s.,
for all t ≥ 0, all x ∈ [−A ,A],
ZAt (x) =
∫ t
0
1{ZAs (x)<1} ds−
∑
s≤t
(FAs ∧ 1),
HAt (x) =
∫ t
0
ZAs−(x)1{ZAs−(x)<1}πM ({x} × ds)−
∫ t
0
1{HAs (x)>0} ds, (3.2)
FAt (x) =
∫∫
(y,s)∈Λp
(x,t)
∩([−A,A]×[0,∞))
1{∀(r,v)∈Λp
(x,t)
(y,s), ZA
v−
(r)=1 and HA
v−
(r)=0}πM (dy, ds).
To the A−LFFP(p), as usual, we associate the process DAt (x) = [L
A
t (x), R
A
t (x)], with
LAt (x) =(−A) ∨ sup{y ∈ [−A , x] : Z
A
t (y) < 1 or H
A
t (y) > 0},
RAt (x) =A ∧ inf{y ∈ [x ,A] : Z
A
t (y) < 1 or H
A
t (y) > 0}.
A typical path of (ZAt (x), H
A
t (x), F
A
t (x))t≥0,x∈[−A,A] is drawn in figure 3.
The proof of the following proposition shows the construction of the A−LFFP(p) in an algo-
rithmic way.
Proposition 3.4. Consider a Poisson measure πM (dx, dt) on R×[0 ,∞) with intensity measure
dxdt. For any A > 0 and p ≥ 0, there a.s. exists a unique A−LFFP(p) which can be perfectly
simulated.
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Figure 3: LFFP(p) in a finite box
The marks of piM (matches) are represented as •’s. The filled zones represent zones in which Z
A
t (x) = 1,
that is macroscopic clusters. In the rest of the space, we always have ZAt (x) < 1. The plain vertical
segments represent the sites where HAt (x) > 0. F
A
t (x) = 0 except on the lines with slope p where
FAt (x) = 1 or F
A
t (x) = 2 in the crossing point of the fires starting in (X15, T15) and (X16, T16). Until
time 1, all of the clusters are microscopic. The first eigth marks of the Poisson measure fall in that
zone. As a consequence, at each of these marks, a process HA starts. Their lifetime is equal to
the instant where they have started (e.g., the segment above (X1, T1) ends at time 2T1). At time 1,
all clusters where there has been no mark become macroscopic and merge together. However, this
is limited by vertical segments. Here, at time 1, we have the clusters [−A,X8], [X8, X7], [X7,X4],
[X4,X6], [X6,X5] and [X5, A]. The segment above (X4, T4) ends at time 2T4 and thus, at this time,
the clusters [X7,X4] and [X4, X6] merge into [X7, X6]. The ninth mark falls in the (macroscopic)
zone [X8, X7] and thus two fires start. They cross the cluster [X8, X7] at speed p, i.e. cross [X8,X7]
with a slope p. A process HA then starts at X11 at time T11. Since ZAT11−(X11) = T11 − (T9 +
p |X9 −X11|) [because ZAT9+p|X9−X11|
(X11) has been set to 0], the segment above (X11, T11) will end
at time 2T11 − (T9 +p |X9 −X11|). On the other hand, a fire starts at X10 at time T10 and crosses the
cluster of X10 at speed p. A site x in [X7, A] remains microscopic from time T10 + p |X10 − x| until
time T10 + p |X10 − x|+ 1. The two matches 14 and 12 create microscopic fires (because they fall on
sites where ZAt (x) < 1). Observe finally that the 15th and the 16th fires are stopped by each oher.
With this realization, we have 0 ∈ (X7, X2) and, thus, ZAt (0) = t for t ∈ [0, 1], then Z
A
t (0) = 1
for t ∈ [1, T10 + pX10), then ZAt (0) = t − (T10 + pX10) for t ∈ [T10 + pX10, T10 + pX10 + 1), then
ZAt (0) = 1 for t ∈ [T10 + pX10 + 1, T16 + pX15), etc. We also see that D
A
t (0) = {0} for t ∈ [0, 1),
DAt (0) = [X7,X4] for t ∈ [1, 2T4), D
A
t (0) = [X7,X6] for t ∈ [2T4, 2T6), D
A
t (0) = [X7,X10 +
T10−t
p
)
for t ∈ [2T6, T10 + pX10), DAt (0) = {0} for t ∈ [T10 + pX10, T10 + pX10 + 1), etc. We finally have
FAt (0) = 0 for all t 6= {T10 + pX10, T15 + pX15} and F
A
T10+pX10
(0) = FA
T15+pX15
(0) = 1.
Algorithm. Here we only treat the case p > 0. The case p = 0 is much easier and has been treated
in [5], as mentioned in Remark 2.3.
Consider the marks (Xk, Tk)k=1,...,n of πM in [−A ,A]× [0 , T ], ordered chronologically and set
T0 = 0. We describe the construction via an algorithm, which also shows uniqueness, in the sense
that there is no choice in the construction.
Suppose that we have built the process (ZAt (x), H
A
t (x), F
A
t (x))x∈[−A,A] at some time t ≥ 0. We
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then can set
χ+t =
{
x ∈ [−A ,A] : FAt (x) = 1 and Z
A
t (x+) = 1
}
,
χ−t =
{
x ∈ [−A ,A] : FAt (x) = 1 and Z
A
t (x−) = 1
}
,
χ0t =
{
x ∈ [−A ,A] : HAt (x) > 0 or Z
A
t (x+) 6= Z
A
t (x−)
}
∪ {−A,A},
χt = χ
+
t ∪ χ
−
t ∪ χ
0
t ,
where ZAt (x+) = limy→x,
y>x
ZAt (y) (resp. Z
A
t (x−) = limy→x,
y<x
ZAt (y)). Observe that χ
+
t (resp. χ
−
t ) is
the set of fires at time t that spread to the right (resp. to the left) and that χ0t is the set of sites
where a fire can be stopped (barrier or microscopic zone). We also define, for r > t,
Ert :=
⋃
x∈χ+t ,y∈χ−t
Vp(x,t) ∩ V
p
(y,t) ∩ ([−A ,A]× [t , r]) (3.3)
∪
⋃
x∈χ+t ∪χ−t ,y∈χ0t
Vp(x,t) ∩ ({y} × [t , r]). (3.4)
The set (3.3) is the possible locations (y, s) where two fires may meet during [t , r]. The set (3.4) is
the possible locations (y, s) where a fire may be stopped by a microscopic zone or a barrier during
[t , r]. Thus, Ert is the set of possible locations (y, s) where a fire may be stopped during [t , r], when
no match falls in [−A ,A] during [t , r].
Step 0. Put ZA0 (x) = H
A
0 (x) = F
A
0 (x) = 0 for all x ∈ [−A ,A].
Assume that, for some q ∈ {0, . . . , n − 1}, the process (ZAt (x), H
A
t (x), F
A
t (x))t∈[0,Tq ],x∈[−A,A]
has been built.
Step q + 1. We build (ZAt (x), H
A
t (x), F
A
t (x))t∈(Tq,Tq+1],x∈[−A,A] in the following way: for x ∈
[−A ,A] and t ∈ (Tq , Tq+1), we set HAt (x) = max(0, H
A
Tq
(x) − (t − Tq)). We then set, recall (3.3)
and (3.4),
E
Tq+1
Tq
=
{
(X1q , T
1
q ), . . . , (X
N
q , T
N
q )
}
ordered chronologically, and put (X0q , T
0
q ) = (Xq, Tq) and (X
N+1
q , T
N+1
q ) = (Xq+1, Tq+1). Observe
that a.s. Tq = T
0
q < T
1
q < · · · < T
N
q < T
N+1
q = Tq+1. Assume that the process has been built until
T kq , for some k ∈ {0, . . . , N}. We then build the process on (T
k
q , T
k+1
q ]. Recall that no match falls
in [−A ,A] during the time interval (T kq , T
k+1
q ).
We first compute (FAt (x))t∈(Tkq ,Tk+1q ),x∈[−A,A]. Since a fire can’t be stopped during (T
k
q , T
k+1
q ),
if x ∈ χ+
Tkq
, we set FAs (y) = 1 for all (y, s) ∈ V
p
(x,Tkq )
(x +
Tk+1q −Tkq
p , T
k+1
q ), recall Subsection 2.1,
while, if x ∈ χ−
Tkq
, we set FAs (y) = 1 for all (y, s) ∈ V
p
(x,Tkq )
(x−
Tk+1q −Tkq
p , T
k+1
q ). Otherwise, that is
if (y, s) 6∈
(⋃
x∈χ+
Tkq
Vp
(x,Tkq )
(x +
Tk+1q −Tkq
p , T
k+1
q )
)
∪
(⋃
x∈χ−
Tkq
Vp
(x,Tkq )
(x−
Tk+1q −Tkq
p , T
k+1
q )
)
, we set
FAs (y) = 0. To summarize, for all (y, s) ∈ [−A ,A]× (T
k
q , T
k+1
q ), we have
FAs (y) =


1 if y −
s−Tkq
p ∈ χ
+
Tkq
1 if y +
s−Tkq
p ∈ χ
−
Tkq
0 else.
We then compute (ZAt (x))t∈(Tkq ,Tk+1q ),x∈[−A,A]. Let us fix x ∈ [−A ,A]. We setNx := #
{
s ∈ (T kq , T
k+1
q ) : F
A
s (x) = 1
}
and τ0 := T
k
q . If Nx ≥ 1, for j = 0, . . . , Nx − 1, we set τj+1 := inf
{
s ∈ (τj , T
k+1
q ) : F
A
s (x) = 1
}
).
While x isn’t crossed by a fire, ZAs (x) grows linearly. We thus have, for all s ∈ (T
k
q , T
k+1
q )
ZAs (x) =


min(ZATkq
(x) + s− T kq , 1) if s ∈ (T
k
q , τ1),
min(s− τj , 1) if s ∈ [τj , τj+1) and Nx ≥ j ≥ 1,
min(s− τNx , 1) if s ∈ [τNx , T
k+1
q ).
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if Nx ≥ 1, whereas
ZAs (x) = min(Z
A
Tkq
(x) + s− T kq , 1)
if Nx = 0.
We finally compute FA
Tk+1q
(x), ZA
Tk+1q
(x) and HATq+1 (x) for all x ∈ [−A ,A].
Case 1. If x 6= Xk+1q , observe that at most one fire can reach x at time T
k+1
q (else x ∈ E
Tk+1q
Tkq
).
If x −
Tk+1q −Tkq
p ∈ χ
+
Tkq
or x +
Tk+1q −Tkq
p ∈ χ
−
Tkq
, that is if a fire reaches x at time T k+1q , we set
FA
Tk+1q
(x) = 1 and ZA
Tk+1q
(x) = 0. Else, we set FA
Tk+1q
(x) = 0 and ZA
Tk+1q
(x) = ZA
Tk+1q −
(x).
Case 2. If x = Xk+1q and k < N , observe that X
k+1
q isn’t crossed by a fire during (T
k
q , T
k+1
q )
i.e. NXk+1q = 0. If X
k+1
q −
Tk+1q −Tkq
p 6∈ χ
+
Tkq
and Xk+1q +
Tk+1q −Tkq
p 6∈ χ
−
Tkq
(i.e. if the fire which might
have reached Xk+1q has been stopped before T
k
q ) or if H
A
Tk+1q −
(Xk+1q ) > 0 or Z
A
Tk+1q −
(Xk+1q ) < 1
(i.e. if there has been recently a microscopic fire), then put FA
Tk+1q
(Xk+1q ) = 0. Else, there is one
(or two) fire that reaches Xk+1q at time T
k+1
q and we set F
A
Tk+1q
(Xk+1q ) = 1 (or 2). To summarize,
we put
FA
Tk+1q
(Xk+1q ) = 1{HA
T
k+1
q −
(Xk+1q )=0 and Z
A
T
k+1
q −
(Xk+1q )=1}
×

1
{Xk+1q −
T
k+1
q −T
k
q
p ∈χ+Tkq
}
+ 1
{Xk+1q +
T
k+1
q −T
k
q
p ∈χ−Tkq
}

 .
We finally put
ZA
Tk+1q
(Xk+1q ) = Z
A
Tk+1q −(X
k+1
q )1{FA
T
k+1
q
(Xk+1q )=0}.
Case 3. If x = Xq+1 = X
N+1
q and k = N , a match falls in Xq+1 at time Tq+1 = T
N+1
q . We
then set
ZATq+1(Xq+1) = Z
A
Tq+1−(Xq+1)1{ZATq+1−(Xq+1)<1}
and
FATq+1 (Xq+1) = 1{ZATq+1−(Xq+1)=1}
.
To conclude the construction, we set, for all x ∈ [−A ,A]
HATq+1 (x) =
{
HATq+1−(x) if x 6= Xq+1,
ZATq+1−(Xq+1)1{ZATq+1−(Xq+1)<1}
if x = Xq+1.
3.2.2 Restriction of the LFFP(p) to a finite box
We now prove a refined version of Theorem 2.4.
Proposition 3.5. Let p ∈ [0 ,∞) and πM be a Poisson measure on R × [0 ,∞) with intensity
measure dxdt.
1. There exists a unique LFFP(p) (Zt(x), Ht(x), Ft(x))t≥0,x∈R.
2. It can be perfectly simulated on [−n , n]× [0 , T ] for any T > 0, any n > 0.
3. For A > 0, let (ZAt (x), H
A
t (x), F
A
t (x))t≥0,x∈[−A,A] be the unique A−LFFP(p) and the associ-
ated (DAt (x))t≥0,x∈[−A,A]. There holds
P
[
(Zt(x), Ht(x), Ft(x), Dt(x))t∈[0,T ],x∈[−A/2,A/2]
= (ZAt (x), H
A
t (x), F
A
t (x), D
A
t (x))t∈[0,T ],x∈[−A/2,A/2]
]
≥ 1− CT e
−αTA (3.5)
for some constants αT > 0 and CT > 0 not depending on A > 0.
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Proof. We divide the proof into several step. We work on [0 , T ].
Step 1. We observe that for a mark (X, τ) of πM with X ∈ [−A ,A], we have HAt (X) > 0 or
ZAt (X) < 1 for all t ∈ [τ , τ + 1/2).
Indeed, assume first that ZAτ−(X) ∈ [0 , 1/2). Then Z
A
t (X) = Z
A
τ−(X) + t − τ < 1 for all
t ∈ [τ , τ + 1/2].
Assume next that ZAτ−(X) ∈ [1/2 , 1). Then H
A
τ (X) = Z
A
τ− ≥ 1/2, so that H
A
t (X) = H
A
τ (X)−
t+ τ > 0 for all t ∈ [τ , τ + 1/2).
If finally ZAτ−(X) = 1, then Z
A
τ (X) = 0, whence Z
A
t (X) = t− τ < 1 for t ∈ [τ , τ + 1).
Step 2. For a ∈ R, we consider the event Ωla defined as follows: for {(Xk, Tk)}k=1,...,n the marks
of πM restricted to [a , a + 1) × [0 , T ] ordered chronologically, for T0 = 0, Tn+1 = T , we put
Ωla = {maxi=0,...,n(Ti+1 − Ti) < 1/4} ∩ {mini=1,...,n−1(Xi+1 −Xi) > 0}.
We immediately deduce from Step 1 that for any a ∈ R, any A > |a|+ 1,
Ωla ⊂ {∃x : [0 , T ]→ (a , a+ 1), t 7→ xt non decreasing
and for all t ∈ [0 , T ], HAt (xt) > 0 or Z
A
t (xt) < 1}.
Thus, on Ωla, clusters on the left of a cannot be connected to clusters on the right of a+ 1 during
[0 , T ]. Furthermore, since the function x is non decreasing, a fire starting from the left of a can’t
cross the zone (a , a+ 1) (i.e. it necessarily would be stopped by some xt0). Thus, matches falling
at the left of a do not affect the zone (a+ 1 ,∞).
In the same way, we put Ωra = {maxi=0,...,n(Ti+1−Ti) < 1/4}∩{maxi=1,...,n−1(Xi+1−Xi) < 0}.
We of course have, for any a ∈ R, A > |a|+ 1,
Ωra ⊂ {∃y : [0 , T ]→ (a , a+ 1), t 7→ yt non increasing
and for all t ∈ [0 , T ], HAt (yt) > 0 or Z
A
t (yt) < 1}.
As above, on Ωra, clusters on the right of a + 1 cannot be connected to clusters on the left of a
during [0 , T ] and the fact that y is non increasing ensures us that matches falling on the right on
a+ 1 do not affect the zone (−∞ , a).
Step 3. Obviously, qT = P
[
Ωla
]
= P [Ωra] is positive and does not depend on a. Furthermore, Ω
l
a
(resp. Ωra) is independent of Ω
l
b (resp. Ω
r
b) for all a, b ∈ Z with a 6= b. Hence there are a.s. infinitely
many a ∈ Z (resp. b ∈ Z) such that Ωla (resp. Ω
r
b) is realized.
Then it is routine to deduce the well-posedness of the LFFP(p). The perfect simulation algo-
rithm on a finite-box [−n , n]× [0 , T ] is also easy: find a1 < a2 with a1+1 < −n < n < a2 such that
Ωla1 ∩Ω
r
a2 is realized. Then apply the same rules as for the A−LFFP(p) to simulate the process in
[a1 , a2 + 1]. This will give the true LFFP(p) inside [a1 + 1 , a2] during [0 , T ].
Finally, we can clearly bound from below the left hand side of (3.5) by
P
[
(∪a∈[−A,−A/2−1]∩Z Ωla) ∩ (∪a∈[A/2,A−1]∩ZΩ
r
a)
]
≥ 1− 2(1− qT )
A/2−2
whence (3.5) with CT = 2/(1− qT )
2 and αT = − log(1− qT )/2.
4 Propagation Lemmas
Here we study the propagation of a fire through an occupied cluster. When a match falls on an
occupied cluster, two fires start: one goes to the left and one goes to the right. This propagation
is not necessarily linear, it sometimes can regress. However there are few ’sparks’.
Consider two families of Poisson processes (NSt (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z with respective
rates 1 and π, all these processes being independent. We consider the propagation process ignited
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at (0, 0) defined by
ζˇλ,pit (i) =1 + 1{i=0} +
∫ t
0
1{ζˇλ,pi
s−
(i)=0} dN
S
s (i)
+
∫ t
0
1{ζˇλ,pi
s−
(i+1)=2,ζˇλ,pi
s−
(i)=1} dN
P
s (i+ 1) +
∫ t
0
1{ζˇλ,pi
s−
(i−1)=2,ζˇλ,pi
s−
(i)=1} dN
P
s (i− 1)
− 2
∫ t
0
1{ζˇλ,pi
s−
(i)=2} dN
P
s (i).
Roughly, the process (ζˇλ,pit (i))t≥0,i∈Z starts from an occupied initial configuration and a match falls
on the site 0 at time 0. Afterwards the fire spreads into Z. We are interested in the space-time
position of burning trees (i.e. (i, t) ∈ Z × [0 ,∞) such that ζˇλ,pit (i) = 2), when λ → 0 and π → ∞
in the different regimes.
We set, for t ≥ 0,
i+t = max
{
i ≥ 0 : ζˇλ,pit (i) = 2
}
(4.1)
i−t = min
{
i ≤ 0 : ζˇλ,pit (i) = 2
}
(4.2)
the right and the left fronts at time t. Observe that (i+t )t≥0 and (−i
−
t )t≥0 are two Poisson processes
with intensity π. For i ∈ Z, we set
Ti = inf
{
s ≥ 0 : ζˇλ,pis (i) = 2
}
(4.3)
=
{
inf {s ≥ 0 : i+s = i} if i ≥ 0,
inf {s ≥ 0 : i−s = i} if i ≤ 0,
which represents the first time that the site i ∈ N is burning. We clearly have for all t ≥ 0,
ζˇλ,pit (i
−
t ) = 2 = ζˇ
λ,pi
t (i
+
t )
and for all i 6∈ Ji−t , i
+
t K,
ζˇλ,pit (i) = 1.
In this section, we will show that burning trees at some time t are concentrated around i+t and i
−
t .
We say that a site i is a spark at time t if it is a burning tree such that i 6∈ {i−t , i
+
t }.
We recall that aλ = log(1/λ), nλ =
⌊
1
λaλ
⌋
and we introduce ελ =
1
a3
λ
. For B > 0, we finally set
Bλ = ⌊Bnλ⌋.
The following Definition will be usefull.
Definition 4.1. Let p ≥ 0. In the rest of the paper, we will say that a statement S(λ, π) holds
for all (λ, π) sufficiently close to the regime R(p) if there are ε0 > 0 and λ0 ∈ (0 , 1) such that for
all λ ∈ (0 , λ0) and all π ≥ 1 such that
∣∣∣ nλ
aλpi
− p
∣∣∣ < ε0, the statement S(λ, π) holds.
Similarly, let z0 ∈ [0 , 1]. We will say that a statement S(λ, π) holds for all (λ, π) sufficiently
close to the regimeR(∞, z0) if there are ε0 > 0, λ0 ∈ (0 , 1) and K0 > 0 such that for all λ ∈ (0 , λ0)
and all π ≥ 1 such that nλ
aλpi
> K0 and
∣∣∣ log(pi)log(1/λ) − z0∣∣∣ < ε0, the statement S(λ, π) holds.
4.1 Propagation lemma in the regime R(p), for some p ∈ (0 ,∞)
We first study the propagation in the regime R(p), for some p > 0.
Lemma 4.2. Let p > 0, T > 0. There exists an event ΩP,Tλ,pi depending only on the Poisson
processes (NSt (i), N
P
t (i))t∈[0,aλ(T+ελ)],i∈J−⌊aλpi(T+ελ)⌋,⌊aλpi(T+ελ)⌋K such that
ΩP,Tλ,pi ⊂ {At any time t ∈ [0 ,aλT ], any burning tree belongs to
J−⌊(t+ aλελ)π⌋ ,−⌊(t− aλελ)π⌋K ∪ J⌊(t− aλελ)π⌋ , ⌊(t+ aλελ)π⌋K
and is either i+t or i
−
t or has vacant neighbors},
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where the event on the right concerns (ζˇλ,pit (i))i∈Z,t≥0, and
lim
λ,pi
P
[
ΩP,Tλ,pi
]
= 1
when λ→ 0 and π →∞ in the regime R(p).
Proof. Recall that a spark at time t is a burning tree i such that i 6∈ {i−t , i
+
t }. We say that a site
i propagates for the first time when the first fire at i extinguishes and spreads to its neighbors (if
they are occupied). Observe that for i ≥ 0, this happens at time Ti+1, while for i ≤ 0, this happens
at time Ti−1.
Consider, for i ≥ 0, the events
Ω1i = {i remains vacant from the instant at which it propagates for the first time
until the instant at which the fire in i+ 1 propagates for the first time} (4.4)
and
Ω2i = {i is occupied when the fire in i+ 1 propagates for the first time,
but then, i burns for the second time during less than aλελ/4
and no seed has fallen on its neighbors i− 1, i+ 1
from the instant they burnt for the first time until i propagates for the second time} (4.5)
and similar events for i ≤ 0 (replace i+ 1 by i− 1). Recall (4.1), (4.2) and remark that the event
on the right hand side in Lemma 4.2 contains the event
ΩP,Tλ,pi =
{
sup
t∈[0,aλT ]
∣∣i+t − πt∣∣ ≤ aλπελ2
}
∩
{
sup
t∈[0,aλT ]
∣∣i−t + πt∣∣ ≤ aλπελ2
}
∩ {∀i ∈ Ji−
aλT
+ 1 , i+
aλT
− 1K,Ω1i or Ω
2
i is realized}.
Indeed, the two first terms ensure that the right (resp. left) front at time t ∈ [0 ,aλT ] belongs to
J⌊(t−aλελ/2)π⌋ , ⌊(t+aλελ/2)π⌋K (resp. J−⌊(t+aλελ/2)π⌋ ,−⌊(t−aλελ/2)π⌋K). This in particular
implies that for all i ∈ J−⌊(T − ελ/2)aλπ⌋ , ⌊(T − ελ/2)aλπ⌋K,
Ti ∈
[
|i|
π
−
aλελ
2
,
|i|
π
+
aλελ
2
]
.
The last term says that either i remains vacant until i+ 1 propagates (i.e. there is no spark) or a
seed has fallen on i but then i has vacant neighbors when it propagates for the second time (i.e.
the spark has a size 1). Finally remark that on ΩP,Tλ,pi , for t ∈ [0 ,aλT ],{
0 ≤ i ≤ i+t : Ti+2 +
aλελ
4
≥ t
}
⊂ J⌊(t− aλελ)π⌋ , i
+
t K
and {
0 ≥ i ≥ i−t : Ti−2 +
aλελ
4
≥ t
}
⊂ Ji−t ,−⌊(t− aλελ)π⌋K,
thus a burning tree (i.e. a front or a spark) necessarily belongs to J⌊(t− aλελ)π⌋ , ⌊(t+ aλελ)π⌋K∪
J−⌊(t+ aλελ)π⌋ ,−⌊(t− aλελ)π⌋K, as desired.
Clearly, ΩP,Tλ,pi depends only on the Poisson processes (N
S
t (i), N
P
t (i))t≥0,i∈Z through t ∈ [0 ,aλ(T+
ελ)] and i ∈ J−⌊aλπ(T + ελ)⌋ , ⌊aλπ(T + ελ)⌋K. It remains to prove that P
[
ΩP,Tλ,pi
]
tends to 1 when
λ→ 0 and π →∞ in the regime R(p).
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Since (i+t )t≥0 and (−i
−
t )t≥0 are two Poisson processes with intensity π, the maximal inequality
for martingales gives
P
[
sup
t∈[0,aλT ]
∣∣i−t + πt∣∣ > aλπελ2
]
= P
[
sup
t∈[0,aλT ]
∣∣i+t − πt∣∣ > aλπελ2
]
≤
(
2
aλπελ
)4
× (3(aλπT )
2 + aλπT )
≤
16T 2
(aλπε2λ)
2
=
16T 2a10λ
π2
(4.6)
which tends to 0 when λ→ 0 and π →∞ in the regime R(p).
Next, for all i ≥ 0, we have
P
[
Ω1i
]
=
π
1 + π
(4.7)
because seeds fall on i at rate 1 while the fire on i+ 1 propagates at rate π.
Now, for all i ≥ 0, we set
Xi = inf
{
s > Ti+1 : N
S
s (i)−N
S
Ti+1(i) > 0
}
− Ti+1,
Y 1i = Ti+1 − Ti,
Y 2i = inf
{
s > Ti+2 : N
P
s (i)−N
P
Ti+2(i) > 0
}
− Ti+2.
Let i ≥ 0. At time Ti, the site i is burning and propagates to neighbors at time Ti+1. Thus,
Xi is the time we have to wait for a seed to fall again on i after it propagates for the first time.
Furthermore, Y 1i stands for the duration that i is burning for the first time. If a seed falls on i
before Ti+2, that is before the burning tree i+1 propagates, then i becomes again burning at time
Ti+2 and burns during [Ti+2 , Ti+2 + Y
2
i ).
The random variables (Xi)i∈N are exponential random variables with parameter 1 and the
random variables (Y 1i )i∈N and (Y
2
i )i∈N are exponential random variables with parameter π. All
these random variables are independent.
Then observe that
Ω2i =
(
{Xi ≤ Y
1
i+1} ∩ {Y
2
i <
aλελ
4
} ∩ {Xi−1 > Y 1i + Y
1
i+1 + Y
2
i } ∩ {Xi+1 > Y
2
i }
)
. (4.8)
We have by independence
P
[
Ω2i
∣∣ Y 1i , Y 1i+1, Y 2i ] = (1 − e−Y 1i+1)× 1{Y 2
i
≤ aλελ4 } × e
−(Y 1i +Y 1i+1+Y 2i ) × e−Y
2
i
= (1 − e−Y
1
i+1)× e−Y
1
i+1 × e−Y
1
i × e−2Y
2
i × 1{Y 2
i
≤ aλελ4 }.
Integrating,
P
[
Ω2i
]
= π3
∫ ∞
0
(1 − e−x)e−(pi+1)x dx×
∫ ∞
0
e−(pi+1)y dy ×
∫ aλελ/4
0
e−(pi+2)z dz
=
π3
(1 + π)2(2 + π)2
(1− e−(2+pi)aλελ/4). (4.9)
Finally, note that, in the regime R(p),
P
[
Ω1i ∪ Ω
2
i
]
= P
[
Ω1i
]
+ P
[
Ω2i
]
=
π
1 + π
+
π3
(1 + π)2(2 + π)2
(1− e−(2+pi)aλελ/4)
= 1−
5π2 + 8π + 4 + π3e−(2+pi)aλελ/4
(1 + π)2(2 + π)2
≥ 1−
α
π2
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for some constant α > 0, because e−(2+pi)aλελ/4 ≪ 1/π when λ→ 0 and π →∞ in the regime R(p)
(indeed, π ∼ 1/(pλ log2(1/λ)) whence (2+ π)aλελ ≃ 1/(pλ log
3(1/λ))). Similar computations hold
for i ≤ 0.
Consequently, the probability of {∀i ∈ Ji−
aλT
+ 1 , i+
aλT
− 1K,Ω1i or Ω
2
i is realized} knowing{
supt∈[0,aλT ]
∣∣i+t − πt∣∣ ≤ aλpiελ2 } ∩ {supt∈[0,aλT ] ∣∣i−t + πt∣∣ ≤ aλpiελ2 } is bounded from below by
1−
⌊aλpi(T+ελ)⌋∑
i=−⌊aλpi(T+ελ)⌋
P
[
(Ω1i ∪ Ω
2
i )
c
]
= 1−
⌊aλpi(T+ελ)⌋∑
i=−⌊aλpi(T+ελ)⌋
(1 − P
[
Ω1i
]
− P
[
Ω2i
]
)
≥ 1− α
aλπ(T + 1)
π2
= 1− αT
aλ
π
(4.10)
which tends to 1 when λ→ 0 and π →∞ in the regime R(p). Gathering (4.6) and (4.10) concludes
the proof of Lemma 4.2.
4.2 Propagation lemma in the regime R(0)
For all A > 0, we set
κ
A
λ,pi =
nλA
aλπ
+ ελ (4.11)
which tends to 0 when λ→ 0 and π →∞ in the regime R(0).
Lemma 4.3. Let A,B > 0. There exists an event ΩP,A,Bλ,pi depending only on the Poisson
processes (NSt (i), N
P
t (i))t∈[0,aλκA∨Bλ,pi ],i∈J−Aλ−mλ,Bλ+mλK such that
ΩP,A,Bλ,pi ⊂ {There is no more burning tree in J−Aλ , BλK at time aλκ
A∨B
λ,pi
and a burning tree in J−Aλ , BλK at some time 0 ≤ t ≤ aλκ
A∨B
λ,pi
is either i+t or i
−
t or has vacant neighbors}
where the event on the right concerns (ζˇλ,pit (i))t≥0,i∈Z, and
lim
λ,pi
P
[
ΩP,A,Bλ,pi
]
= 1
when λ→ 0 and π →∞ in the regime R(0).
Proof. Recall (4.3), (4.4) and (4.5). We set
ΩP,A,Bλ,pi =
{
TBλ+mλ ≤
nλB
π
+
aλελ
2
}
∩
{
T−Aλ−mλ ≤
nλA
π
+
aλελ
2
}
∩
⋂
i∈J−Aλ−mλ+1,Bλ+mλ−1K
(Ω1i ∪Ω
2
i )
∩
{
∃i ∈ J−Aλ −mλ + 1 ,−AλK, N
S
aλκ
A∨B
λ,pi
(i) = 0
}
∩
{
∃i ∈ JBλ , Bλ +mλ − 1K, N
S
aλκ
A∨B
λ,pi
(i) = 0
}
.
Observe now that the event on the right hand side in Lemma 4.3 contains the event ΩP,A,Bλ,pi . Indeed,
the two first terms ensure that the left and the right fronts are outside J−Aλ , BλK at time aλκA∨Bλ,pi
whereas the third term ensures that a spark burns not for a long time and has vacants neighbors.
The two last terms prevent from a return of a fire.
It remains to prove that P
[
ΩP,A,Bλ,pi
]
tends to 1. First, observe that TBλ+mλ is a sum of Bλ+mλ
i.i.d. exponential random variables with parameter π, then, Chebyshev’s inequality implies
P
[
TBλ+mλ >
nλB
π
+
aλελ
2
]
≤ P
[∣∣∣∣TBλ+mλ − nλBπ
∣∣∣∣ > aλελ2
]
≤
4
(aλελ)2
Bλ +mλ
π2
≤ CB
nλ
aλπ
1
aλπε2λ
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which tends to 0 when λ → 0 and π → ∞ in the regime R(0). Similar computation holds for
T−Aλ−mλ .
A basic calculation, as in (4.10), shows that (because it also holds true that e−(2+pi)aλελ/4 ≪ 1/π
in the regime R(0))
P

 ⋂
i∈J−Aλ−mλ+1,Bλ+mλ−1K
(Ω1i ∪Ω
2
i )

 ≥ 1− αT aλ
π
(for some αT > 0),
which tends to 1 when λ→ 0 and π →∞ in the regime R(0).
Finally, as soon as κA∨Bλ,pi ≤
1
2 , it holds that, using space stationarity,
P
[
∃i ∈ JBλ , Bλ +mλ − 1K, N
S
aλκ
A∨B
λ,pi
(i) = 0
]
≥P
[
∃i ∈ J0 ,mλ − 1K, N
S
aλ/2
(i) = 0
]
= 1− (1− e−aλ/2)mλ−1 ≃ 1− e−
√
λ(mλ−1)
which tends to 1 when λ→ 0 and π →∞ in the regime R(0).
4.3 Propagation lemma in the regime R(∞, z0)
We first introduce, for λ ∈ (0 , 1] and γ ∈ (0 , 1),
mγλ =
⌊
γ
λγ+(1−γ)z0aλ
⌋
.
For z0 = 1, m
γ
λ is nothing but ⌊γnλ⌋. For z0 ∈ [0 , 1) and γ ∈ (0 , 1), observe that
z0 < γ + (1− γ)z0 < 1,
so that mγλ ≪ nλ. In any cases, we have m
γ
λ/nλ ≤ γ.
Lemma 4.4. Let T > 0. For all z0 ∈ [0 , 1] and all γ ∈ (0 , 1), there exists an event Ω
P,T,γ
λ,pi
depending only on the Poisson processes (NSt (i), N
P
t (i))t∈[0,aλT ],i∈J−mγλ,m
γ
λ
K, such that
ΩP,T,γλ,pi ⊂ {i
+
aλT
and i−
aλT
belong to J−mγλ ,m
γ
λK},
where the event on the right concerns the process (ζˇλ,pit (i))t≥0,i∈Z, and
lim
λ,pi
P
[
ΩP,T,γλ,pi
]
= 1
when λ→ 0 and π →∞ in the regime R(∞, z0).
Proof. Recall (4.1) and (4.2). We define
ΩP,T,γλ,pi = {0 ≤ i
+
aλT
≤mγλ} ∩ {−m
γ
λ ≤ i
−
aλT
≤ 0},
which clearly implies that i+
aλT
and i−
aλT
belong to J−mγλ ,m
γ
λK. Markov’s inequality shows that
P
[
i−
aλT
< −mγλ
]
= P
[
i+
aλT
>mγλ
]
≤
aλπT
mγλ
≃
T
γ
a2λπλ
γ+(1−γ)z0 ,
which tends to 0 when λ → 0 and π → ∞ in the regime R(∞, z0). Indeed, for z0 = 1, then
T
γ a
2
λπλ =
T
γ
aλpi
nλ
tends to 0 (it is the definition of the regime R(∞, 1)), while, for z0 ∈ [0 , 1),
z0 < γ+ (1− γ)z0 < 1, then
T
γ a
2
λπλ
γ+(1−γ)z0 = Tγ
a
2
λpi
λz0 λ
(1−z0)γ tends to 0, because log(π)/ log(1/λ)
tends to z0.
For z ∈ (0 , 1), we next define
κzλ,pi =
1
λzaλπ
+ ελ.
Observe that, if 0 < z < z0, then aλκ
z
λ,pi tends to 0 when λ → 0 and π → ∞ in the regime
R(∞, z0).
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Lemma 4.5. For all z0 ∈ (0 , 1] and all z ∈ (0 , z0), there exists an event Ω
P,z
λ,pi, depending only
on the Poisson processes (NSt (i), N
P
t (i))t∈[0,aλT ],i∈J−mγλ,m
γ
λ
K, such that
ΩP,zλ,pi ⊂ {i
+
aλκzλ,pi
and − i−
aλκzλ,pi
are greater than ⌊λ−z⌋
and all i ∈ Ji−
aλκzλ,pi
+ 1 , i+
aλκzλ,pi
− 1K burns exactly once before aλκ
z
λ,pi},
where the event on the right concerns the process (ζˇλ,pit (i))t≥0,i∈Z, and
lim
λ,pi
P
[
ΩP,zλ,pi
]
= 1
when λ→ 0 and π →∞ in the regime R(∞, z0).
Proof. Let z ∈ (0 , z0). Recall (4.1), (4.2), (4.4) and remark that aλπκzλ,pi = λ
−z + aλπελ. We
define
ΩP,zλ,pi =
{
i+
aλκzλ,pi
∈ J⌊λ−z⌋ , ⌊λ−z + 2aλπελ⌋K
}
∩
{
i−
aλκzλ,pi
∈ J−⌊λ−z − 2aλπελ⌋ , ⌊λ−z⌋K
}
∩
⋂
i∈J−⌊λ−z+2aλpiελ⌋,⌊λ−z+2aλpiελ⌋K
Ω1i .
Observe that the event on the right hand side in Lemma 4.5 contains the event ΩP,zλ,pi. Indeed,
as in the proof of Lemma 4.2, the two first terms situate the left and the right fronts. The
third term ensures that there is no spark in the zone J−⌊aλπ(κzλ,pi + ελ)⌋ , ⌊aλπ(κ
z
λ,pi + ελ)⌋K ⊃
Ji−
aλκzλ,pi
, i+
aλκzλ,pi
K ⊃ J−⌊λ−z⌋ , ⌊λ−z⌋K.
Since i+
aλκ
z
λ,pi
and −i−
aλκ
z
λ,pi
are two Poisson random variables with parameter aλπκ
z
λ,pi , Cheby-
shev’s inequality shows
P
[
i−
aλκzλ,pi
6∈ J−⌊λ−z − 2aλελπ⌋ ,−⌊λ−z⌋K
]
= P
[
|i−
aλκzλ,pi
+ aλπκ
z
λ,pi| > aλπελ
]
= P
[
i+
aλκzλ,pi
6∈ J⌊λ−z⌋ , ⌊λ−z + 2aλελπ⌋K
]
= P
[∣∣∣i+aλκzλ,pi − aλπκzλ,pi
∣∣∣ > aλπελ]
≤
aλπκ
z
λ,pi
(aλελπ)2
=
κzλ,pi
aλπε2λ
= κzλ,pi
a3λ
π
which again tends to 0 when λ→ 0 and π →∞ in the regime R(∞, z0) (because log(π) ∼ z0aλ).
Finally, we still have P
[
Ω1i
]
= pi1+pi , recall (4.7), whence
P

 ⋂
i∈J−⌊aλpi(κzλ,pi+ελ)⌋,⌊aλpi(κzλ,pi+ελ)⌋K
Ω1i

 = ( π
1 + π
)2⌊aλpi(κzλ,pi+ελ)⌋+1
≃ e−2aλ(κ
z
λ,pi+ελ)
which tends to 1 when λ → 0 and π → ∞ in the regime R(∞, z0). This concludes the proof of
Lemma 4.5.
4.4 Application to the (λ, pi)−FFP
We next give some useful definitions.
Definition 4.6. Consider two families of Poisson processes (NSt (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z
with respective rates 1 and π, all these processes being independent. Let (x0, t0) ∈ R×R+. We call
• propagation process ignited at (x0, t0) the process (ζˇ
λ,pi,0
t (i))t≥0,i∈Z built using the seed pro-
cesses family (NS,0t (i))t≥0,i∈Z = (N
S
t+aλt0
(i+⌊nλx0⌋)−NSaλt0(i+⌊nλx0⌋))t≥0,i∈Z and the prop-
agation processes family (NP,0t (i))t≥0,i∈Z = (N
P
t+aλt0
(i+ ⌊nλx0⌋)−NPaλt0(i+ ⌊nλx0⌋))t≥0,i∈Z;
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• right and left fronts of the propagation process ignited at (x0, t0) the processes (i
0,+
t )t≥0 and
(i0,−t )t≥0, where for t ≥ 0
i0,+t = max
{
i ≥ 0 : ζˇλ,pi,0t (i) = 2
}
,
i0,−t = min
{
i ≤ 0 : ζˇλ,pi,0t (i) = 2
}
.
The processes (i0,+t )t≥0 and (−i
0,−
t )t≥0 are Poisson processes with parameter π;
• burning times of the propagation process ignited at (x0, t0) the sequence (T
0
i )i∈Z where, for
i ∈ Z,
T 0i = inf
{
s ≥ 0 : ζˇλ,pi,0s (i) = 2
}
=
{
inf
{
s ≥ 0 : i0,+s = i
}
if i ≥ 0,
inf
{
s ≥ 0 : i0,−s = i
}
if i ≤ 0.
Observe that (T 0i )i∈Z,(i
0,+
t )t≥0 and (−i
0,−
t )t≥0 only depend on the propagation processes family
(NPt (i))t≥0,i∈Z.
We then reformulate Lemmas 4.2, 4.3, 4.4 and 4.5 with the previous definition.
Definition 4.7. Consider two families of Poisson processes (NSt (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z
with respective rates 1 and π, all these processes being independent. Let (x0, t0) ∈ R × R+ and
(ζˇλ,pi,0t (i))t≥0,i∈Z be the propagation process ignited at (x0, t0), recall Definition 4.6.
• We define, for T > 0, ΩP,Tλ,pi (x0, t0) := Ω
P,T
λ,pi , where Ω
P,T
λ,pi is defined as in Lemma 4.2, using
the process (ζˇλ,pi,0t (i))t≥0,i∈Z.
Lemma 4.2 implies that for all δ > 0, P
[
ΩP,Tλ,pi (x0, t0)
]
≥ 1− δ for all (λ, π) sufficiently close
to the regime R(p).
• We define, for A,B > 0, ΩP,A,Bλ,pi (x0, t0) := Ω
P,A,B
λ,pi , where Ω
P,A,B
λ,pi is defined as in Lemma 4.3,
using the process (ζˇλ,pi,0t (i))t≥0,i∈Z.
Lemma 4.3 implies that for all δ > 0, P
[
ΩP,A,Bλ,pi (x0, t0)
]
≥ 1 − δ for all (λ, π) sufficiently
close to the regime R(0).
• We define, for z0 ∈ [0 , 1] and γ ∈ (0 , 1), Ω
P,T,γ
λ,pi (x0, t0) := Ω
P,T,γ
λ,pi , where Ω
P,T,γ
λ,pi is defined as
in Lemma 4.4, using the process (ζˇλ,pi,0t (i))t≥0,i∈Z.
Lemma 4.4 implies that for all δ > 0, P
[
ΩP,T,γλ,pi (x0, t0)
]
≥ 1−δ for all (λ, π) sufficiently close
to the regime R(∞, z0).
• We define, for z0 ∈ (0 , 1] and z ∈ (0 , z0), Ω
P,z
λ,pi(x0, t0) := Ω
P,z
λ,pi, where Ω
P,z
λ,pi is defined as in
Lemma 4.5, using the process (ζˇλ,pi,0t (i))t≥0,i∈Z.
Lemma 4.5 implies that for all δ > 0, P
[
ΩP,zλ,pi(x0, t0)
]
≥ 1− δ for all (λ, π) sufficiently close
to the regime R(∞, z0).
Finally, we define the destroyed component by a fire starting on ⌊nλx0⌋ at time aλt0. Indeed,
knowing the sequence of burning times (Ti)i∈Z and conditionally on a suitable event defined above,
we can localize the set of sites which are burning by a fire.
Definition 4.8. Consider a family of independent Poisson processes (NPt (i))t≥0,i∈Z with rate
π. Let (x0, t0) ∈ R× [0 , T ] and let (T 0i )i∈Z be the burning times of the propagation process ignited
at (x0, t0). For a N−valued process (ηt(i))t≥0,i∈Z, we define
CP ((ηt(i))i∈Z,t≥0, (x0, t0)) = J⌊nλx0⌋+ ig , ⌊nλx0⌋+ idK (4.12)
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where
ig = max
{
i ≤ 0 : ηaλt0+T 0i −(⌊nλx0⌋+ i) = 0
}
+ 1,
id = min
{
i ≥ 0 : ηaλt0+T 0i −(⌊nλx0⌋+ i) = 0
}
− 1.
We will use this definition with the (λ, π)−FFP: on a suitable event, CP ((ηλ,pit (i))i∈Z,t≥0, (x0, t0))
is exactly the component destroyed by a match falling in ⌊nλx0⌋ at time aλt0, see the comments
below.
Let now (ηλ,pit (i))t≥0,i∈Z be the (λ, π)−FFP. Let (x0, t0) ∈ R× [0 ,∞) be fixed in the rest of the
section. Assume that a match falls in ⌊nλx0⌋ at some time aλt0. Then, on an appropriate event
and regardless of the other phenomena, fires propagate with the good speed while they spread in
occupied zones. Indeed, consider (ζˇλ,pi,0t (i))t≥0,i∈Z the propagation process ignited at (x0, t0), the
associated right front (i0,+t )t≥0 and left front (i
0,−
t )t≥0 and the associated burning times (T
0
i )i∈Z.
Remark that T 0i−⌊nλx0⌋ is the time needed for the fire starting in ⌊nλx0⌋ at time aλt0 to reach i.
Microscopic fire: we describe here the effect of a microscopic fire in the discrete process in the
different regimes. Let λ ∈ (0 , 1] and π ≥ 1.
Micro(p): here we focus on the regime R(p), for some p > 0. Set κ0λ,pi =
mλ
aλpi
+ ελ. Assume that
⊲ there are −mλ < i1 < 0 < i2 <mλ such that η
λ,pi
aλt(⌊nλx0⌋+ i1) = η
λ,pi
aλt(⌊nλx0⌋+ i2) = 0
for all t ∈ [t0 , t0 + κ0λ,pi],
⊲ there is no burning tree in J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K at time aλt0−,
⊲ no other match falls in J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K during [aλt0 ,aλ(t0 + κ0λ,pi)].
Then, on ΩP,Tλ,pi (x0, t0), we have
CP ((ηλ,pit (i))t≥0,i∈Z, (x0, t0)) ⊂ J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K.
Furthermore, ηλ,pi
aλ(t0+κ0λ,pi)
(i) ≤ 1 for all i ∈ J⌊nλx0⌋ + i1 , ⌊nλx0⌋ + i2K and the fire destroys
exactly the component CP ((ηλ,pit (i))t≥0,i∈Z, (x0, t0)).
Indeed, since mλ = aλπ(κ
0
λ,pi − ελ), on Ω
P,T
λ,pi (x0, t0), there holds that T
0
i1
≤ aλκ0λ,pi and
T 0i2 ≤ aλκ
0
λ,pi (the left front satisfies i
−
aλκ0λ,pi
≤ i1 and the right front satifies i
+
aλκ0λ,pi
≥ i2,
thanks to Lemma 4.2). Consequently,
CP ((ηλ,pit (i))t≥0,i∈Z, (x0, t0)) := J⌊nλx0⌋+ i
g , ⌊nλx0⌋+ i
dK ⊂ J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K
where ig and id are defined in Definition 4.8. Observe now that, by construction, for all
i ∈ Jig , idK
ηλ,pi
aλt0+T 0i
(⌊nλx0⌋+ i) = 2 = ζˇ
λ,pi,0
T 0
i
(i)
and ηλ,pi
aλt0+T 0ig−1
(⌊nλx0⌋ + ig − 1) = 0 = η
λ,pi
aλt0+T 0
id+1
(⌊nλx0⌋ + id + 1). Recall that on
ΩT,Pλ,pi (x0, t0), a spark at time t ∈ [0 ,aλT ] for the process (ζˇ
λ,pi,0
t (i))t≥0,i∈Z has vacant neigh-
bors. Since for all i ∈ Jig , idK, the processes (ζˇλ,pi,0t (i))t≥0 and (η
λ,pi
aλt0+t
(⌊nλx0⌋+ i))t≥0 evolve
with the same seed processes and the same propagation processes after burning for the first
time until aλκ
0
λ,pi, a straightforward observation shows that for all i ∈ Ji
g + 1 , id − 1K,
ηλ,pi
aλ(t0+κ0λ,pi)
(⌊nλx0⌋+ i) = ζˇ
λ,pi,0
aλκ0λ,pi
(i)
and a site i ∈ J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K \C
P ((ηλ,pit (i))t≥0,i∈Z, (x0, t0)) can’t be burnt during
[aλt0 ,aλ(t0+κ
0
λ,pi)]. Observe also that i
g and id burn exactly once during [aλt0 ,aλ(t0+κ
0
λ,pi)]
29
(because the site id + 1 is vacant at time T 0id+1 and i
g − 1 is vacant at time T 0ig−1 with
T 0ig ∨ T
0
id ≤ aλκ
0
λ,pi).
On ΩP,Tλ,pi (x0, t0), there is no more burning tree in J−mλ ,mλK ⊃ Ji
g , idK at time aλκ
0
λ,pi for
the process (ζˇλ,pi,0t (i))t≥0,i∈Z (because mλ = aλπ(κ
0
λ,pi − ελ)) and consequently, its also holds
true in J⌊nλx0⌋+ ig , ⌊nλx0⌋+ idK at time aλ(t0 + κ0λ,pi) for the process (η
λ,pi
t (i))t≥0,i∈Z.
All this implies that, on ΩP,Tλ,pi (x0, t0), η
λ,pi
aλ(t0+κ0λ,pi)
(i) ≤ 1 for all i ∈ CP ((ηλ,pit (i))t≥0,i∈Z, (x0, t0))
and therefore for all i ∈ J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K.
Micro(0): here we focus on the regime R(0). Let A,B > 0 and recall that, for A > 0, κAλ,pi =
nλA
aλpi
+ ελ. Assume that
⊲ there are −mλ < i1 < 0 < i2 <mλ such that η
λ,pi
aλt(⌊nλx0⌋+ i1) = η
λ,pi
aλt(⌊nλx0⌋+ i2) = 0
for all t ∈ [t0 , t0 + κA∨Bλ,pi ],
⊲ there is no burning tree in J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K at time aλt0−,
⊲ no other match falls in J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K during [aλt0 ,aλ(t0 + κA∨Bλ,pi )].
Then, on ΩP,A,Bλ,pi (x0, t0), we have
CP ((ηλ,pit (i))t≥0,i∈Z, (x0, t0)) ⊂ J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K.
Furthermore, ηλ,pi
aλ(t0+κA∨Bλ,pi )
(i) ≤ 1 for all i ∈ J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K and the fire destroys
exactly the zone CP ((ηλ,pit (i))t≥0,i∈Z, (x0, t0)).
Indeed, this can be checked exactly as above (replace κ0λ,pi by κ
A∨B
λ,pi and Ω
P,T
λ,pi (x0, t0) by
ΩP,A,Bλ,pi (x0, t0)).
Micro(∞, z0): here we focus on the regime R(∞, z0), for some z0 ∈ (0 , 1] (in the case z0 = 0,
there are only fires of the second kind). Let 0 < z < z0 and recall that κ
z
λ,pi =
1
λzaλpi
+ ελ.
Assume that
⊲ there are −⌊λ−z⌋ < i1 < 0 < i2 < ⌊λ−z⌋ such that η
λ,pi
aλt(⌊nλx0⌋ + i1) = η
λ,pi
aλt(⌊nλx0⌋ +
i2) = 0 for all t ∈ [t0 , t0 + κzλ,pi],
⊲ there is no burning tree in J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K at time aλt0−,
⊲ no other match falls in J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K during [aλt0 ,aλ(t0 + κzλ,pi)].
Then, on ΩP,zλ,pi(x0, t0), as above (replace κ
0
λ,pi by κ
z
λ,pi and Ω
P,T
λ,pi (x0, t0) by Ω
P,z
λ,pi(x0, t0))
CP ((ηλ,pit (i))t≥0,i∈Z, (x0, t0)) := J⌊nλx0⌋+ i
g , ⌊nλx0⌋+ i
dK ⊂ J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K.
Furthermore, ηλ,pi
aλ(t0+κzλ,pi)
(i) ≤ 1 for all i ∈ J⌊nλx0⌋ + i1 , ⌊nλx0⌋ + i2K and the fire destroys
exactly the zone CP ((ηλ,pit (i))t≥0,i∈Z, (x0, t0)).
More precisely, on ΩP,zλ,pi(x0, t0), for the process (ζˇ
λ,pi,0
t (i))t≥0,i∈Z, all site i ∈ Ji
0,−
aλκzλ,pi
+
1 , i0,+
aλκzλ,pi
− 1K burns exactly once before aλκzλ,pi. Thus, for the process (ζˇ
λ,pi,0
t (i))t≥0,i∈Z,
there is no spark in Ji0,−
aλκzλ,pi
+ 1 , i0,+
aλκzλ,pi
− 1K at any time t ∈ [0 ,aλκzλ,pi].
Since, for all i ∈ Jig , idK, the processes (ζˇλ,pi,0t (i))t≥0 and (η
λ,pi
aλt0+t
(⌊nλx0⌋+ i))t≥0 evolve with
the same seed processes and the same propagation processes after burning for the first time
until aλκ
z
λ,pi, a straightforward observation shows that, for all t ∈ [aλt0 ,aλ(t0 + κ
z
λ,pi)], and
all i ∈ CP ((ηλ,pit (i))t≥0,i∈Z, (x0, t0)), for i ≥ ⌊nλx0⌋,
ηλ,pit (i) =


min(ηλ,piaλt0(i) +N
S
t+aλt0−(i)−N
S
aλt0(i), 1) if aλt0 ≤ t < aλt0 + T
0
i−⌊nλx0⌋
2 if aλt0 + T
0
i−⌊nλx0⌋ ≤ t < aλt0 + T
0
i+1−⌊nλx0⌋
min(NSt (i)−N
S
Ti+1−⌊nλx0⌋
(i), 1) if aλt0 + T
0
i+1−⌊nλx0⌋ ≤ t ≤ aλ(t0 + κ
z
λ,pi),
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and, for i ≤ ⌊nλx0⌋,
ηλ,pit (i) =


min(ηλ,piaλt0−(i) +N
S
t+aλt0(i)−N
S
aλt0(i), 1) if aλt0 ≤ t < aλt0 + T
0
i−⌊nλx0⌋
2 if aλt0 + T
0
i−⌊nλx0⌋ ≤ t < aλt0 + T
0
i−1−⌊nλx0⌋
min(NSt (i)−N
S
T 0
i−1−⌊nλx0⌋
(i), 1) if aλt0 + T
0
i−1−⌊nλx0⌋ ≤ t ≤ aλ(t0 + κ
z
λ,pi),
Finally, for i ∈ J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K\CP ((η
λ,pi
t (i))t≥0,i∈Z, (x0, t0)) and t ∈ [aλt0 ,aλ(t0+
κzλ,pi)], η
λ,pi
t (i) is nothing but min(η
λ,pi
aλt0(i) +N
S
t+aλt0(i)−N
S
aλt0(i), 1).
Macroscopic fire: let λ ∈ (0 , 1] and π ≥ 1. Recall that, for x > x0, T
0
⌊nλx⌋−⌊nλx0⌋ is the time
needed for the fire starting in ⌊nλx0⌋ at time aλt0 to reach ⌊nλx⌋.
Macro(p): here we focus on the regime R(p), for some p > 0. On ΩP,Tλ,pi (x0, t0), if 0 ≤ x − x0 ≤
(T − t0 − ελ)
aλpi
nλ
, there holds that
aλt0 + T
0
⌊nλx⌋−⌊nλx0⌋
aλ
∈[t0 +
⌊nλx⌋ − ⌊nλx0⌋
aλπ
− ελ , t0 +
⌊nλx⌋ − ⌊nλx0⌋
aλπ
+ ελ]
and observe that, when λ→ 0 and π →∞ in the regime R(p),
[t0 +
⌊nλx⌋ − ⌊nλx0⌋
aλπ
− ελ , t0 +
⌊nλx⌋ − ⌊nλx0⌋
aλπ
+ ελ] ≃ {t0 + p(x− x0)}.
This is just a rewriting of Lemma 4.2.
Macro(0): here we focus on the regime R(0). On ΩP,A,Bλ,pi (x0, t0), for some B > x− x0 and A > 0,
there holds that
aλt0 + T
0
⌊nλx⌋−⌊nλx0⌋
aλ
∈ [t0 , t0 + κ
B
λ,pi ]
and observe that [t0 , t0 + κ
B
λ,pi] ≃ {t0} when λ→ 0 and π →∞ in the regime R(p).
Besides, assume that
⊲ there are ⌊nλ(x0 − A)⌋ < i1 < ⌊nλx0⌋ < i2 < ⌊nλ(x0 + B)⌋ such that η
λ,pi
aλs(i1) =
ηλ,piaλs(i1) = 0 for all s ∈ [t0 , t0 + κ
A∨B
λ,pi ],
⊲ there is no burning tree in Ji1 , i2K at time aλt0,
⊲ no other match falls in Ji1 , i2K during [aλt0 ,aλ(t0 + κ
A∨B
λ,pi )].
Then, on ΩP,A,Bλ,pi (x0, t0), we have
CP ((ηλ,pit (i))t≥0,i∈Z, (x0, t0)) ⊂ J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K.
Furthermore, ηλ,pi
aλ(t0+κA∨Bλ,pi )
(i) ≤ 1 for all i ∈ J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K and the fire destroys
exactly the zone CP ((ηλ,pit (i))t≥0,i∈Z, (x0, t0)).
This can be shown exactly as in the case Micro(p) (the two statement are very similar).
Macro(∞, z0): here we focus on fires of second kind in the regime R(∞, z0), for some z0 ∈ [0 , 1].
Let γ ∈ (0 , 1), on ΩP,T,γλ,pi (x0, t0), there holds that
x0 −
mγλ
nλ
≤
⌊nλx0⌋+ i
0,−
aλT
nλ
≤ x0 ≤
⌊nλx0⌋+ 1 + i
0,+
aλT
nλ
≤ x0 +
mγλ
nλ
and observe that mγλ/nλ ≤ γ: this is just a rewriting of Lemma 4.4. Thus, since γ can be
chosen arbitrarily small, in the regime R(∞, z0), fires have only a local effect.
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5 Localization of the (λ, pi)−FFP
Recall that aλ,nλ and mλ are defined in (2.1), (2.2) and (2.5). For A > 0, we set Aλ = ⌊Anλ⌋
and IλA = J−Aλ , AλK. For i ∈ Z, we set iλ = [i/nλ , (i+ 1)/nλ) and ελ = 1/a
3
λ.
We first introduce the (λ, π,A)−FFP.
Definition 5.1. Let λ ∈ (0 , 1], π ≥ 1 and A > 0 be fixed. For each i ∈ IλA, we consider
three independent Poisson processes, NS(i) = (NSt (i))t≥0, N
M (i) = (NMt (i))t≥0 and N
P (i) =
(NPt (i))t≥0 of respective parameters 1, λ and π, all these processes being independent. Consider
a {0, 1, 2}-valued process (ηλ,pi,At (i))t≥0,i∈Iλ
A
such that a.s., for all i ∈ IλA, (η
λ,pi,A
t (i))t≥0 is càdlàg.
We say that (ηλ,pi,At (i))t≥0,i∈Iλ
A
is a (λ, π,A)−FFP if a.s., for all i ∈ IλA, all t ≥ 0
ηλ,pi,At (i) =
∫ t
0
1{ηλ,pi,A
s−
(i)=0} dN
S
s (i) +
∫ t
0
1{ηλ,pi,A
s−
(i)=1} dN
M
s (i)
+
∫ t
0
1{ηλ,pi,A
s−
(i+1)=2,ηλ,pi,A
s−
(i)=1} dN
P
s (i+ 1) +
∫ t
0
1{ηλ,pi,A
s−
(i−1)=2,ηλ,pi,A
s−
(i)=1} dN
P
s (i− 1)
− 2
∫ t
0
1{ηλ,pi,A
s−
(i)=2} dN
P
s (i)
with the convention NSt (Aλ + 1) = N
S
t (−Aλ − 1) = 0 for all t ≥ 0.
For η ∈ {0, 1, 2}I
λ
A and i ∈ IλA, we define the occupied connected component around i as
CA(η, i) =
{
∅ if η(i) = 0 or 2,
JlA(η, i) , rA(η, i)K if η(i) = 1,
where
lA(η, i) = (−Aλ) ∨ (sup{k < i : η(k) = 0 or 2}+ 1),
rA(η, i) = Aλ ∧ (inf{k > i : η(k) = 0 or 2} − 1) .
For x ∈ [−A ,A] and t ≥ 0, we also introduce
Dλ,pi,At (x) =
1
nλ
CA
(
ηλ,pi,A
aλt
, ⌊nλx⌋
)
⊂ [−Aλ/nλ , Aλ/nλ] ≃ [−A ,A], (5.1)
Kλ,pi,At (x) =
∣∣∣{i ∈ J⌊nλx⌋ −mλ , ⌊nλx⌋+mλK ∩ IλA : ηλ,pi,Aaλt (i) = 1}
∣∣∣∣∣J⌊nλx⌋ −mλ , ⌊nλx⌋+mλK ∩ IλA∣∣ ∈ [0 , 1], (5.2)
Zλ,pi,At (x) =
− log
(
1−Kλ,pi,At (x)
)
log(1/λ)
∧ 1 ∈ [0 , 1]. (5.3)
We now give a discrete version of Proposition 3.5. Recall Definition 4.1.
Proposition 5.2. Let T > 0, λ ∈ (0 , 1] and π ≥ 1. For each i ∈ Z, we consider three Poisson
processes NS(i) = (NSt (i))t≥0, N
M (i) = (NMt (i))t≥0 and N
P (i) = (NPt (i))t≥0, all these processes
being independent. Let (ηλ,pit (i))t≥0,i∈Z be the corresponding (λ, π)−FFP and for each A > 0, let
(ηλ,pi,At (i))t≥0,i∈Iλ
A
be the corresponding (λ, π,A)−FFP. There are some constants αT > 0 and
CT > 0 such that for all A ≥ 1, all (λ, π) sufficiently close to the regime R(p), for some p ≥ 0 (or
to the regime R(∞, z0), for some z0 ∈ [0 , 1]),
P
[
(ηλ,pit (i))t∈[0,aλT ],i∈IλA/2 = (η
λ,pi,A
t (i))t∈[0,aλT ],i∈IλA/2 ,
(Zλ,pit (x), D
λ,pi
t (x))t∈[0,T ],x∈[−A/2,A/2] = (Z
λ,pi,A
t (x), D
λ,pi,A
t (x))t∈[0,T ],x∈[−A/2,A/2]
]
≥ 1− CT e
−αTA.
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Observe that the Proposition 5.2 holds for the three regimes, with the same scales but for
different reasons. We thus distinguish the three regimes. The proof given for p = 0 can be adapted
in order to work for p > 0, as in Proposition 3.5, but the proof given here for p > 0 is much simpler.
Proof in the regime R(p) for some p > 0. Consider the true (λ, π)−FFP (ηλ,pit (i))t≥0,i∈Z. It of
course suffices to prove the result for A large enough. Temporarily assume that for a ∈ R, there is an
event Ωλ,pia,T , depending only on the Poisson processes N
S
t (i), N
M
t (i) and N
P
t (i) for t ∈ [0 ,aλ(T +2)]
and
i ∈ J¯λa := J⌊(a− 1− 2
T − 1
p
)nλ⌋ , ⌊(a+ 1 + 2
T − 1
p
)nλ⌋ − 1K,
such that
(i) on Ωλ,pia,T , a.s., there are ι
+ : [0 ,aλT ] 7→ J¯λa non decreasing and ι
− : [0 ,aλT ] 7→ J¯λa non increas-
ing such that ηλ,pit (ι
+
t ) = 0 or 2 and η
λ,pi
t (ι
−
t ) = 0 or 2 for all t ∈ [0 ,aλT ],
(ii) there exists qT > 0 such that for all a ∈ R, we have P
[
Ωλ,pia,T
]
≥ qT , for all (λ, π) sufficiently
close to the regime R(p).
The proof is then concluded using similar argument as Step 3 in the proof of Proposition 3.5:
thanks to point (ii), the probability that there are −A+ 1 + 2T−1p < a1 < −A/2− 1 − 2
T−1
p and
A/2+1+2T−1p < a2 < A−1−2
T−1
p with Ω
λ,pi
a1,T
and Ωλ,pia2,T realized is easily bounded from below by
1−CT e−αTA. Next, on this event, a fire starting at the left of ⌊(a1−1−2T−1p )nλ⌋ will never cross
⌊(a1+1+2
T−1
p )nλ⌋ ≤ ⌊−Anλ/2⌋ (thanks to ι
+). Same thing holds on the right: a fire starting at
the right of ⌊(a2 + 1 + 2
T−1
p )nλ⌋ will never cross ⌊(a2 − 1 − 2
T−1
p )nλ⌋ ≥ ⌊Anλ/2⌋ (thanks to ι
−).
Finally, the clusters Dλ,pit (x) and D
λ,pi,A
t (x) clearly coincide for all x ∈ [−
A
2 ,
A
2 ] and all t ∈ [0 , T ].
Step 1. Fix some α > 0 small enough, say α = 0.001. Define κ0λ,pi = mλ/(aλπ) + ελ and assume
that κ0λ,pi ≤ α/2.
For λ > 0, π ≥ 1 and a ∈ R, we define the event Ω˜λ,pia,T on which points 1 and 2 below are
satisfied:
1. The family of Poisson processes (NMt (i))t∈[0,aλT ],i∈J¯λa has exactly 4 marks in J¯
λ
a , and we
call them {(Xλ1 , T
λ
1 ), (X
λ
2 , T
λ
2 ), (X
λ
3 , T
λ
3 ), (X
λ
4 , T
λ
4 )}, in such a way the match (X
λ
1 , T
λ
1 ) (resp.
(Xλ2 , T
λ
2 )) belongs to
J⌊(a−
5
6
−
T − 1
p
)nλ⌋ , ⌊(a−
2
3
−
T − 1
p
)nλ⌋K× [aλ(
3
4
+ α) ,aλ(1− α)]
(resp. J⌊(a+
2
3
+
T − 1
p
)nλ⌋ , ⌊(a+
5
6
+
T − 1
p
)nλ⌋K× [aλ(
3
4
+ α) ,aλ(1− α)]),
and the match (Xλ3 , T
λ
3 ) (resp. (X
λ
4 , T
λ
4 )) belongs to
J⌊(a−
1
2
−
T − 1
p
)nλ⌋+ 1 , ⌊(a−
1
3
−
T − 1
p
)nλ⌋K× [aλ(1 + α) ,aλ(
3
2
− α)]
(resp. J⌊(a+
1
3
+
T − 1
p
)nλ⌋ , ⌊(a+
1
2
+
T − 1
p
)nλ⌋ − 1K× [aλ(1 + α) ,aλ(
3
2
− α)]).
2. The family of Poisson processes (NSt (i))t≥0,i∈J¯λa satisfies
(a) for k = 1, 2, for all i ∈ JXλk − ⌊λ
−3/4⌋ , Xλk + ⌊λ
−3/4⌋K, NS
Tλ
k
(i) > 0;
(b) for k = 1, 2, there are ik1 ∈ JX
λ
k −mλ + 1 , X
λ
k − ⌊λ
−3/4⌋ − 1K and ik2 ∈ JX
λ
k + ⌊λ
−3/4⌋+
1 , Xλk +mλ − 1K such that N
S
Tλ
k
+aλκ0λ,pi
(ik1) = N
S
Tλ
k
+aλκ0λ,pi
(ik2) = 0;
(c) for k = 1, 2, there is ik3 ∈ JX
λ
k−⌊λ
−3/4⌋ , Xλk+⌊λ
−3/4⌋K such that NS3aλ/2(i
k
3)−N
S
Tλ
k
(ik3) =
0;
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(d) for all i ∈ J⌊(a− 1− T−1p )nλ⌋ , ⌊(a+ 1 +
T−1
p )nλ⌋K, N
S
aλ(1+α)
(i) > 0.
We now introduce the event ΩPa,T (λ, π) on which all these four fires propagate at the good speed
ΩPa,T (λ, π) =
4⋂
i=1
ΩP,Tλ,pi
(
Xλi
nλ
,
T λi
aλ
)
recall Definition 4.7. We finally set
Ωλ,pia,T = Ω˜
λ,pi
a,T ∩ Ω
P
a,T (λ, π).
Step 2. We now prove that on Ωλ,pia,T , there exist (ι
+
t )t∈[0,aλT ] and (ι
−
t )t∈[0,aλT ] which satisfy (i).
Indeed, sites i11 and i
1
2 are vacant until T
λ
1 + aλκ
0
λ,pi because we start from an vacant initial
configuration and 2-(b). On the one hand, they protect the zone Ji11+1 , i
1
2− 1K and thus, the zone
JXλ1 − ⌊λ
−3/4⌋ , Xλ1 + ⌊λ
−3/4⌋K ⊂ Ji11 + 1 , i
1
2 − 1K is completely filled at time T
λ
1 −, thanks to 2-(a).
On the other hand, on ΩP,Tλ,pi (X
λ
1 /nλ, T
λ
1 /aλ), as seen in Micro(p) in Subsection 4.4,
⊲ the match falling on Xλ1 at time T
λ
1 destroys entirely the zone JX
λ
1 −⌊λ
−3/4⌋ , Xλ1 + ⌊λ
−3/4⌋K
before T λ1 + aλκ
0
λ,pi (it is still protected by i
1
1 and i
2
1),
⊲ the fire does not affect the zone outside Ji11 , i
1
2K,
⊲ there is no more burning tree in the zone Ji11 , i
1
2K at time T
λ
1 + aλκ
0
λ,pi.
Then, since no seed fall on i13 during [T
λ
1 , 3aλ/2), i
1
3 remains vacant since it burnt (this happened
between T λ1 and T
λ
1 + aλκ
0
λ,pi) until time 3aλ/2, thanks to 2-(c).
Remark that same considerations holds around Xλ2 : the match falling in X
λ
2 at time T
λ
2 doesn’t
affect the zone outside Ji21 , i
2
2K (because they remain vacant until time T
λ
2 +aλκ
0
λ,pi), and i
2
3 remains
vacant during [T λ2 + aλκ
0
λ,pi , 3aλ/2).
All this implies that the zone J⌊(a− 12 −
T−1
p )nλ⌋ , ⌊(a+
1
2 +
T−1
p )nλ⌋K is protected from all the
fire until 3aλ/2 (except possibles those falling at (X
λ
3 , T
λ
3 ) and (X
λ
4 , T
λ
4 )). Thus, thanks to 2-(d),
the zone J⌊(a− 12 −
T−1
p )nλ⌋ , ⌊(a+
1
2 +
T−1
p )nλ⌋K is completely occupied at time aλ(1 + α).
Since now, on ΩP,Tλ,pi
(
Xλ3
nλ
,
Tλ3
aλ
)
, the right front (i3,+t )t≥0 of the fire ignited at (X
λ
3 /nλ, T
λ
3 /aλ)
statisfies
i3,+
aλT−Tλ3
≤ π(aλT − T
λ
3 + aλελ) ≤ aλπ(T − 1− α+ ελ),
recall Lemma 4.2, then i3,+
aλT−Tλ3
≤ (T − 1)nλp as soon as
∣∣∣ nλ
aλpi
− p
∣∣∣ ≤ p α2(T−1) (recall that 2ε < α).
This in particular implies that
Xλ3 + i
3,+
aλT−Tλ3
≤ ⌊(a−
1
3
−
T − 1
p
)nλ⌋+ (T − 1)
nλ
p
< ⌊nλa⌋.
Similarly, on ΩP,Tλ,pi
(
Xλ4
nλ
,
Tλ4
aλ
)
and for
∣∣∣ nλ
aλpi
− p
∣∣∣ ≤ p α2(T−1) , we clearly have
⌊nλa⌋ < ⌊(a+
1
3
+
T − 1
p
)nλ⌋ − (T − 1)
nλ
p
≤ Xλ4 + i
4,−
aλT−Tλ4
.
We easily deduce that for all t ∈ [0 ,aλT −T λ3 ], η
λ,pi
t+Tλ3
(Xλ3 + i
3,+
t ) = 2 and for all t ∈ [0 ,aλT −T
λ
4 ],
ηλ,pi
t+Tλ4
(Xλ4 + i
4,−
t ) = 2.
Finally, we set, for all t ∈ [0 ,aλT ]
ι+t =


i11 if 0 ≤ t < T
λ
1 + κ
0
λ,pi,
i13 if T
λ
1 + κ
0
λ,pi ≤ t < T
λ
3 ,
Xλ3 + i
3,+
t−Tλ3
if T λ3 ≤ t ≤ aλT.
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Clearly, (ι+t )t∈[0,aλT ] is non decreasing, η
λ,pi
s (ι
+
s ) is 0 until T
λ
3 and 2 between T
λ
3 and aλT .
Similarly, we can choose
ι−t =


i22 if 0 ≤ t < T
λ
2 + κ
0
λ,pi,
i23 if T
λ
2 + κ
0
λ,pi ≤ t < T
λ
4 ,
Xλ4 + i
4,−
t−Tλ4
if T λ4 ≤ t ≤ aλT.
Clearly, (ι−t )t∈[0,aλT ] is non increasing, η
λ,pi
s (ι
−
s ) is 0 until T
λ
4 and 2 between T
λ
4 and aλT .
Step 3. We now prove (ii). The quantity P
[
Ωλ,pia,T
]
does obviously not depend on a ∈ R by
spatial invariance. Then, we observe that we can construct NM by using a Poisson measure πM
on R× [0 ,∞) with intensity measure dxdt, independent of NS and NP , by setting, for all i ∈ Z,
NMt (i) = πM (iλ × [0 , t/aλ]).
Hence, the event on which NM satisifies 1. contains the event ΩMa,T on which πM has exactly 4
marks in [a− 1− 2T−1p , a+1+2
T−1
p ]× [0 , T ], which can be called (X1, T1), (X2, T2), (X3, T3) and
(X4, T4) in such a way (X1, T1) (resp. (X2, T2)) belongs to
[a−
5
6
−
T − 1
p
+ α , a−
2
3
−
T − 1
p
− α]× [
3
4
+ α , 1− α]
(resp. [a+
2
3
+
T − 1
p
+ α , a+
5
6
+
T − 1
p
− α]× [
3
4
+ α , 1− α]),
and (X3, T3) (resp. (X4, T4)) belongs to
[a−
1
2
−
T − 1
p
+ α , a−
1
3
−
T − 1
p
− α]× [1 + α ,
3
2
− α]
(resp. [a+
1
3
+
T − 1
p
+ α , a+
1
2
+
T − 1
p
− α]× [1 + α ,
3
2
− α]).
Clearly, the probability P
[
ΩMa,T
]
does not depend on a nor on λ and π and is positive. We then
define qT > 0 by
P
[
ΩMa,T
]
= 2qT . (⋆)
We then use basic consideration on i.i.d. Poisson processes with rate 1 (we write PM for the
conditional probability w.r.t. πM ) to show that point 2. occurs with high probability.
• For k = 1, 2, we have T λk ≥ aλ(3/4 + α) and
PM
[
∀i ∈ JXλk − ⌊λ
−3/4⌋ , Xλk + ⌊λ
−3/4⌋K, NSTλ
k
(i) > 0
]
≥ (1 − λ3/4+α)2⌊λ
−3/4⌋+1
which tends to 1 when λ→ 0.
• For k = 1, 2, we have T λk + aλκ
0
λ,pi ≤ aλ(1− α/2) (recall that κ
0
λ,pi ≤ α/2) and
PM
[
∃ik2 ∈ JX
λ
k + ⌊λ
−3/4⌋+ 1 , Xλk +mλ − 1K, N
S
Tλ
k
+aλκ0λ,pi
(ikj ) = 0
]
≥ 1− (1− λ1−α/2)mλ−⌊λ
−3/4⌋−1
which tends to 1 when λ→ 0 (and similar computation for ik1).
• For k = 1, 2, we have T λk ≥ aλ(3/4 + α) and
PM
[
∃i ∈ JXλk − ⌊λ
−3/4⌋ , Xλk + ⌊λ
−3/4⌋K, NS3aλ/2(i)−N
S
Tλ
k
(i) = 0
]
≥ 1− (1− λ3/4−α)2⌊λ
−3/4⌋+1
which tends to 1 when λ→ 0;
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• Finally,
PM
[
∀i ∈ J⌊(a− 1−
T − 1
p
)nλ⌋ , ⌊(a+ 1 +
T − 1
p
)nλ⌋K, N
S
aλ(1+α)
(i) > 0
]
= (1− λ1+α)(2+2
T−1
p )nλ
which tends also to 1 when λ→ 0.
Next, since πM is independent of the processes family (N
S
t (i))i∈Z,t≥0 and (N
P
t (i))i∈Z,t≥0,
Lemma 4.2 directly imply that, for all k = 1, . . . , 4, PM
[
ΩP,Tλ,pi (Xk, Tk)
]
tends to 1 when λ→ 0 and
π →∞ in the regime R(p).
All this, together with (⋆), implies that P
[
Ωλ,pia,T
]
≥ qT > 0 for all (λ, π) sufficiently close to the
regime R(p).
In the end, for all (λ, π) sufficiently close to the regime R(p), the event Ωλ,pia,T depend only on
the Poisson processes NSt (i), N
M
t (i) and N
P
t (i) for t ∈ [0 ,aλ(T + 2)] and i ∈ J¯
λ
a . This suffices to
conclude the proof.
Proof in the regime R(∞, z0). Let z0 ∈ [0 , 1]. Consider the true (λ, π)−FFP (η
λ,pi
t (i))t≥0,i∈Z. We
introduce
Jλa = J⌊anλ⌋ , ⌊(a+ 1)nλ⌋ − 1K.
As above, for a ∈ R, we are going to construct an event Ωλ,pia,T depending only on the Poisson
processes NSt (i), N
M
t (i) and N
P
t (i) for t ∈ [0 ,aλ(T + 2)] and i ∈ J
λ
a such that
(i) on Ωλ,pia,T , there exists ι
+ : [0 ,aλT ] 7→ Jλa non decreasing and ι
− : [0 ,aλT ] 7→ Jλa non increasing
such that ηλ,pit (ι
+
t ) = 0 or 2 and η
λ,pi
t (ι
−
t ) = 0 or 2 for all t ∈ [0 ,aλT ],
(ii) there exists qT > 0 such that for all a ∈ R, we have P
[
Ωλ,pia,T
]
≥ qT for all (λ, π) sufficiently
close to the regime R(∞, z0).
The proof is then concluded as previously. We divide the proof in two cases.
Case 1: z0 ∈ [0 , 1). We fix α = 0.001 and γ ∈ (0 ,
1−z0
4 ). Recall that m
γ
λ = ⌊
γ
λγ+(1−γ)z0aλ
⌋ ≪ mλ
and mλ ≪ nλ.
Step 1. For λ > 0, π ≥ 1 and a ∈ R, we define the event Ω˜λ,pia,T on which points 1 and 2 below are
satisfied:
1. The family of Poisson processes (NMt (i))t∈[0,aλT ],i∈Jλa has exactly 2 marks in J
λ
a , and we call
them (Xλ1 , T
λ
1 ), (X
λ
2 , T
λ
2 ), in such a way that
(Xλ1 , T
λ
1 ) ∈ J⌊anλ⌋+mλ , ⌊(a+
1
2
)nλ⌋ −mλ − 1K× [aλ(z0 + 2γ) ,aλ(1− γ)]
and (Xλ2 , T
λ
2 ) ∈ J⌊(a+
1
2
)nλ⌋+mλ , ⌊(a+ 1)nλ⌋ −mλ − 1K× [aλ(z0 + 2γ) ,aλ(1− γ)].
2. The family of Poisson processes (NSt (i))t≥0,i∈Jλa satisfies, for k = 1, 2,
(a) for all i ∈ JXλk −m
γ
λ , X
λ
k +m
γ
λK, N
S
Tλ
k
(i) > 0;
(b) there are ik1 ∈ JX
λ
k −mλ+1 , X
λ
k −m
γ
λ− 1K and i
k
2 ∈ JX
λ
k +m
γ
λ+1 , X
λ
k +mλ− 1K such
that NS
aλ(1−γ)(i
k
1) = N
S
aλ(1−γ)(i
k
2) = 0.
We now introduce the event on which all of these two fires propagate at the correct speed,
ΩPa,T (λ, π) = Ω
P,T,γ
λ,pi
(
Xλ1
nλ
,
T λ1
aλ
)
∩ ΩP,T,γλ,pi
(
Xλ2
nλ
,
T λ2
aλ
)
.
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We finally set
Ωλ,pia,T = Ω˜
λ,pi
a,T ∩ Ω
P
a,T (λ, π).
Step 2. We now prove that on Ωλ,pia,T , (i) holds.
For k = 1, 2, thanks to 2-(b), the sites ik1 and i
k
2 remain vacant until aλ(1−γ) > T
λ
k . Thus, no fire
can affect the zone JXλk−m
γ
λ , X
λ
k+m
γ
λK during [0 ,aλ(1−γ)]. Hence, the zone JX
λ
k−m
γ
λ , X
λ
k+m
γ
λK
is completely filled at time T λk −, thanks to 2-(a). On Ω
P,T,γ
λ,pi
(
Xλk
nλ
,
Tλk
aλ
)
⊂ ΩPa,T (λ, π), the fire
starting in Xλk at time T
λ
k does not affect the zone outside JX
λ
k −m
γ
λ , X
λ
k +m
γ
λK during [0 ,aλT ],
recall Macro(∞, z0) in Subsection 4.4. Since Xλ2 − X
λ
1 ≥ 2mλ ≥ 2m
γ
λ + 1, we deduce that
ηλ,pis (X
λ
1 + i
1,+
s−Tλ1
) = 2 for all s ∈ [T λ1 ,aλT ] and η
λ,pi
s (X
λ
2 + i
2,−
s−Tλ2
) = 2 for all s ∈ [T λ2 ,aλT ].
Finally, we set, for all t ∈ [0 ,aλT ]
ι+t =
{
i11 if 0 ≤ t < T
λ
1 ,
Xλ1 + i
1,+
t−Tλ3
if T λ1 ≤ t ≤ aλT.
The process (ι+t )t∈[0,aλT ] is non decreasing, η
λ,pi
s (ι
+
s ) is 0 for s ∈ [0 , T
λ
1 ) and 2 for s ∈ [T
λ
1 ,aλT ].
Similarly, we set for all t ∈ [0 ,aλT ],
ι−t =
{
i22 if 0 ≤ t < T
λ
2 ,
Xλ2 + i
2,−
t−Tλ2
if T λ2 ≤ t ≤ aλT,
which also satisfies the requirements.
Step 3. The event Ωλ,pia,T also satisfies point (ii).
Indeed, the quantity P
[
Ωλ,pia,T
]
does obviously not depend on a ∈ R by spatial invariance. As
previously, we can construct NM by using a Poisson measure πM on R × [0 ,∞) with intensity
measure dxdt, independent of NS and NP , by setting, for all i ∈ Z,
NMt (i) = πM (iλ × [0 , t/aλ]).
Hence, the event on which NM satisifies 1. contains the event ΩMa,T on which πM has exactly
2 marks in [a , a + 1] × [0 , T ], which can be called (X1, T1) and (X2, T2) such that (remark that
γ < 1/4)
(X1, T1) ∈ [a+ γ , a+
1
2
− γ]× [z0 + 2γ , 1− γ]
and (X2, T2) ∈ [a+
1
2
+ γ , a+ 1− γ]× [z0 + 2γ , 1− γ].
Clearly, the probability P
[
ΩMa,T
]
does not depend on a nor on λ and π and is positive. We then
define qT > 0 by
P
[
ΩMa,T
]
= 2qT . (⋆)
We then use basic considerations on i.i.d. Poisson processes with rate 1 (we write PM for the
conditional probability w.r.t. πM ) to show that point 2. occurs with high probability.
• For k = 1, 2, we have T λk ≥ aλ(z0 + 2γ) and
PM
[
∀i ∈ JXλk −m
γ
λ , X
λ
k +m
γ
λK, N
S
Tλ
k
(i) > 0
]
≥ (1− λz0+2γ)2m
γ
λ
+1
≃ exp(−λz0+2γ
γλ−γ−(1−γ)z0
aλ
) = exp(−γ
λγ(z0+1)
aλ
)
which tends to 1 when λ→ 0.
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• For k = 1, 2, we have
PM
[
∃ik2 ∈ JX
λ
k +m
γ
λ + 1 , X
λ
k +mλ − 1K, N
S
aλ(1−γ)(i
k
2) = 0
]
= 1− (1 − λ1−γ)mλ−m
γ
λ
−1
which tends to 1 when λ → 0, because mγλ ≪ mλ and λ
1−γ ≪ mλ (similar computation
holds for ik1).
Finally, since πM is independent of the processes family (N
S
t (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z, Lemma
4.2 directly imply that, for all k = 1, 2, PM
[
ΩP,Tλ,pi (Xk, Tk)
]
tends to 1 when λ→ 0 and π →∞ in
the regime R(p).
All this, together with (⋆), implies that P
[
Ωλ,pia,T
]
≥ qT > 0 for all (λ, π) sufficiently close to the
regime R(p).
In the end, for all (λ, π) sufficiently close to the regime R(p), the event Ωλ,pia,T depend only on
the Poisson processes NSt (i), N
M
t (i) and N
P
t (i) for t ∈ [0 ,aλ(T + 2)] and i ∈ J
λ
a . This suffices to
conclude the proof in the case z0 ∈ [0 , 1).
Case 2: z0 = 1. Fix some α > 0 small enough, say α = 0.001. Recall that
κ1−αλ,pi =
1
λ1−αaλπ
+ ελ
and assume that κ1−αλ,pi < α. We first define the event Ω˜
λ,pi
a,T on which points 1 and 2 below are
satisfied:
1. The family of Poisson processes (NMt (i))t∈[0,aλT ],i∈Jλa has exactly 4 marks in J
λ
a , and we call
them (Xλk , T
λ
k )k=1,...,4, in such a way the match (X
λ
1 , T
λ
1 ) (resp. (X
λ
2 , T
λ
2 )) belongs to
J⌊(a+ α)nλ⌋ , ⌊(a+
1
4
− α)nλ⌋K× [aλ(
3
4
+ α) ,aλ(1 − 2α)]
(resp. J⌊(a+
3
4
+ α)nλ⌋ , ⌊(a+ 1− α)nλ⌋K× [aλ(
3
4
+ α) ,aλ(1 − 2α)]),
and the match (Xλ3 , T
λ
3 ) (resp. (X
λ
4 , T
λ
4 )) belongs to
J⌊(a+
1
4
+ α)nλ⌋ , ⌊(a+
1
2
− α)nλ⌋K× [aλ(1 + α) ,aλ(
5
4
− 2α)]
(resp. J⌊(a+
1
2
+ α)nλ⌋ , ⌊(a+
3
4
− α)nλ⌋K× [aλ(1 + α) ,aλ(
5
4
− 2α)]).
2. The family of Poisson processes (NSt (i))t≥0,i∈Jλa satisfies,
(a) for k = 1, 2, ∀i ∈ JXλk − ⌊λ
−3/4⌋ , Xλk + ⌊λ
−3/4⌋K, NS
Tλ
k
(i) > 0;
(b) for k = 1, 2, there are ik1 ∈ JX
λ
k −⌊λ
−(1−α)⌋−1 , Xλk K and i
k
2 ∈ JX
λ
k , X
λ
k +⌊λ
−(1−α)⌋+1K
such that NS
Tλ
k
+aλκ
1−α
λ,pi
(ikj ) = 0.
(c) for k = 1, 2, there exists ik3 ∈ JX
λ
k − ⌊λ
−3/4⌋ , Xλk + ⌊λ
−3/4⌋K such that NS3aλ/2(i
k
3) −
NS
Tλ
k
(ik3) = 0;
(d) ∀i ∈ J⌊anλ , ⌊(a+ 1)nλK, NSaλ(1+α)(i) > 0.
We now introduce the event on which all these four fires propagate on the good speed
ΩPa,T (λ, π) = Ω
P,1−α
λ,pi (
Xλ1
nλ
,
T λ1
aλ
) ∩ ΩP,1−αλ,pi (
Xλ2
nλ
,
T λ2
aλ
) ∩ ΩP,T,αλ,pi (
Xλ3
nλ
,
T λ3
aλ
) ∩ ΩP,T,αλ,pi (
Xλ4
nλ
,
T λ4
aλ
),
recall Definition 4.7.
We finally set
Ωλ,pia,T = Ω˜
λ,pi
a,T ∩ Ω
P
a,T (λ, π).
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We deduce that Ωλ,pia,T satisfies (i) as above: the match falling in X
λ
k , for k = 1, 2, destroys at
least the zone JXλk −⌊λ
−3/4⌋ , Xλk + ⌊λ
−3/4⌋K (thanks to 2-(a)) but does not affect the zone outside
JXλk − ⌊λ
−(1−α)⌋ , Xλk + ⌊λ
−(1−α)⌋K (thanks to 2-(b) and recall Micro(∞, 1) in Subsection 4.4).
Hence, for k = 1, 2, ik3 remains vacant from T
λ
k + aλκ
1−α
λ,pi until 3aλ/2. Thus, i
1
3 and i
2
3 protect the
zone J⌊(a + 14 − α)nλ⌋ , ⌊(a+
3
4 − α)nλ⌋K, which is completely filled at time aλ(1 + α), thanks to
2-(d). As previously, and since fires have only a local effect (recall that mαλ = ⌊αnλ⌋), the right
front of the fire 3 and the left front of the fire 4 burn until aλT .
We then can set, for all t ∈ [0 ,aλT ]
ι+t =


i11 if 0 ≤ t < T
λ
1 + aλκ
1−α
aλ,pi
,
i13 if T
λ
1 + aλκ
1−α
aλ,pi ≤ t < T
λ
3 ,
Xλ3 + i
3,+
t−Tλ3
if T λ3 ≤ t ≤ aλT,
and
ι−t =


i22 if 0 ≤ t < T
λ
2 + aλκ
1−α
aλ,pi
,
i23 if T
λ
2 + aλκ
1−α
aλ,pi
≤ t < T λ4 ,
Xλ4 + i
4,−
t−Tλ4
if T λ4 ≤ t ≤ aλT.
We can check, as usual, that P
[
Ωλ,pia,T
]
≥ qT , for all (λ, π) sufficiently close to the regimeR(∞, 1),
where 2qT is the probability that a Poisson measure πM has exactly 4 marks (Xk, Tk)k=1,...,4 in
[a , a+ 1]× [0 , T ] in such a way that
(X1, T1) ∈ [a+ α , a+
1
4
− α]× [
3
4
+ α , 1− 2α],
(X2, T2) ∈ [a+
3
4
+ α , a+ 1− α]× [
3
4
+ α , 1− 2α],
(X3, T3) ∈ [a+
1
4
+ α , a+
1
2
− α]× [1 + α ,
5
4
− 2α],
(X4, T4) ∈ [a+
1
2
+ α , a+
3
4
− α]× [1 + α ,
5
4
− 2α].
Proof in the regime R(0). We fix T > 0. It of course suffices to prove the result for A large enough.
We consider the true (λ, π)−FFP (ηλ,pit (i))t≥0,i∈Z and set K = ⌊4T ⌋. For a ∈ R, we recall that
κλ,pi = κ
2K
λ,pi =
2Knλ
aλπ
+ ελ
and
Jλa := J⌊anλ⌋ , ⌊(a+ 1)nλ⌋ − 1K
and introduce
Jλa,K := J⌊(a− 3K)nλ⌋ , ⌊(a+ 3K + 1)nλ⌋ − 1K.
As usual, for a ∈ R, we are going to build an event Ωλ,pia,T depending only on the Poisson processes
NSt (i), N
M
t (i) and N
P
t (i) for t ∈ [0 ,aλT ] and i ∈ J
λ
a,K such that
(i) on Ωλ,pia,T , there exists ι
+ : [0 ,aλT ] 7→ Jλa,K (resp. ι
− : [0 ,aλT ] 7→ Jλa,K), non decreasing (resp.
non increasing), such that ηλ,pit (ι
+
t ) = 0 (resp. η
λ,pi
t (ι
−
t ) = 0) for all t ∈ [0 ,aλT ],
(ii) there exists qT > 0 such that for all a ∈ R, we have P
[
Ωλ,pia,T
]
≥ qT for all (λ, π) sufficiently
close to the regime R(0).
It is then routine to conclude the proof. We fix α = 0.001 and assume that (λ, π) is sufficienly
close to the regime R(0) in such a way that κλ,pi ≤ α.
Step 1. Here we show that for all b ∈ R, there exists an event Ωλ,pib,0 , depending only on
(NSs (i), N
M
s (i), N
P
s (i))s∈[0,3aλ/4],i∈Jλb such that
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(i) on Ωλ,pib,0 , a.s., there is i ∈ J
λ
b such that η
λ,pi
aλs(i) = 0 for all s ∈ [0 , 3/4];
(ii) limλ→0 P
[
Ωλ,pib,0
]
= 1.
Simply consider the event Ωλ,pib,0 = {∃i ∈ J
λ
b , N
S
3aλ/4
(i) = 0}. Clearly, point (i) is satisfied, since
there is a site in Jλb on which no seed falls during [0 , 3aλ/4]. Since
∣∣Jλb ∣∣ ≃ nλ ≃ 1/(λ log(1/λ)), we
deduce that
P
[
Ωλ,pib,0
]
= 1− (1− e−3aλ/4)nλ ≃ 1− e−1/(λ
1/4
aλ) −−−→
λ→0
1,
whence (ii).
Step 2. For λ > 0 and π ≥ 1, we put kλ := ⌊λ−3/8⌋ and observe that kλ ≪ nλ. For k ∈
{1, . . . ,K − 1}, we set
τk =
k + 1
4
and τ˜k =
k + 1
4
+
1
8
.
Consider the event Ω˜λ,pia,T on which points 1, 2 and 3 below are satisfied.
1. The family of Poisson processes (NMt (i))t∈[0,aλT ],i∈Jλa,K has exactly 2(K − 1) marks in J
λ
a,K ,
and we call them
{(Xλ1 , T
λ
1 ), . . . , (X
λ
K−1, T
λ
K−1)} and {(X˜
λ
1 , T˜
λ
1 ), . . . , (X˜
λ
K−1, T˜
λ
K−1)},
in such a way that, for all k ∈ {1, . . . ,K − 1},
(Xλk , T
λ
k ) ∈ J⌊(a−K + k +
1
3
)nλ⌋ , ⌊(a−K + k +
2
3
)nλ⌋K× [(τk − 1/12)aλ , (τk − κλ,pi)aλ]
and
(X˜λk , T˜
λ
k ) ∈ J⌊(a+K − (k + 1) +
1
3
)nλ⌋ , ⌊(a+K − (k + 1) +
2
3
)nλ⌋K
× [(τ˜k − 1/12)aλ , (τ˜k − κλ,pi)aλ].
(See Figure 4 for a graphical example.)
2. The family of Poisson processes (NSt (i))t≥0,i∈Jλ
a,K
satisfies, for all k ∈ {1, . . . ,K − 1},
(a) there are jg ∈ J⌊(a − K + k)nλ⌋ , ⌊(a − K + k + 1/4)nλ⌋K and jd ∈ J⌊(a − K + k +
3/4)nλ⌋ , ⌊(a−K + k + 1)nλ − 1⌋K such that
NS
aλ(τk+1/4)
(jg)−N
S
aλ(τk−1/2)(jg) = N
S
aλ(τk+1/4)
(jd)−N
S
aλ(τk−1/2)(jd) = 0;
(b) for all i ∈ JXλk − kλ , X
λ
k + kλK,
NS
aλ(τk−1/12)(i)−N
S
aλ(τk−1/2)(i) > 0;
(c) there is j0 ∈ JXλk − kλ , X
λ
k + kλK such that
NS
aλ(τk+1/4)
(j0)−N
S
aλ(τk−1/12)(j0) = 0.
3. The family of Poisson processes (NSt (i))t≥,i∈Jλ
a,K
satisfies, for all k ∈ {1, . . . ,K − 1},
(a) there are jg ∈ J⌊(a+K− (k+1))nλ⌋ , ⌊(a+K− (k+1)+1/4)nλ⌋K and jd ∈ J⌊(a+K−
(k + 1) + 3/4)nλ⌋ , ⌊(a+K − (k + 1) + 1)nλ − 1⌋K such that
NS
aλ(τ˜k+1/4)
(jg)−N
S
aλ(τ˜k−1/2)(jg) = N
S
aλ(τ˜k+1/4)
(jd)−N
S
aλ(τ˜k−1/2)(jd) = 0;
(b) for all i ∈ JX˜λk − kλ , X˜
λ
k + kλK,
NS
aλ(τ˜k−1/12)(i)−N
S
aλ(τ˜k−1/2)(i) > 0;
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(c) there is j0 ∈ JX˜λk − kλ , X˜
λ
k + kλK such that
NS
aλ(τ˜k+1/4)
(j0)−N
S
aλ(τ˜k−1/12)(j0) = 0.
We also introduce the event
ΩP,Kλ,pi =
(
K−1⋂
k=1
ΩP,2K,2Kλ,pi
(
Xλk
nλ
,
T λk
aλ
))
∩
(
K−1⋂
k=1
ΩP,2K,2Kλ,pi
(
X˜λk
nλ
,
T˜ λk
aλ
))
,
recall Definition 4.7.
Finally, we set
Ωλ,pia,T = Ω˜
λ,pi
a,T ∩ Ω
P,K
λ,pi ∩ Ω
λ,pi
a−K,0 ∩Ω
λ,pi
a+K−1,0.
Step 3. Here we prove (ii).
The probability of the event on which NM satisfies 1. does not depend on a ∈ R by invariance
by spatial translation. We also can construct NM using a Poisson measure πM on R× [0 ,∞) with
intensity measure dxdt, independent of NS and NP , by setting, for all i ∈ Z
NMt (i) = πM (iλ × [0 , t/aλ]).
As usual, for all λ > 0 small enough, the probability of the event on which NM satisfies 1 is then
bounded from below by some constant 2qT > 0, which does not depend on a ∈ R nor on λ > 0 and
π ≥ 1. We write PM for the conditional probability w.r.t. πM .
Let now k ∈ {1, . . . ,K − 1}. The probability of 2-(a) tends to 1. Indeed, treating e.g. the case
of jg, there holds, recalling nλ ≃ 1/(λaλ) and aλ = log(1/λ),
P
[
∃j ∈ J⌊(a−K + k)nλ⌋ , ⌊(a−K + k + 1/4)nλ⌋K, N
S
aλ(τk+1/4)
(j)−NS
aλ(τk−1/2)(j) = 0
]
= 1− (1 − e−(3/4)aλ)nλ/4 ≃ 1− e−nλλ
3/4/4 −−−→
λ→0
1.
The probability of 2-(b) (conditionally on πM ) also tends to 1. Indeed, it equals
(1− e−5aλ/12)2kλ+1 ≃ e−2kλλ
5/12
−−−→
λ→0
1
since kλ = ⌊λ−3/8⌋ and since 3/8 < 5/12. Finally, the probability of 2-(c) (conditionally on πM )
also tends to 1, since it equals
1− (1− e−aλ/3)2kλ+1 ≃ 1− e−2kλλ
1/3
which tends to 1 when λ→ 0, since 1/3 < 3/8.
Similar considerations hold for Point 3.
Finally, since πM is independent of the processes family (N
S
t (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z,
Lemma 4.3 directly implies that, using space/time stationarity, for all k ∈ {1, . . . ,K − 1},
PM
[
ΩP,2K,2Kλ,pi (X
λ
k /nλ, T
λ
k /aλ)
]
= PM
[
ΩP,2K,2Kλ,pi (X˜
λ
k /nλ, T˜
λ
k /aλ)
]
tends to 1 when λ→ 0 and π →∞ in the regime R(0).
All this implies that there exists qT > 0 such that P
[
Ωλ,pia,T
]
> qT for all (λ, π) sufficiently close
to the regime R(0).
Step 4. Here we work on Ωλ,pia,T and we prove that, for all k ∈ {1, . . . ,K − 1}, if there is no
burning tree in Jλa−K+k at time (τk − 1/2)aλ, then there is i ∈ J
λ
a−K+k such that η
λ,pi
aλt(i) = 0 for
all t ∈ [τk , τk + 1/4]. We distinguish two cases.
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• If the zone JXλk − kλ , X
λ
k + kλK is completely occupied at time T
λ
k −, then each site burns at
least one time (i.e. each site in this zone is ignited and then extinguished) during [T λk , T
λ
k +
aλκλ,pi ], thanks to Ω
P,2K,2K
λ,pi (X
λ
k /nλ, T
λ
k /aλ), recall Macro(0) in Subsection 4.4. Since no
seed falls on j0, which belongs to this zone, during
[aλ(τk − 1/12) ,aλ(τk + 1/4)] ⊃ [T
λ
k + aλκλ,pi ,aλ(τk + 1/4)] ⊃ [aλτk ,aλ(τk + 1/4)],
we deduce that ηλ,piaλs(j0) = 0 for all s ∈ [τk , τk + 1/4].
• Assume now that there exists i0 ∈ JXλk − kλ , X
λ
k + kλK that is vacant at time T
λ
k −. Recall
that there is no match falling in Jλa during [aλ(τk − 1/2) , T
λ
k ), that on each site of JX
λ
k −
kλ , X
λ
k +kλK, at least one seed falls during [aλ(τk−1/2) ,aλ(τk−1/12)] ⊂ [aλ(τk−1/2) , T
λ
k )
and that there is no burning tree in Jλa−K+k at time aλ(τk − 1/2). Then necessarily, a fire
starting at some i′M 6∈ J
λ
a−K+k at some time t
′
M < T
λ
k , has made vacant i0. Assume e.g.
that i′M < ⌊(a − K + k)nλ⌋ and observe that i
′
M < jg < i0. The fire (i
′
M , t
′
M ) has then
also necessarily made vacant jg during (aλ(τk − 1/2) , T λk ). Since no seed falls on jg during
[aλ(τk − 1/2) ,aλ(τk + 1/4)], we deduce that jg remains vacant during [aλτk ,aλ(τk + 1/4)].
Step 5. We can show, exactly as above, that, on Ωλ,pia,T , if there is no burning tree in J
λ
a+K−(k+1) at
time (τ˜k − 1/2)aλ, for some k ∈ {1, . . . ,K − 1}, then there is i ∈ J
λ
a+K−(k+1) such that η
λ,pi
aλt(i) = 0
for all t ∈ [τ˜k , τ˜k + 1/4].
Step 6. To conclude the proof, we now prove by induction (see Figure 4) that for all k ∈
{1, . . . ,K − 1}
• there exists ik ∈ Jλa−K+k such that η
λ,pi
aλt(ik) = 0 for all t ∈ [τk , τk + 1/4];
• there exists jk ∈ Jλa+K−(k+1) such that η
λ,pi
aλt
(jk) = 0 for all t ∈ [τ˜k , τ˜k + 1/4];
• there is no burning tree in Jik , jkK at time aλτk nor at time aλτ˜k.
⊲ At time 0, all sites are vacant. Thus, there are i0 ∈ Jλa−K and j0 ∈ J
λ
a+K−1 which remain
vacant until time 3aλ/4 (thanks to Ω
λ,pi
a−K,0∩Ω
λ,pi
a+K−1,0). Since no match falls in Ji0 , j0K until
time T λ1 ≥ aλ(1/2−1/12) = 5aλ/12, there is no burning tree in [0 , 5aλ/12) (no match falling
outside Ji0 , j0K during [0 , 5aλ/12) can affect this zone).
Thus, Step 4 shows that there are i1 ∈ Jλa−K+1 which is vacant during [aλ/2 , 3aλ/4] (because
τ1− 1/2 = 0) and i2 ∈ Jλa−K+2 which is vacant during [3aλ/4 ,aλ] (because τ2− 1/2 = 1/4 <
5/12). Similarly, Step 5 above shows that there are j1 ∈ Jλa+K−2 which is vacant during
[5aλ/8 , 7aλ/8] (because τ˜1 − 1/2 = 1/8 < 5/12) and j2 ∈ Jλa+K−3 which is vacant during
[7aλ/8 , 9aλ/8] (because τ˜2 − 1/2 = 3/8 < 5/12).
Since T λ1 ≤ (1/2 − κλ,pi)aλ and |X
λ
1 − i0| ≤ |X
λ
1 − j0| ≤ 2Knλ, as seen in Macro(0) in
Subsection 4.4 (recall that we work on ΩP,2K,2Kλ,pi (X
λ
1 /nλ, T
λ
1 /aλ)), there is no more burning
tree in Ji0 , j0K at time T
λ
1 + aλκλ,pi ≤ aλ/2 = aλτ1. Since no match falls in Ji0 , j0K during
[T λ1 +aλκλ,pi ,aλ/2], we deduce that there is also no burning tree in Ji0 , j0K ⊃ Ji1 , j1K at time
aλτ1 (because i0 and j0 remain vacant until aλ/2).
Since no match falls in Ji1 , j0K during [aλτ1 , T˜
λ
1 ), we deduce that there is no burning tree in
Ji1 , j0K at time T˜
λ
1 −. Since η
λ,pi
t (i1) = η
λ,pi
t (j0) = 0 for all t ∈ [T˜
λ
1 , T˜
λ
1 +aλκλ,pi] and only one
match falls in Ji1 , j0K during [T˜
λ
1 , T˜
λ
1 + aλκλ,pi], we deduce, recall Macro(0) in Subsection
4.4, that there is no more burning tree in Ji1 , j0K at time T˜
λ
1 +aλκλ,pi. We easily deduce that
there is also no burning tree in Ji1 , j1K ⊂ Ji1 , j0K at time aλτ˜1.
Similarly, since i0 < i1 < i2 < j2 < j1 < j0 and thanks to Ω
P,K
λ,pi , there is no more burning
tree in Ji1 , j1K ⊃ Ji2 , j2K at time τ2 nor in Ji2 , j1K ⊃ Ji2 , j2K at time τ˜2.
⊲ Assume now that there is k ∈ {2, . . . ,K − 2} such that, for all l ≤ k,
• there exists il ∈ Jλa−K+l such that η
λ,pi
aλt(il) = 0 for all t ∈ [aλτl ,aλ(τl + 1/4)];
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• there exists jl ∈ Jλa+K−(l+1) such that η
λ,pi
aλt(jl) = 0 for all t ∈ [aλτ˜l ,aλ(τ˜l + 1/4)];
• there is no burning tree in Jil , jlK at time aλτl nor at time aλτ˜l.
Since there is no burning tree in Jλa−K+k+1 ⊂ Jik−1 , jk−1K at time aλτk−1 = aλ(τk+1 −
1/2), see Step 4, there is ik+1 ∈ Jλa−K+k+1 which is vacant during [aλτk+1 ,aλ(τk+1 + 1/4)].
Furthermore, no match falls in Jik , jkK during [aλτ˜k , T
λ
k+1) ⊂ [aλτ˜k ,aλ(τk+1 − κλ,pi)] and
there is no burning tree in Jik , jkK at time aλτ˜k, thus, as seen in Macro(0) in Subsection
4.4 and thanks to ΩP,2K,2Kλ,pi
(
Xλk+1
nλ
,
Tλk+1
aλ
)
, there is no more burning tree in Jik , jkK at time
T λk+1 + aλκλ,pi nor at time aλτk+1 (because ik and jk remain vacant until aλτk+1 and no
match falls in Jik , jkK during (T
λ
k+1 + aλκλ,pi ,aλτk+1]).
Since there is no burning tree in Jλa+K−(k+2) ⊂ Jik−1 , jk−1K at time aλτ˜k−1 = aλ(τ˜k+1−1/2),
we deduce by Step 5 that there is jk+1 ∈ Jλa+K−(k+2) which is vacant during [aλτ˜k+1 ,aλ(τ˜k+1+
1/4)]. No match falls in Jik+1 , jkK during [aλτk+1 , T˜
λ
k+1) ⊂ [aλτk+1 ,aλ(τ˜k+1 − κλ,pi)] and
there is no burning tree in Jik+1 , jkK at time aλτk+1, thus, as seen inMacro(0) in Subsection
4.4 and thanks to ΩP,2K,2Kλ,pi
(
X˜λk+1
nλ
,
T˜λk+1
aλ
)
, there is no more burning tree in Jik+1 , jkK at time
T˜ λk+1 + aλκλ,pi nor at time aλτ˜k+1, as usual.
By the induction above, we deduce that there are
ι+ : [0 , T ]→ Jλa,K
non decreasing, such that for all t ∈ [0 , T ], ηλ,piaλt(ι
+
aλt) = 0 and
ι− : [0 , T ]→ Jλa,K
non increasing, such that for all t ∈ [0 , T ], ηλ,pi
aλt
(ι−
aλt
) = 0. This together with Step 3 conclude the
proof in the regime R(0).
6 Localization of the result
In this section, we localize Theorems 2.5 and 2.11.
6.1 Localization in the regime R(p)
The following Theorem will be proved in Section 8.
Theorem 6.1. Let A > 0 and p ≥ 0 be fixed. Consider for each λ ∈ (0 , 1], π ≥ 1, the pro-
cess (Zλ,pi,At (x), D
λ,pi,A
t )t≥0,x∈R associated with the (λ, π,A)−FFP. Consider also the A−LFFP(p)
(ZAt (x), H
A
t (x), F
A
t (x))t≥0,x∈R and the associated (D
A
t (x))t≥0,x∈R. We assume that λ → 0 and
π →∞ in the regime R(p), for some p ∈ [0 ,+∞).
1. For any T > 0, any finite subset {x1, . . . , xq} ⊂ R, (Z
λ,pi,A
t (xi), D
λ,pi,A
t (xi))t∈[0,T ],i=1,...,q goes
in law to (ZAt (xi), D
A
t (xi))t∈[0,T ],i=1,...,q in D([0 , T ],R×(I∪{∅})). Here D([0 , T ],R×(I∪{∅}))
is endowed with the distance dT .
2. For any subset {(x1, t1), . . . , (xq, tq)} ⊂ R × [0 ,∞), (Z
λ,pi,A
ti (xi), D
λ,pi,A
ti (xi))i=1,...,q goes in
law to (ZAti (xi), D
A
ti(xi))i=1,...,q in (R× (I ∪ {∅}))
q. Here I ∪ {∅} is endowed with δ.
3. For all t > 0, (
log(|C(ηλ,pi,Aaλt , 0)|)
log(1/λ)
1{|C(ηλ,pi,A
aλt
,0)|≥1}
)
∧ 1
goes in law to ZAt (0).
Assuming for a moment that this theorem holds true, we conclude the proof of Theorem 2.5.
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Figure 4: The sweet event
Here T = 3.2,K = 12 and a ∈ [0 , 1). The marks of piM (matches) are represented as •’s. The filled
zones represent macroscopic zones (Zλ,pi
aλt
(x) = 1). In the rest of the space, we always have Zλ,pi
aλt
(x) < 1.
The plain vertical segments represent vacants sites i.e. sites where no seed falls after being propagated.
Remark that sometimes the vacant site is above the match (that is in an interval with length 2kλ) and
sometimes it is next to the match (that is an ig or an id).
Proof of Theorem 2.5. Let us first prove 1. Consider a continuous bounded function Ψ : D([0, T ],R×
I ∪ {∅})q 7→ R. We have to prove that Gλ,pi(Ψ) tends to 0 when λ→ 0 and π →∞ in the regime
R(p), where
Gλ,pi(Ψ) = E
[
Ψ
(
(Zλ,pit (xi), D
λ,pi
t (xi))t∈[0,T ],i=1,...,q
)]
− E
[
Ψ
(
(Zt(xi), Dt(xi))t∈[0,T ],i=1,...,q
)]
.
Using now Propositions 3.5 and 5.2, we observe that for any A > 2maxi=1,...,q |xi|, there holds
that for all (λ, π) sufficiently close to the regime R(p),
|Gλ,pi(Ψ)|
≤2||Ψ||∞P
[
(Zλ,pi,At (x), D
λ,pi,A
t (x))t∈[0,T ],x∈[−A/2,A/2] 6= (Z
λ,pi
t (x), D
λ,pi
t (x))t∈[0,T ],x∈[−A/2,A/2]
]
+ 2||Ψ||∞P
[
(ZAt (x), D
A
t (x))t∈[0,T ],x∈[−A/2,A/2] 6= (Zt(x), Dt(x))t∈[0,T ],x∈[−A/2,A/2]
]
+
∣∣∣E [Ψ((Zλ,pi,At (xi), Dλ,pi,At (xi))t∈[0,T ],i=1,...,q)]− E [Ψ ((ZAt (xi), DAt (xi))t∈[0,T ],i=1,...,q)]∣∣∣
≤4||Ψ||∞CT e−αTA
+
∣∣∣E [Ψ((Zλ,pi,At (xi), Dλ,pi,At (xi))t∈[0,T ],i=1,...,q)]− E [Ψ ((ZAt (xi), DAt (xi))t∈[0,T ],i=1,...,q)]∣∣∣ .
Thus Proposition 6.1-(1) implies that |Gλ,pi(Ψ)| ≤ 5||Ψ||∞CT e−αTA for all (λ, π) sufficiently close
to the regime R(p). We conclude by making A tend to infinity.
Point (2) is checked similarly. The proof of (3) is also similar, since Dλ,pit (0) = D
λ,pi,A
t (0) implies
that C(ηλ,piaλt, 0) = CA(η
λ,pi,A
aλt , 0).
6.2 Localization in the regime R(∞, z0)
The following Theorem will be proved in the next Section.
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Theorem 6.2. Let z0 ∈ [0 , 1] and A > 0. Consider for each λ ∈ (0 , 1] and π ≥ 1 the
process (Dλ,pi,At (x))t≥0,x∈R associated with the (λ, π,A)−FFP. Consider also the LFFP(∞, z0)
(Yt(x))t≥0,x∈R and the associated (DAt (x))t≥0,x∈R process. We assume that λ → 0 and π → ∞
in the slow regime R(∞, z0).
1. For any T > 0, any finite subset {x1, . . . , xq} ⊂ R, (D
λ,pi,A
t (xi))t∈[0,T ],i=1,...,q goes in law to
(DAt (xi))t∈[0,T ],i=1,...,q in D([0 , T ], I)
q. Here D([0 , T ], I)q is endowed with δT .
2. For any finite subset {(x1, t1), . . . , (xq , tq)} ⊂ R× [0 ,∞), (D
λ,pi,A
ti (xi))i=1,...,q goes in law to
(DAti(xi))t∈[0,T ],i=1,...,q in I
q, I being endowed with δ.
Proof of Theorem 2.11. The proof easily follows from Proposition 3.1, Proposition 5.2 and Theo-
rem 6.2, as in the proof above.
7 Convergence in the regime R(∞, z0)
The aim of this section is to prove Theorem 6.2. We thus fix the parameters A > 0 and T > 0.
We recall that aλ = log(1/λ), nλ = ⌊1/(λaλ)⌋, mλ = ⌊1/(λa
2
λ)⌋, ελ = 1/a
3
λ and that
Aλ = ⌊Anλ⌋,
IλA = J−Aλ , AλK.
For x ∈ R, we define
(x)λ = J⌊nλx⌋ −mλ , ⌊nλx⌋+mλK.
For α ∈ (0 , 1), we also define
mαλ =
⌊
α
λα+(1−α)z0aλ
⌋
,
(x)αλ = J⌊nλx⌋ −m
α
λ , ⌊nλx⌋+m
α
λK.
Observe that mαλ ≤ ⌊αnλ⌋ for all z0 ∈ [0 , 1].
7.1 Occupation of vacant zone
We start with some easy estimates.
Lemma 7.1. Consider a family of i.i.d. Poisson processes (NSt (i))t≥0,i∈Z. Let 0 < z < 1,
α ∈ (0 , 1) and a < b.
1. For t < z, P
[
∀i ∈ J⌊aλ−z⌋ , ⌊bλ−z⌋K, NSaλt(i) > 0
]
−−−→
λ→0
0.
2. For t > z, P
[
∀i ∈ J⌊aλ−z⌋ , ⌊bλ−z⌋K, NSaλt(i) > 0
]
−−−→
λ→0
1.
3. For t ≥ 1, P
[
∀i ∈ J⌊anλ⌋ , ⌊bnλ⌋K, NSaλt(i) > 0
]
−−−→
λ→0
1.
4. For t < 1, P
[
∀i ∈ J⌊amλ⌋ , ⌊bmλ⌋K, NSaλt(i) > 0
]
−−−→
λ→0
0.
5. For t > z0 + α, P
[
∀i ∈ J−⌊amαλ⌋ , ⌊bm
α
λ⌋K, N
S
aλt(i) > 0
]
−−−→
λ→0
1.
Proof. To check Lemma 7.1, observe that, for kλ −−−→
λ→0
∞,
P
[
∀i ∈ J−⌊akλ⌋ , ⌊bkλ⌋K, N
S
aλt
(i) > 0
]
≃ (1− eaλt)(b−a)kλ ≃ e−(b−a)kλλ
t
. (7.1)
In order to prove 1 and 2, use (7.1) with kλ = λ
−z and observe that
kλλ
t = λ−zλt −−−→
λ→0
{
∞ if t < z,
0 if t > z.
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To prove 3, use (7.1) with kλ = nλ and observe that, if t ≥ 1, nλλt ≃ λt−1/aλ tends to 0
when λ → 0. In the same way, 4 can be proved using kλ = mλ and observing that, if t < 1,
mλλ
t ≃ λt−1/a2λ tends to ∞ when λ→ 0.
Finally, prove 5 with (7.1) and using kλ =m
α
λ and observing thatm
α
λλ
t ≃ α
aλ
λt−α−(1−α)z0 tends
to 0 when λ→ 0 as soon as t−α−(1−α)z0 > 0 (in particular, for t ≥ z0+α > α+(1−α)z0)).
7.2 Height of the barrier
We describe here the time needed for a destroyed microscopic cluster to be regenerated. Assume
that a match falls in the site 0 at some time aλt1 ∈ (0 ,aλz0). As seen inMicro(∞, z0) in Subsection
4.4, on a suitable event, the (λ, π)−FFP is well understood around 0 during [aλt1 ,aλ(t1 + κzλ,pi)],
for some 0 < z < z0 (it can be expressed using the sequence (T
1
i )i∈Z). We then denote by Θ
λ,pi
t1
the delay needed for the destroyed cluster to be fully regenerated (after rescaling). We show that
Θλ,pit1 ≃ t1.
Lemma 7.2. Consider two Poisson processes (NSt (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z with respective
rates 1 and π, all this processes being independent. Let 0 < t1 < z0. We call (T
1
i )i∈Z the burning
times of the propagation process ignited in 0 at time aλt1, recall Definition 4.6.
Put, for all t ≥ 0 and i ∈ Z, ζλ,pit (i) = min(N
S
t (i), 1) and define
CP ((ζλ,pit (i))t≥0,i∈Z, (0, t1)) = Ji
g , idK,
recall Definition 4.8.
We define a process (ζλ,pit1,t(i))t∈[0,T ],i∈Z in the following way (which is inspired by Micro(∞, z0)
in Subsection 4.4): we put, for all i ∈ CP ((ζλ,pit (i))t≥0,i∈Z, (0, t1))
ζλ,pit1,t(i) = min(N
S
aλt(i), 1) for t ∈ [0 , t1 + (T
1
i /aλ))
and
ζλ,pit1,t(i) = 2
{
for t ∈ [t1 + (T 1i /aλ) , t1 + (T
1
i+1/aλ)) if i ≥ 0,
for t ∈ [t1 + (T 1i /aλ) , t1 + (T
1
i−1/aλ)) if i ≤ 0
and
ζλ,pit1,t(i) =


min(NS
aλ(t+t1)
(i)−NS
aλt1+T 1i+1
(i), 1) for t ∈ [t1 + (T 1i+1/aλ) , T ] if i ≥ 0,
min(NS
aλ(t+t1)
(i)−NS
aλt1+T 1i−1
(i), 1) for t ∈ [t1 + (T 1i−1/aλ) , T ] if i ≤ 0.
For all i 6∈ CP ((ζλ,pit (i))t≥0,i∈Z, (0, t1)) and all t ∈ [0 , T ], we put
ζλ,pit1,t(i) = min(N
S
aλt
(i), 1).
We finally define
Θλ,pit1 = inf
{
t > t1 : ∀i ∈ C
P ((ζλ,pit (i))t≥0,i∈Z, (0, t1)), ζ
λ,pi
t1,t(i) = 1
}
.
Then, for all δ > 0, as λ→ 0 and π →∞ in the regime R(∞, z0), there holds
lim
λ,pi
P
[
|Θλ,pit1 − t1| ≥ δ
]
= 0.
The process (ζλ,pit1,t(i))i∈Z,t≥0 is closely related to the process observed in Micro(∞, z0) in Sub-
section 4.4 (on a suitable event).
Proof. We divide the proof in two steps. We first define a simplest process with an instanta-
neous propagation: if a match falls in a cluster, it destroys instantaneously the entire connected
component. The time needed for a microscopic cluster to become again occupied is almost t1.
Secondly, we flank the killed cluster CP ((ζλ,pit (i))t≥0,i∈Z, (0, t1)) to estimate the time to become
again occupied.
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Step 1. Let 0 < τ1 < z0 be fixed. Put ϑ
λ
t (i) = min(N
S
aλt(i), 1) and ϑ
λ
τ1,t(i) = min(N
S
aλ(τ1+t)
(i) −
NS
aλτ1
(i), 1) for all t > 0 and i ∈ Z. We define the time needed for the destroyed cluster to be fully
regenerated
Ξλτ1 = inf
{
t > 0 : ∀i ∈ C(ϑλτ1 , 0), ϑ
λ
τ1,t(i) = 1
}
.
Then for all δ > 0,
lim
λ→0
P
[
|Ξλτ1 − τ1| ≥ δ
]
= 0.
Indeed, we write, for h > 0,
P
[
Ξλτ1 ≤ h
]
= P
[
NS
aλτ1
(0) = 0
]
+
∑
k≥1
k−1∑
j=0
P
[
NS
aλτ1
(j − k) = NS
aλτ1
(j + 1) = 0,
∀i ∈ Jj − k + 1 , jK, NSaλτ1(i) > 0, N
S
aλ(τ1+h)
(i) > NSaλτ1(i)
]
,
that is
P
[
Ξλτ1 ≤ h
]
= λτ1 +
∑
k≥1
k−1∑
j=0
λτ1 × λτ1 ×
(
(1− λτ1)(1− λh)
)k
= λτ1 + λ2τ1
∑
k≥1
k(
(
(1− λτ1)(1− λh)
)k
= λτ1 +
λ2τ1
(1− (1− λτ1)(1− λh))2
(1− λτ1)(1− λh)
= λτ1 +
λ2τ1
(λτ1 + λh − λτ1+h)2
(1− λτ1)(1− λh).
This quantity obviously tends to 1 as λ→ 0 if h > τ1 and to 0 if h < τ1.
Step 2. Let z ∈ (t1 , z0) and define Ω
P,z
λ,pi(0, t1), recall Definition 4.7. Set
Ω˜P,zλ,pi(0, t1) := Ω
P,z
λ,pi(0, t1) ∩ {∃i1 ∈ J0 , ⌊λ
−z⌋K, NS
aλ(t1+κzλ,pi)
(i1) = 0}
∩ {∃i2 ∈ J−⌊λ
−z⌋ , 0K, NS
aλ(t1+κ
z
λ,pi
)(i2) = 0}.
First, Lemma 4.4 together with Lemma 7.1-1 show that P
[
Ω˜P,zλ,pi(0, t1)
]
tends to 1 when λ→ 0 and
π → ∞ in the regime R(∞, z0) (because t1 + κzλ,pi < (z + t1)/2 < z for (λ, π) sufficiently close to
the regime R(∞, z0)). Next, on Ω˜
P,z
λ,pi(0, t1), there holds that
C(ϑλt1+κzλ,pi
, 0) := JC− , C+K ⊂ J−⌊λ−z⌋ , ⌊λ−z⌋K.
Since C+ and C− are vacant during [aλt1 ,aλ(t1 + κzλ,pi)] ⊂ [0 ,aλ(t1 + κ
z
λ,pi)], there holds that, as
seen in Micro(∞, z0) in Subsection 4.4,
CP ((ζλ,pit (i))t≥0,i∈Z, (0, t1)) ⊂ C(ϑ
λ
t1+κzλ,pi
, 0) ⊂ J−⌊λ−z⌋ , ⌊λ−z⌋K
and ζλ,pi
aλ(t1+κzλ,pi)
(i) ≤ 1 for all i ∈ Z. Besides, CP ((ζλ,pit (i))t≥0,i∈Z, (0, t1)) clearly contains C(ϑ
λ
t1 , 0),
see Figure 5.
We trivially deduce that, conditionaly on Ω˜P,zλ,pi(0, t1),
t1 + Ξ
λ
t1 ≤ t1 +Θ
λ,pi
t1 ≤ t1 + κ
z
λ,pi + Ξ
λ
t1+κzλ,pi
.
Remark now that the function : t 7→ t+ Ξλt is a.s. non decreasing and right-continuous. We thus
deduce from Step 1 that
t1 +Θ
λ,pi
t1 −−−→λ→0
2t1
in probability, whence for all δ > 0 and all ε > 0, there holds that P
[
|Θλ,pit1 − t1| ≥ δ
]
< ε for all
(λ, π) sufficiently close to the regime R(∞, z0).
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t0−⌊λ−z⌋ ⌊λ−z⌋
aλz0
aλt1
C(ϑλaλt1 , 0)
aλ(t1 + κ
z
λ,pi)
C(ϑλ
aλ(t1+κzλ,pi)
, 0)
C− C+
ig id
Figure 5: Height of a barrier: the true killed cluster.
A match falls in 0 at time aλt1. The dashed verticals lines represent vacant sites. The zones C(ϑ
λ
aλt1
, 0)
and C(ϑλ
aλ(t1+κ
z
λ,pi
)
, 0) are delimited by vacant sites. The site ig is the first non-positive site where
ηλ,pi
aλt1+T
1
i
(i) = 0 and id is the first non-negative site where ηλ,pi
aλt1+T
1
i
(i) = 0. On Ω˜P,z
λ,pi
(0, t1), there
holds that −⌊λ−z⌋ < ig < 0 < id < ⌊λ−z⌋ and there is no spark in Jig , idK. The slope lines represent
the burning sites.
Finally, the true destroyed component is included in C(ϑλ
aλ(t1+κ
z
λ,pi
)
, 0) but contains C(ϑλ
aλt1
, 0).
7.3 Proof of Theorem 6.2
Let us fix z0 ∈ [0 , 1], x0 ∈ (−A ,A), t0 > 0 and ε > 0. The aim of this Section is to prove the
Lemma 7.3. For all δ > 0, there holds that
P
[
δ(Dλ,pi,At0 (x0), D
A
t0(x0)) > ε
]
< δ, (7.2)
P
[
δT (D
λ,pi,A(x0), D
A(x0)) > ε
]
< δ, (7.3)
for all (λ, π) sufficiently close to the regime R(∞, z0).
Clearly, (7.2) and (7.3) will imply the result. Let us first show that (7.2) (which holds
for an arbitrary value of t0 ∈ (0 , T )) implies (7.3). Indeed, we have by construction for any
t ∈ [0 , T ], δ(Dλ,pi,At (x0), D
A
t (x0)) < 4A. Hence, by dominated convergence, (7.2) implies that
E
[
δ(Dλ,pi,At (x0), D
A
t (x0)
]
< δ for all (λ, π) sufficiently close to the regime R(∞, z0), whence again
by dominated convergence, E
[
δT (D
λ,pi,A(x0), D
A(x0))
]
< δ.
7.3.1 The coupling
We are going to construct a coupling between the (λ, π,A)−FFP (on the time interval [0 ,aλT ])
and the LFFP(∞, z0) (on [0 , T ]): we build the LFFP(∞, z0) (Yt(x))t∈[0,T ],x∈[−A,A] from a Poisson
measure πM and we take for the matches for the discrete process the Poisson process
NMt (i) = πM ([i/nλ , (i+ 1)/nλ)× [0 , t/aλ])
for all i ∈ IλA and t ∈ [0 ,aλT ].
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We next introduce a family of i.i.d. Poisson processes (NSt (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z with
respective parameter 1 and π, independent of πM .
The (λ, π,A)−FFP (ηλ,pit (i))t≥0,i∈Iλ
A
is built from the seed processes (NSt (i))t≥0,i∈Z, from the
match processes (NMt (i))t≥0,i∈Z and from the propagation processes (N
P
t (i))t≥0,i∈Z.
Observe that (Yt(x))t∈[0,T ],x∈[−A,A] is independent of (NSt (i))t∈[0,aλT ],i∈IλA and (N
P
t (i))t∈[0,aλT ],i∈IλA .
When a match falls at some x ∈ [−A ,A] at some time t ∈ [0 , T ] for the LFFP(∞, z0), it will
fall at ⌊nλx⌋ at time aλt in the discrete process.
7.3.2 A sweet event
We call
n := πM ([0, T ]× [−A ,A])
and we consider the marks (Tq, Xq)q=1,...,n of πM ordered in such a way that 0 < T1 < · · · < Tn < T .
We introduce
TM = {T1, . . . , Tn} and BM = {X1, . . . , Xn}.
We also introduce
SM = {2t : t ∈ TM , t < z0} ,
which has to be seen as the possible limit values of t+Θλ,pit ≃ t+ t, recall Lemma 7.2.
For α > 0, we consider the event
Ω0M (α) =
{
min
s∈TM∪SM ,
t∈{0,z0,t0}
|t− s| > 2α, min
x,y∈BM∪{x0,−A,A},
x 6=y
|x− y| > 2α
}
,
which clearly satisfies limα→0 P
[
Ω0M (α)
]
= 1. For any given α ∈ (0 , 1), on Ω0M (α), there holds
that for all x, y ∈ BM ∪ {x0} with x 6= y, (x)αλ ∩ (y)
α
λ = ∅ = (x)λ ∩ (y)λ.
We set
zα = (z0 − α) ∨ (z0/2).
For q ∈ {1, . . . , n}, using the seed processes family (NSt (i))t≥0,i∈Z and the propagation processes
family (NPt (i))t≥0,i∈Z, we build, recall Definition 4.6, (ζˇ
λ,pi,q
t (i))t≥0,i∈Z the propagation process
ignited at (Xq, Tq), (i
q,+
t )t≥0 and (i
q,−
t )t≥0 the corresponding right and left fronts, and (T
q
i )i∈Z the
associated burning times. We also define ΩP,T,αλ,pi (Xq, Tq) and Ω
P,zα
λ,pi (Xq, Tq), recall Definition 4.7.
If z0 ∈ (0 , 1], we set
ΩP,T (α, λ, π) =
⋂
q=1,...,n
(ΩP,T,αλ,pi (Xq, Tq) ∩ Ω
P,zα
λ,pi (Xq, Tq)).
If z0 = 0, we simply set
ΩP,T (α, λ, π) =
⋂
q=1,...,n
ΩP,T,αλ,pi (Xq, Tq).
By Lemma 4.4 and since πM is independent of (N
S
t (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z, we deduce that
P
[
ΩP,T (α, λ, π)
]
tends to 1 when λ→ 0 and π →∞ in the regime R(∞, z0).
Next we introduce the event ΩS1 (λ, π) on which the following conditions hold: for all q ∈
{1, . . . , n},
• if Tq < zα, there are −⌊λ−zα⌋ < i
q
1 < 0 < i
q
2 < ⌊λ
−zα⌋ with NS
aλ(Tq+κ
zα
λ,pi
)(⌊nλXq⌋ + i
q
1) =
NS
aλ(Tq+κ
zα
λ,pi
)
(⌊nλXq⌋+ i
q
2) = 0;
• if Tq > z0 + α, for all i ∈ (Xq)αλ , N
S
aλTq
(i) > 0.
Since κzαλ,pi can be made arbitrarily small in the regime R(∞, z0), Lemma 7.1 then show that
P
[
ΩS1 (λ, π)
]
tends to 1 when λ→ 0 and →∞ in the regime R(∞, z0).
We also consider the event ΩS2 (λ) on which the following conditions holds
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• if t0 < 1, there are ⌊nλx0⌋ −mλ < i01 < ⌊nλx0⌋ < i
0
2 < ⌊nλx0⌋ +mλ with N
S
aλt0(i1) =
NSaλt0(i2) = 0;
• for all i ∈ J−Aλ , AλK, NSaλ(i) > 0.
Lemma 7.1 together with space/time stationarity implies that limλ→0 P
[
ΩS2 (λ)
]
= 1.
We also need ΩS,P3 (γ, λ, π), defined for γ > 0 as follows: for all q = 1, . . . , n with Tq < z0, there
holds that |Θλ,pi,qTq −Tq| < γ. Here Θ
λ,pi,q
Tq
is defined as in Lemma 7.2 with the seed processes family
(NS,qt (i))t≥0,i∈Z = (N
S
t (i+⌊nλXq⌋))t≥0,i∈Z and the propagation processes family (N
P,q
t (i))t≥0,i∈Z =
(NPt (i + ⌊nλXq⌋))t≥0,i∈Z. Lemma 7.2 directly implies that for any γ > 0, P
[
ΩS,P3 (γ, λ, π)
]
tends
to 1 when λ→ 0 and π →∞ in the regime R(∞, z0).
We finally introduce the event
Ω(α, γ, λ, π) = Ω0M (α) ∩ Ω
P,T (α, λ, π) ∩ ΩS1 (λ, π) ∩ Ω
S
2 (λ) ∩ Ω
S,P
3 (γ, λ, π).
We have shown that for any δ > 0, there exists α ∈ (0 , 1) such that for any γ > 0, there holds
P [Ω(α, γ, λ, π)] > 1− δ for all (λ, π) sufficiently close to the regime R(∞, z0).
7.3.3 Heart of the proof
The next Lemma is the key of the proof: it guarantees that each fire have a local effect. It will be
repeteadly used in Lemmas 7.5 and 7.6.
Lemma 7.4. On Ω(α, γ, λ, π), the match falling on ⌊nλXq⌋ at time aλTq, for some q ∈
{1, . . . , n}, does not affect the zone outside (Xq)αλ during [aλTq ,aλT ].
Consequently, on Ω(α, γ, λ, π), for all i ∈ IλA \∪q=1,...,n(Xq)
α
λ and all t ∈ [0 , T ], there holds that
ηλ,pi,Aaλt (i) = min(N
S
aλt(i), 1).
Proof. As be seen in Macro(∞, z0) in Subsection 4.4, on Ω
P,T,α
λ,pi (Xq, Tq) ⊂ Ω(α, γ, λ, π), there
holds that
Xq −
mαλ
nλ
≤
⌊nλXq⌋+ i
q,−
aλT
nλ
≤ Xq ≤
⌊nλXq⌋+ 1 + i
q,+
aλT
nλ
≤ Xq +
mαλ
nλ
with mαλ/nλ ≤ α. Hence, each fire has only a local effect and does not affect the zone outside
(Xq)
α
λ .
We now turn to fires of the second kind.
Lemma 7.5. Let q ∈ {1, . . . , n} such that Tq > z0+α. On Ω(α, γ, λ, π), for all t ∈ [aλTq ,aλT ],
there holds that
ηλ,pi,Aaλt (⌊nλXq⌋+ i
q,+
aλ(t−Tq)) = 2 = η
λ,pi,A
aλt (⌊nλXq⌋+ i
q,−
aλ(t−Tq)).
Proof. At time aλTq−, at least one seed has fallen on each site of (Xq)αλ , thanks to Ω
S
1 (λ, π). Thus,
the zone (Xq)
α
λ is completely filled at time aλTq−, thanks to Lemma 7.4 (no fire can affect this
zone during [0 ,aλTq)). The conclusion is then straightforward, since on Ω
P,T
λ,pi (Xq, Tq) there holds
that iq,+ ≤ mαλ/nλ and i
q,− ≤ mαλ/nλ (as seen in Macro(∞, z0) in Subsection 4.4) and since no
match falling outside (Xq)
α
λ can affect this zone.
Finally, we treat the case of the fires of the first kind.
Lemma 7.6. Let q ∈ {1, . . . , n} such that Tq < z0 − α. On Ω(α, γ, λ, π), there holds that
(ηλ,pi,Aaλt (i))t∈[0,T ],i∈(Xq)αλ = (ζ
λ,pi,q
Tq ,t
(i− ⌊nλXq⌋))t∈[0,T ],i∈(Xq)αλ ,
where the last process is defined as in Lemma 7.2, using the seed processes family (NS,qt (i))t≥0,i∈Z =
(NSt (i+⌊nλXq⌋))t≥0,i∈Z and the propagation processes family (N
P,q
t (i))t≥0,i∈Z = (N
P
t (i+⌊nλXq⌋))t≥0,i∈Z.
Consequently, on Ω(α, γ, λ, π), for some γ ∈ (0 , α),
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(a) if t ∈ [Tq + α , 2Tq − α], then there exists i ∈ (Xq)αλ such that η
λ,pi
aλt(i) = 0,
(b) if t ≥ (2Tq + α) ∨ 1, then η
λ,pi
aλt
(i) = 1 for all i ∈ (Xq)αλ .
Proof. First observe that the process (ηλ,pi,A
aλt
(⌊nλXq⌋+i))t∈[0,T ],i∈J−mα
λ
,mα
λ
K and the process (ζ
λ,pi,q
Tq ,t
(i))t∈[0,T ],i∈J−mα
λ
,mα
λ
K
evolve according to the same seed processes family and to the same propagation processes family.
Lemma 7.4 implies that, for all i ∈ (Xq)
α
λ and all t ∈ [0 , Tq),
ηλ,piaλt(i) = min(N
S
aλt(i), 1),
because no match falls in (Xq)
α
λ during [0 ,aλTq). This in particular implies that, for all i ∈ (Xq)
α
λ
and all t ∈ [0 , Tq),
ηλ,piaλt(i) = ζ
λ,pi,q
Tq ,t
(i− ⌊nλXq⌋).
On ΩP,zαλ,pi (Xq, Tq)∩Ω
S
1 (λ, π), as seen inMicro(∞, z0) in Subsection 4.4, since the two processes
are building using the same seed processes family and the same propagation processes family, there
also holds true that for all i ∈ (Xq)αλ and all t ∈ [Tq , Tq + κ
zα
λ,pi],
ηλ,pi
aλt
(i) = ζλ,pi,qTq ,t (i− ⌊nλXq⌋).
Finally, since there is no more burning tree in (Xq)
α
λ at time aλ(Tq + κ
zα
λ,pi) and since seeds fall
according to the same processes, we deduce that, thanks again to Lemma 7.4, the two processes
remain equal during (Tq + κ
zα
λ,pi , T ].
All this implies that
(ηλ,pi,A
aλt
(i))t∈[0,T ],i∈(Xq)αλ = (ζ
λ,pi,q
Tq ,t
(i− ⌊nλXq⌋))t∈[0,T ],i∈(Xq)αλ . (7.4)
Consider now the zone destroyed by the match falling on ⌊nλXq⌋ at time aλTq
CP := CP ((ηλ,pit (i))t≥0,i∈Z, (Xq, Tq)).
As seen in Micro(∞, z0) in Subsection 4.4, CP ⊂ J−⌊λ−zα⌋ , ⌊λ−zα⌋K because there are i1 ∈
J−⌊λ−zα⌋ , 0K and i2 ∈ J0 , ⌊λ−zα⌋K which are vacant until aλ(Tq + κzαλ,pi), thanks to Ω
S
1 (λ, π).
From (7.4) and since no match falling outside (Xq)
α
λ can affect this zone, it follows that
Θλ,pi,qTq = inf
{
t > Tq : ∀i ∈ C
P ((ηλ,pit (i))t≥0,i∈Z, (Xq, Tq)), η
λ,pi
aλt
(i) = 1
}
.
Hence, the zone CP is not completely occupied during (aλ(Tq + κ
z
λ,pi) ,aλ(Tq + Θ
λ,pi,q
Tq
)) but is
completely filled at time aλ(Tk +Θ
λ,pi,q
Tq
).
Using ΩS,P3 (γ, λ, π) ∩ Ω
0
M (α) and since γ ∈ (0 , α), we deduce that,
Tq + α < 2Tq − α ≤ 2Tq − γ ≤ Tq +Θ
λ,pi,q
Tq
≤ 2Tq + γ ≤ 2Tq + α.
We now conclude.
(a) If t ∈ [Tq +α , 2Tq −α], then the zone CP is not completely occupied at time t. Hence, there
exists i ∈ CP ⊂ (Xq)αλ such that η
λ,pi
aλt
(i) = 0.
(b) If t ≥ (2Tq + α) ∨ 1, then CP is completely filled at time t because t ≥ Tq + α.
Consider now i ∈ (Xq)αλ \ C
P . Then i has not been killed by the fire starting at ⌊nλXq⌋.
Thus i cannot have been killed during [0 ,aλt] ⊃ [0 ,aλ], thanks to Lemma 7.4. We conclude
using that t ≥ 1, so that on ΩS1 (λ), i is occupied at time aλt.
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7.3.4 Conclusion
First, the case t0 < 1 is simple.
Lemma 7.7. For t0 < 1, on Ω(α, γ, λ, π), there holds that
δ(Dλ,pi,At0 (x0), D
A
t0(x0)) <
2mλ
nλ
.
Proof. Thanks to ΩS2 (λ), there are i
0
1 ∈ J⌊nλx0⌋ −mλ , ⌊nλx0⌋K and i
0
2 ∈ J⌊nλx0⌋ , ⌊nλx0⌋ +mλK
such that ηλ,pi,Aaλt0 (i1) = η
λ,pi,A
aλt0 (i2) = 0. Thus, C(η
λ,pi
aλt0 , ⌊nλx0⌋) ⊂ J⌊nλx0⌋ −mλ , ⌊nλx0⌋ +mλK
whence Dλ,pi,At0 (x0) ⊂ [x0 −mλ/nλ , x0 +mλ/nλ]. Since D
A
t0(x0) = {x0}, we deduce that
δ(Dλ,pi,At0 (x0), D
A
t0(x0)) ≤
2mλ
nλ
.
We now turn to the case t0 ≥ 1.
Lemma 7.8. For t0 ≥ 1, on Ω(α, γ, λ, π) for some 0 < γ < α and for all (λ, π) sufficiently
close to the regime R(∞, z0) in such a way that κ
zα
λ,pi ≤ α and ⌊z
−α⌋ ≤mαλ, there holds that
δ(Dλ,pi,At0 (x0), D
A
t0(x0)) <
2mαλ
nλ
.
Proof. Clearly, since t0 ≥ 1, DAt0(x0) = [a , b] for some a, b ∈ BM ∪{−A,A}. Assume −A < a < b <
A, the other cases being treated similarly. In the limit process, we then have Yt0(a) > 0, Yt0(b) > 0
and Yt0(x) = 0 for all x ∈ (a , b). We will prove separately that
1. there are i ∈ (a)αλ and j ∈ (b)
α
λ such that η
λ,pi,A
aλt0
(i) = 0 or 2 and ηλ,pi,A
aλt0
(j) = 0 or 2;
2. for all x ∈ BM ∩ (a , b), for all i ∈ (x)αλ , η
λ,pi,A
aλt0
(i) = 1;
3. for all i ∈ J⌊nλa⌋+m
α
λ + 1 , ⌊nλb⌋ −m
α
λ − 1K \ ∪x∈BM∩(a,b)(x)
α
λ , we have η
λ,pi,A
aλt0 (i) = 1.
Points 1., 2. and 3. imply that,
J⌊nλa⌋+m
α
λ + 1 , ⌊nλb⌋ −m
α
λ − 1K ⊂ C(η
λ,pi
aλt0
, ⌊nλx0⌋) ⊂ J⌊nλa⌋ −m
α
λ − 1 , ⌊nλb⌋+m
α
λ + 1K
and thus [a+mαλ/nλ , b−m
α
λ/nλ] ⊂ D
λ,pi,A
t0 (x0) ⊂ [a−m
α
λ/nλ , b+m
α
λ/nλ], whence,
δ(DAt0(x0), D
λ,pi,A
t0 (x0)) ≤ 2m
α
λ/nλ.
We prove 1. Let k ∈ {1, . . . , n} such that a = Xk. There are two cases.
Case 1. If Yt0(Xk) = 1 in the limit process, then t0 ≥ Tk ≥ z0 whence t0 ≥ Tk ≥ z0 + 2α due
to Ω0M (α). We then use Lemma 7.5 and conclude that there is a burning tree in (a)
α
λ at time aλt0.
Case 2. If Yt0(a) ∈ (0 , 1) in the limit process, then Tk ≤ z0 ≤ 1 ≤ t0 ≤ 2Tk whence Tk + 4α ≤
z0 + 2α ≤ t0 + 2α ≤ 2Tk, due to Ω
0
M (α). We conclude using Lemma 7.6-(a) that there is a vacant
site in (a)αλ at time aλt0.
Similar considerations hold for b.
We prove 2. Let x ∈ BM ∩ (a , b) and let k ∈ {1, . . . , n} such that x = Xk.
Case 1. If Tk > t0, then no fire has fallen in (Xk)
α
λ during [0 ,aλt0]. Using Ω
S
1 (λ, π) and Lemma
7.4, we conclude that (Xk)
α
λ is completely occupied at time aλt0 (because no fire can affect this
zone).
Case 2. If Tk ≤ t0, since in the limit process Yt0(Xk) = 0, necessarily Tk ≤ z0 ≤ t0 and 2Tk ≤ t0
whence Tk ≤ z0 − 2α and 2Tk ≤ t0 − 2α due to ΩM (α). Lemma 7.6-(b) concludes this case since
t0 ≥ (2Tq + α) ∨ 1.
We prove 3. Let i ∈ J⌊nλa⌋+mαλ + 1 , ⌊nλb⌋ −m
α
λ − 1K \ ∪j=1,...,n(Xj)
α
λ , using Lemma 7.4 and
ΩS2 (λ), we immediately conclude that i is occupied at time aλt0.
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We now can conclude.
Proof of Lemma 7.3. Let δ > 0 be fixed. We first consider α0 ∈ (0 , ε/2), γ0 ∈ (0 , α0), λ0 ∈ (0 , 1],
ǫ0 > 0 and K0 ≥ 1 such that for all λ ∈ (0 , λ0), all π ≥ 1 in such a way that
nλ
aλpi
≥ K0 and∣∣∣ log(pi)log(1/λ) − z0∣∣∣ < ǫ0, we have
P [Ω(α0, γ0, λ, π)] > 1− δ.
Then we consider λ1 ∈ (0 , λ0), K1 > K0 and ǫ1 ∈ (0 , ǫ0) such that for all λ ∈ (0 , λ1) and all π ≥ 1
in such a way that nλ
aλpi
≥ K1 and
∣∣∣ log(pi)log(1/λ) − z0∣∣∣ < ǫ1, we have
• 2mλ/nλ < ε,
• κzαλ,pi < α,
• 2λ−zα/nλ < 2mαλ/nλ < ε.
For all λ ∈ (0 , λ1), all π ≥ 1 in such a way that
nλ
aλpi
> K1 and
∣∣∣ log(pi)log(1/λ) − z0∣∣∣ < ǫ1, Lemma 7.7
implies that, if t0 < 1,
P
[
δ(DAt0(x0), D
λ,pi,A
t0 (x0)) > ε
]
≤ P
[
δ(DAt0(x0), D
λ,pi,A
t0 (x0)) >
2mλ
nλ
]
≤ P [Ω(α0, γ0, λ, π)
c] < δ
while, if t0 ≥ 1, Lemma 7.8 implies that, (since α ≥ γ and α ≥ κ
zα
λ,pi)
P
[
δ(DAt0(x0), D
λ,pi,A
t0 (x0)) > ε
]
≤ P
[
δ(DAt0(x0), D
λ,pi,A
t0 (x0)) >
2mα0λ
nλ
]
≤ P [Ω(α0, γ0, λ, π)
c] < δ.
This concludes the proof.
8 Convergence in the regime R(p), for some p > 0
The aim of this section is to prove Theorem 6.1 for p > 0 and this will conclude the proof of
Theorem 2.5 for p > 0.
In the whole section, we fix the parameters A > 0, T > 2 and p > 0. We omit the sub-
script/superscript A in the whole proof.
We recall that aλ = log(1/λ), nλ = ⌊1/(λaλ)⌋, mλ = ⌊1/(λa2λ)⌋, ελ = 1/a
3
λ. We set as usual
Aλ = ⌊nλA⌋ and IλA = J−Aλ , AλK. For i ∈ Z, we set iλ = [i/nλ , (i+ 1)/nλ). For [a , b] an interval
of [−A ,A] and λ ∈ (0 , 1), we introduce, assuming that −A < a < b < A,
[a , b]λ = J⌊nλa+mλ⌋+ 1 , ⌊nλb −mλ⌋ − 1K ⊂ Z,
[−A , b]λ = J−Aλ , ⌊nλb−mλ⌋ − 1K ⊂ Z,
[a ,A]λ = J⌊nλa+mλ⌋+ 1 , AλK ⊂ Z.
For λ ∈ (0 , 1) and π ≥ 1, we recall that
κ0λ,pi =
mλ
aλπ
+ ελ
and introduce
kλ,pi = ⌊aλπ (ελ + vλ,pi)⌋ , (8.1)
vλ,pi = κ
0
λ,pi + vλ,pi , (8.2)
eλ,pi = ελ + vλ,pi, (8.3)
where vλ,pi =
(
T
p ∨ 2A
) ∣∣∣ nλ
aλpi
− p
∣∣∣. Observe that kλ,pi/nλ, vλ,pi and eλ,pi tend to 0 as λ → 0 and
π →∞ in the regime R(p).
For x ∈ (−A ,A), λ ∈ (0 , 1) and π ≥ 1, we introduce
(x)λ = J⌊nλx⌋ −mλ , ⌊nλx⌋+mλK ⊂ Z, (8.4)
〈x〉λ,pi = J⌊nλx⌋ − kλ,pi , ⌊nλx⌋+ kλ,piK ⊂ Z, (8.5)
[x]λ,pi = J⌊nλx⌋ −mλ − 2kλ,pi , ⌊nλx⌋+mλ + 2kλ,piK ⊂ Z. (8.6)
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8.1 Occupation of vacant zone
We start with some easy estimates.
Lemma 8.1. Consider a family of i.i.d. Poisson processes (NSt (i))t≥0,i∈Z. Let a < b.
1. For t < 1, limλ→0 P
[
∀i ∈ J⌊amλ⌋ , ⌊bmλ⌋K, NSaλt(i) > 0
]
= 0;
2. For t ≥ 1, limλ→0 P
[
∀i ∈ J⌊amλ⌋ , ⌊bmλ⌋K, N
S
aλt(i) > 0
]
= 1;
3. For t < 1, limλ→0 P
[
∀i ∈ J⌊anλ⌋ , ⌊bnλ⌋K, NSaλt(i) > 0
]
= 0;
4. For t ≥ 1, limλ→0 P
[
∀i ∈ J⌊anλ⌋ , ⌊bnλ⌋K, NSaλt(i) > 0
]
= 1;
5. For t > 0, limλ→0 P
[
∃i ∈ J⌊anλ⌋ , ⌊bnλ⌋K, N
S
aλt(i) > 0
]
= 1;
6. For t > 0 and δ > 0, limλ→0 P
[
∀i ∈ J−⌊λ−(t+δ)⌋ , ⌊λ−(t+δ)⌋K, NS
aλt
(i) > 0
]
= 0;
7. For t > 0 and δ > 0, limλ→0 P
[
∀i ∈ J−⌊λ−(t−δ)⌋ , ⌊λ−(t−δ)⌋K, NSaλt(i) > 0
]
= 1;
8. For t < 1, lim λ→0
pi→∞
P
[
∀i ∈ J⌊akλ,pi⌋ , ⌊bkλ,pi⌋K, NSaλt(i) > 0
]
= 0 (when λ→ 0 and π → ∞ in
the regime R(p));
9. For t ≥ 1, lim λ→0
pi→∞
P
[
∀i ∈ J⌊akλ,pi⌋ , ⌊bkλ,pi⌋K, NSaλt(i) > 0
]
= 1 (when λ→ 0 and π → ∞ in
the regime R(p)).
Proof. This lemma is closely related to Lemma 7.1. For rλ −−−→
λ→0
∞, we have
P
[
∀i ∈ J−⌊arλ⌋ , ⌊brλ⌋K, N
S
aλt
(i) > 0
]
≃ (1− e−aλt)(b−a)rλ ≃ e−(b−a)rλλ
t
.
Observe now that
mλλ
t ≃
λt−1
a2λ
−−−→
λ→0
{
∞ if t < 1,
0 if t ≥ 1,
from which points 1 and 2 follow, that
nλλ
t ≃
λt−1
aλ
−−−→
λ→0
{
∞ if t < 1,
0 if t ≥ 1,
which implies points 3 and 4. For the point 5, it suffices to note that, for any i ∈ Z,
P
[
NSaλt(i) = 0
]
= e−aλt.
Hence
P
[
∃i ∈ J⌊anλ⌋ , ⌊bnλ⌋K, N
S
aλt(i) > 0
]
≃ 1− e−aλnλt(b−a) −−−→
λ→0
1.
For t > 0 and δ > 0, we have
P
[
∀i ∈ J−⌊λ−(t+δ)⌋ , ⌊λ−(t+δ)⌋K, NSaλt(i) > 0
]
≃ e−2λ
−δ
−−−→
λ→0
0,
which prove point 6, whence
P
[
∀i ∈ J−⌊λ−(t−δ)⌋ , ⌊λ−(t−δ)⌋K, NSaλt(i) > 0
]
≃ e−2λ
δ
−−−→
λ→0
1
which is Point 7.
For the two last statement, as λ→ 0 and π →∞ in the regime R(p), we have, observing that
vλ,pi → 0,
kλ,piλ
t ≃ aλπλ
t(ελ + vλ,pi) ≃
nλλ
t
p
(ελ + vλ,pi) ≃
λt−1
aλp
(
1/aλ
3 + vλ,pi
)
−−→
λ,pi
{
∞ if t < 1,
0 if t ≥ 1.
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8.2 Height of the barrier
We describe here the time needed for a destroyed microscopic cluster to be regenerated. Roughly,
we assume that the zone J−mλ ,mλK around 0 has been made vacant at some time aλt0. Then
we consider the situation where a match falls on 0 at some time aλt1 ∈ (aλt0 ,aλ(t0 + 1)) and we
compute the delay needed for the destroyed cluster to be fully regenerated. We have to distinguish
two cases.
a) We first consider the case where a match falls on 0 at time aλt1 ∈ (0 ,aλ). This case is closely
related to Lemma 7.2.
b) We then consider the case where a fire propagates through J−mλ ,mλK at time aλt0 and a
match falls on 0 at time aλt1 ∈ (aλt0 ,aλ(t0 + 1)). This case is a little bit different but is
proved in the same way as the previous case.
Lemma 8.2. Consider two Poisson processes (NSt (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z with respective
rates 1 and π, all this processes being independent. Consider also M := (i0; t0, t1) ∈ Z × (R+)2
with |i0| ∈ Jmλ ,mλ + 2kλ,piK, t0 ∈ {0} ∪ (1 ,∞) and t1 ∈ (t0 , t0 + 1). For i ∈ Z and t ≥ 0, we
consider the process
ζλ,pi,Mt (i) =
(
1 + 1{t≥aλ(t0−vλ,pi),i=i0}
)
× 1{t0>1}
+ 1{t≥aλt1,i=0,ζλ,pi,M
aλt1−
(0)=1} +
∫ t
0
1{ζλ,pi,M
s−
(i)=0} dN
S
s (i)
+
∫ t
0
1{ζλ,pi,M
s−
(i+1)=2,ζλ,pi,M
s−
(i)=1} dN
P
s (i+ 1)
+
∫ t
0
1{ζλ,pi,M
s−
(i−1)=2,ζλ,pi,M
s−
(i)=1} dN
P
s (i− 1)
− 2
∫ t
0
1{ζλ,pi,Ms− (i)=2} dN
P
s (i).
Using the propagation processes (NPt (i))t≥0,i∈Z, consider the burning times (T
1
i )i∈Z of the propa-
gation process iginited at (0, t1), recall Definition 4.6, and define the destroyed cluster due to the
match falling in 0 at time aλt1, recall (4.12),
CP ((ζλ,pi,Mt (i))t≥0,i∈Z, (0, t1)) := Ji
g , idK.
We finally define the time needed for CP ((ζλ,pi,Mt (i))t≥0,i∈Z, (0, t1)) to become again occupied
Θλ,piM := inf
{
t > t1 : ∀i ∈ C
P ((ζλ,pi,Mt (i))t≥0,i∈Z, (0, t1)), ζ
λ,pi,M
aλt
(i) = 1
}
.
For all δ > 0, there holds that,
lim
λ,pi
P
[∣∣∣Θλ,piM − (t1 − t0)∣∣∣ ≥ δ] = 0
when λ→ 0 and π →∞ in the regime R(p).
Let us explain the behaviour of the process (ζλ,pi,Mt (i))t≥0,i∈Z. If t0 = 0, then the process
starts from a vacant initial situation and a match falls on 0 at time aλt1. It does not depend on
i0 and since 0 < t1 < 1, the zone J−mλ ,mλK is not completely filled at time aλ(t1 + κ0λ,pi), see
Lemma 8.1-1 (and because κ0λ,pi → 0). The process is then governed by the propagation processes
(NPt (i))t≥0,i∈Z and the seed processes (N
S
t (i))t≥0,i∈Z with the same rules as the (λ, π)−FFP. As
seen in Micro(p) in Subsection 4.4, the fire is extinguished at time aλ(t1 + κ
0
λ,pi).
If t0 > 1, then the process starts at time 0 from an occupied initial situation, nothing happens
until a match falls on i0 at time aλ(t0 − vλ,pi). Two fires start: one goes to the left and one goes
to the right. Thus, on ΩP,Tλ,pi (i0/nλ, t0 − vλ,pi), recall Definition 4.7, and since
⌊aλπ(3vλ,pi − ελ)⌋ ≥ 2mλ + 2kλ,pi,
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recall (8.1) and (8.2), each site of J−mλ ,mλK burns and extinguishes before aλ(t0 +2vλ,pi), recall
Lemma 4.2. Hence, the zone J−mλ ,mλK is not completely filled when the match falls on 0 at time
aλt1, see Lemma 8.1-1 and because aλ(t0 + 2vλ,pi) < aλt1 < aλ(t0 + 1) for all (λ, π) sufficiently
close to the regime R(p).
Proof. The proof is in the same spirit as the proof of Lemma 7.2. We first define the simplest
process with an instantaneous propagation: if a match falls in a cluster, it destroys instantaneously
the entire connected component. Secondly, we flank the killed cluster CP ((ζλ,pi,Mt (i))t≥0,i∈Z, (0, t1))
to estimate the time needed to become again occupied, see Figure 6.
Step 1. Let τ0 < τ1 < τ0 + 1 be fixed. Put ϑ
λ
τ0,t(i) = min(N
S
aλ(τ0+t)
(i) − NS
aλτ0
(i), 1) and
ϑλτ1,t(i) = min(N
S
aλ(τ1+t)
(i)−NS
aλτ1
(i), 1) for all t > 0 and all i ∈ Z. We define the time needed for
the destroyed cluster to be fully regenerated
Ξλτ0,τ1 = inf
{
t > 0 : ∀i ∈ C(ϑλτ0,τ1−τ0 , 0), ϑ
λ
τ1,t(i) = 1
}
.
Then for all δ > 0,
lim
λ→0
P
[
|Ξλτ0,τ1 − (τ1 − τ0)| ≥ δ
]
= 0.
This has been checked in Step 1 of the proof of Lemma 7.2 when τ0 = 0. This of course extends
without any difficulty, using time stationarity.
Step 2. Assume t0 = 0. In that case, the process not depends on i0. Consider the event Ω
P,T
λ,pi (0, t1),
recall Definition 4.7. We define
Ω˜P,T,Mλ,pi = Ω
P,T
λ,pi (0, t1) ∩ {∃i1 ∈ J−mλ , 0K, N
S
aλ(t1+κ0λ,pi)
(i1) = 0}
∩ {∃i2 ∈ J0 ,mλK, N
S
aλ(t1+κ0λ,pi)
(i2) = 0}.
Lemma 4.2 together with Lemma 8.1-1 show that P
[
Ω˜P,T,Mλ,pi
]
tends to 1 when λ→ 0 and π →∞
in the regime R(p) (because t1+ κ0λ,pi < (t1+1)/2 < 1 for all (λ, π) sufficiently close to the regime
R(p)).
Next, on Ω˜P,Tλ,pi (0, t1), there holds that
C(ϑλ0,t1+κ0λ,pi
, 0) := JC− , C+K ⊂ Ji1 , i2K ⊂ J−mλ ,mλK.
Since, by definition, no seed falls on C+ and on C− until aλ(t1 + κ0λ,pi) and since we start from a
vacant initial situation, we deduce that
ζλ,pi,Mt (C
−) = ζλ,pi,Mt (C
+) = 0
for all t ∈ [0 ,aλ(t1+κ0λ,pi)] ⊃ [aλt1 ,aλ(t1+κ
0
λ,pi)]. As seen in Micro(p) in Subsection 4.4, the fire
destroys exactly the zone CP ((ζλ,pi,Mt (i))t≥0,i∈Z, (0, t1)) and
CP ((ζλ,pi,Mt (i))t≥0,i∈Z, (0, t1)) ⊂ JC
− , C+K ⊂ J−mλ ,mλK
with ζλ,pi,M
aλ(t1+κ0λ,pi)
(i) ≤ 1 for all i ∈ Z (the fire is extinguished at time aλ(t1 + κ0λ,pi)).
Since CP ((ζλ,pi,Mt (i))t≥0,i∈Z, (0, t1)) clearly contains C(ϑ
λ
0,t1 , 0), we deduce that, on Ω˜
P,T,M
λ,pi ,
t1 + Ξ
λ
0,t1 ≤ t1 +Θ
λ,pi
M ≤ t1 + κ
0
λ,pi + Ξ
λ
0,t1+κ0λ,pi
.
Remark now that the function : t 7→ t+Ξλ0,t is a.s. non decreasing and right-continuous. We thus
deduce from Step 1 that
t1 +Θ
λ,pi
M
P
−−→
λ,pi
2t1
in probability, whence for all δ > 0 and all ε > 0, there holds that P
[∣∣∣Θλ,piM − t1∣∣∣ ≥ δ] < ε for all
(λ, π) sufficiently close to the regime R(p).
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Step 3. Assume now t0 > 1. We may and will assume i0 ∈ J−mλ − 2kλ,pi ,−mλK, by symetry.
Consider the events ΩP,Tλ,pi (i0/nλ, t0 − vλ,pi) and Ω
P,T
λ,pi (0, t1), recall Definition 4.7. We define
Ω˜P,T,Mλ,pi := Ω
P,T
λ,pi (0, t1) ∩ Ω
P,T
λ,pi (i0/nλ, t0 − vλ,pi)
∩ {∃i1 ∈ J−mλ , 0K, N
S
aλ(t1+κ0λ,pi)
(i1)−N
S
aλ(t0−vλ,pi)(i1) = 0}
∩ {∃i2 ∈ J0 ,mλK, N
S
aλ(t1+κ0λ,pi)
(i2)−N
S
aλ(t0−vλ,pi)(i2) = 0}.
Lemma 4.2 together with Lemma 8.1-1 directly imply that P
[
Ω˜P,T,Mλ,pi
]
tends to 1 when λ→ 0 and
π →∞ in the regimeR(p) (because t1+κ0λ,pi−(t0−vλ,pi) = t1−t0+κ
0
λ,pi+vλ,pi < (t1−t0+1)/2 < 1
for all (λ, π) sufficiently close to the regime R(p)).
Recall Lemma 4.2. Since all the sites are occupied at time aλ(t0 − vλ,pi) and since
i0 + ⌊aλπ(3vλ,pi − ελ)⌋ ≥mλ,
on ΩP,Tλ,pi (i0/nλ, t0 − vλ,pi), there is no more burning tree in J−mλ ,mλK at time aλ(t0 +2vλ,pi) nor
during the time interval [aλ(t0 + 2vλ,pi) ,aλt1). Thus, the match falling in 0 at time aλt1 destroys
at least the zone C(ϑλt0+2vλ,pi,t1 , 0).
Next, on Ω˜P,T,Mλ,pi , we have
C(ϑλt0−vλ,pi,t1+κ0λ,pi , 0)
:= JC− , C+K ⊂ Ji1 , i2K ⊂ J−mλ ,mλK.
Since no seed falls on C− and on C+ during [aλ(t0−vλ,pi) ,aλ(t1+κ0λ,pi)] and since C
− and C+
are made vacant during the time interval [aλ(t0−vλ,pi) ,aλ(t0+2vλ,pi)], thanks to Ω
P,T
λ,pi (i0/nλ, t0−
vλ,pi), we deduce that there is no burning tree in JC
− , C+K at time aλt1− and
ζλ,pi,Maλt (C
−) = ζλ,pi,Maλt (C
+) = 0 for all t ∈ [t1 , t1 + κ
0
λ,pi].
Hence, as seen in Micro(p) in Subsection 4.4, the match falling on 0 at time aλt1 destroys at most
the zone JC− , C+K ⊂ Ji1 , i2K and there is no more burning tree in JC− , C+K at time aλ(t1+ κ0λ,pi).
To summarize, on Ω˜P,T,Mλ,pi , see Figure 6, we have
C(ϑλt0+2vλ,pi,t1 , 0) ⊂ C
P ((ζλ,pi,Mt (i))t≥0,i∈Z, (0, t1)) ⊂ C(ϑ
λ
t0−vλ,pi,t1+κ0λ,pi , 0) ⊂ Ji1 , i2K
with additionally ζλ,pi,M
aλ(t1+κ0λ,pi)
(i) ≤ 1 for all i ∈ J−mλ ,mλK.
Since no fire affect the zone J−mλ ,mλK during [aλ(t1+κ0λ,pi) ,aλT ], thanks to Ω
P,T
λ,pi (i0/nλ, t0−
vλ,pi), we deduce that, on Ω˜
P,T,M
λ,pi and for all (λ, π) sufficiently close to the regime R(p),
t1 + Ξ
λ
t0+2vλ,pi,t1 ≤ t1 +Θ
λ,pi
M ≤ t1 + κ
0
λ,pi + Ξ
λ
t0−vλ,pi,t1+κ0λ,pi .
Then, one easily concludes. The function s 7→ t1 + Ξλt0+s,t1 is a.s. non increasing and right-
continuous while the function s 7→ t1 + s+ Ξλt0−s,t1+s is a.s. non decreasing and right-continuous.
Since κ0λ,pi → 0, we thus deduce from Step 1 that
t1 +Θ
λ,pi
M
P
−−→
λ,pi
2t1 − t0,
as desired.
8.3 Persistent effect of microscopic fires
Here we study the effect of microscopic fires. First, they produce a barrier, and then, if there are
alternatively macroscopic fires on the left and right, they still have an effect. This phenomenon is
illustrated on Figure 7 in the case of the limit process.
We say that P = (t0, t1, . . . , tK) satisfies (PP1) (like ping-pong) if
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taλ(t0 − vλ,pi)
0i0−mλ − 2kλ,pi mλ + 2kλ,pi−mλ mλi
dig C+C−
C(ϑλt0+2vλ,pi,t1 , 0)
C(ϑλt0−vλ,pi,t1+κ0λ,pi
, 0)
aλ(t1 + κ
0
λ,pi
)
aλt1
aλ(t0 + 2vλ,pi)
Figure 6: Height of a barrier in the regime R(p), for p > 0.
At time aλ(t0 − vλ,pi)−, all the sites are occupied. A match falls on i0 at time aλ(t0 − vλ,pi). Two
fires start: one goes to the left and one goes to the right. Thus, on ΩP,T
λ,pi
(i0/nλ, t0 − vλ,pi), each site
of J−mλ ,mλK burns and extinguishes before aλ(t0 + 2vλ,pi) (because i0 + ⌊aλpi(3vλ,pi − ελ)⌋ ≥ mλ).
Next, a match falls on 0 at time aλt1. Since no seed fall on C
− ∈ J−mλ , 0K and C
+ ∈ J0 ,mλK during
[aλ(t0 − vλ,pi) , aλ(t1 + κ
0
λ,pi
)], they remain vacant after burning. Thus, the true killed cluster Jig , idK
contains C(ϑλt0+2vλ,pi,t1
, 0) but is included in JC− , C+K = CP ((ζλ,piMt )t≥0,i∈Z, (0, t1)).
1. K ≥ 2;
2. t0 ∈ {0} ∪ (1 ,∞) and t0 < t1 < t2 < · · · < tK ;
3. for all k = 0, . . . ,K − 1, tk+1 − tk < 1;
4. t2 − t0 > 1 and for all k = 2, . . . ,K − 2, tk+2 − tk > 1.
We say that I = (ε; i0, i2, . . . , iK) satisfies (PP2) if
1. ε ∈ {−1, 1};
2. |i0| ∈ Jmλ ,mλ + 2kλ,piK;
3. for all k = 2, . . . ,K, εkik ∈ Jmλ ,mλ + 2kλ,piK, where we set εk = (−1)kε.
Finally, we say that P = (P , I) satisfies (PP ) if P satisfies (PP1) and I satisfies (PP2).
Let P satisfy (PP ). Consider two Poisson processes (NSt (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z with re-
spective rates 1 and π, all this processes being independent. We define the process (ζλ,pi,Pt (i))t≥0,i∈Z
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as follows
ζλ,pi,Pt (i) =(1 + 1{i=i0,t≥aλ(t0−vλ,pi)})1{t0≥1} + 1{i=0,t≥aλt1,ζλ,pi,P
aλt1−
(0)=1}
+
K∑
k=2
1{i=ik,t≥aλ(tk−vλ,pi),ζλ,pi,P
aλ(tk−vλ,pi)−
(ik)=1}
+
∫ t
0
1{ζλ,pi,P
s−
(i)=0} dN
S
s (i)
+
∫ t
0
1{ζλ,pi,P
s−
(i−1)=2,ζλ,pi,P
s−
(i)=1} dN
P
s (i− 1) +
∫ t
0
1{ζλ,pi,P
s−
(i+1)=2,ζλ,pi,P
s−
(i)=1} dN
P
s (i+ 1)
− 2
∫ t
0
1{ζλ,pi,P
s−
(i)=2} dN
P
s (i).
We now explain the behaviour of the process (ζλ,pi,Pt (i))t≥0,i∈Z.
• If t0 = 0, then the process starts from a vacant initial configuration. The match falling on 0
at time aλt1 ∈ (0 ,aλ) creates a barrier, see Lemma 8.2, because t1 ∈ (0 , 1). Then, fires start
in ik alternately on the right and on the left of 0 at times aλ(tk − vλ,pi) for all k = 2, . . . ,K
and fires spread accross Z according to the same rules as the (λ, π)−FFP.
• If t0 > 1, the process starts from an occupied initial situation. Nothing happens until a
match falls on i0 at time aλ(t0−vλ,pi) and spreads across Z. Next, a match falls on 0 at time
aλt1 ∈ (aλt0 ,aλ(t0 + 1)). It then creates a barrier, see Lemma 8.2. Afterwards, matches
fall successively in ik at time aλ(tk − vλ,pi) for each k = 2, . . . ,K and fires spread accross Z
according to the same rules as the (λ, π)−FFP.
Consider the event
ΩS,PP (λ, π) = {∀k ∈ {2, . . . ,K}, ∃j ∈ J−mλ ,mλK, ∀t ∈ [tk + 2vλ,pi , tk + 1− vλ,pi), ζ
λ,pi,P
aλt (j) = 0}.
Lemma 8.3. Let P = (t0, . . . , tK) satisfy (PP1) and I = (ε; i0, i2, . . . , iK) satisify (PP2). For
each λ ∈ (0 , 1) and each π ≥ 1, consider the process (ζλ,pi,Pt (i))t≥0,i∈Z defined above.
If t2 − t1 < t1 − t0, when λ→ 0 and π →∞ in the regime R(p), there holds
lim
λ,pi
P
[
ΩS,PP (λ, π)
]
= 1.
Proof. We define, recall Definition 4.7,
ΩP,T,Pλ,pi = Ω
P,T
λ,pi (0, t1) ∩
⋂
k=0,2,...,K
ΩP,Tλ,pi
(
ik
nλ
, tk − vλ,pi
)
.
There holds that P
[
ΩP,T,Pλ,pi
]
tends to 1 as λ → 0 and π → ∞ in the regime R(p), by Lemma 4.2.
In the whole proof, we work on ΩP,T,Pλ,pi and assume that (λ, π) is sufficiently close to the regime
R(p) in such a way that 3vλ,pi < mini=1,...,K(ti+1 − ti) < 1− 3vλ,pi.
For simplicity, we assume that ε = −1, t0 = 0 and that K is even (see for example Step 3 in
Lemma 8.2. The other cases are treated similarly. Fix α = 1/K. We define M = (0; 0, t1), recall
Lemma 8.2.
Observe that on ΩP,T,Pλ,pi , a burning tree at time aλt necessarily belongs to Jik + ⌊aλπ(t− tk −
ελ)⌋ , ik + ⌊aλπ(t − tk + ελ)⌋K or to Jik − ⌊aλπ(t − tk + ελ)⌋ , ik − ⌊aλπ(t − tk − ελ)⌋K, for some
k ∈ {0, . . . ,K} and is either a front of a fire or has vacant neighbors.
Observe that for all i ∈ J−mλ − 2kλ,pi ,−mλK, we have, recall (8.1) and (8.2),
i+ ⌊aλπ(3vλ,pi − ελ)⌋ ≥mλ (8.7)
whence for all i ∈ Jmλ ,mλ + 2kλ,piK, we have
i− ⌊aλπ(3vλ,pi − ελ)⌋ ≤ −mλ. (8.8)
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First fire. We put CP = CP ((ζλ,pi,Pt (i))t≥0,i∈Z, (0, t1)), the destroyed cluster due to the match
falling on 0 at time aλt1, recall (4.12). Since 0 < t1 < 1, there holds C
P ⊂ J−⌊αmλ⌋ , ⌊αmλ⌋K with
probability tending to 1 (use Lemma 8.1-1, space/time stationarity and Micro(p) in Subsection
4.4). Thus the match falling at time aλt1 destroys nothing outside J−⌊αmλ⌋ , ⌊αmλ⌋K and there
is no more burning tree in Z at time aλ(t1 + κ
0
λ,pi).
Second fire. Since t2 − vλ,pi > 1, at least one seed has fallen, during [0 ,aλ(t2 − vλ,pi)), on
each site of J−mλ − 2kλ,pi ,−⌊αmλ⌋ − 1K with probability tending to 1 (use Lemma 8.1-2 and
space/time stationarity). Since this zone has not been affected by a fire during the time interval
[0 ,aλ(t2 − vλ,pi)), this zone is completely occupied at time aλ(t2 − vλ,pi)−.
Besides, with probability tending to 1, there is (at least) an empty site in CP ⊂ J−⌊αmλ⌋ , ⌊αmλ⌋K
during the time interval (aλ(t1 + κ
0
λ,pi) ,aλ(t2 + 2vλ,pi)) because t2 + 2vλ,pi < t1 +Θ
λ,pi
M with prob-
ability tending to 1 (by Lemma 8.2, Θλ,piM ≃ t1 − t0 = t1 and t2 − t1 < t1 − t0 = t1 by assumption)
and because by definition of Θλ,piM , there is an empty site in C
P ⊂ J−⌊αmλ⌋ , ⌊αmλ⌋K during
[aλ(t1 + κ
0
λ,pi) ,aλ(t1 +Θ
λ,pi
M )].
Thus, the fire ignited on i2 ∈ J−mλ − 2kλ,pi ,−mλK at time aλ(t2 − vλ,pi) burns each site of
J−mλ− 2kλ,pi ,−⌊αmλ⌋− 1K before aλ(t2+2vλ,pi) and does not affect the zone J⌊αmλ⌋+1 ,mλ+
2kλ,piK, thanks to (8.7) and Ω
P,T
λ,pi (i2/nλ, t2 − vλ,pi) (because the right front of the fire 2 reach a
vacant site and thus extinguish).
Third fire. All the sites of J⌊αmλ⌋ ,mλ + 2kλ,piK are occupied at time aλ(t3 − vλ,pi)− with
probability tending to 1 (because on ΩP,Tλ,pi (0, t1) ∩ Ω
P,T
λ,pi (i2/nλ, t2 − vλ,pi), they have not been
affected by a fire during [0 ,aλ(t3 − vλ,pi)) and because t3 − vλ,pi > t2 − vλ,pi > 1, see Lemma
8.1-2.).
Next, the probability that there is a site in J−⌊2αmλ⌋ ,−⌊αmλ⌋K where no seed falls during
[aλ(t2 − vλ,pi) ,aλ(t2 − vλ,pi + 1)] tends to 1 as λ→ 0 and π →∞ in the regime R(p) (use Lemma
8.1-1 and space/time stationarity). Thus, since t3 − t2 < 1, with probability tending to 1, there
exists a vacant site in J−⌊2αmλ⌋ ,−⌊αmλ⌋K during
[aλ(t2 + 2vλ,pi) ,aλ(t2 − vλ,pi + 1)] ⊃ [aλ(t3 − vλ,pi) ,aλ(t3 + 2vλ,pi)]
(because each site of J−⌊2αmλ⌋ ,−⌊αmλ⌋K has been made vacant by the second fire during [aλ(t2−
vλ,pi) ,aλ(t2 + 2vλ,pi)]).
Thus, the fire ignited on i3 ∈ Jmλ ,mλ+2kλ,piK at time aλ(t3−vλ,pi) burns each site of J⌊αmλ⌋+
1 ,mλ + 2kλ,piK before aλ(t3 + 2vλ,pi) and does not affect the zone J−mλ − 2kλ,pi ,−⌊αmλ⌋ − 1K
with probability tending to 1, thanks to (8.8) and ΩP,Tλ,pi (i3/nλ, t3 − vλ,pi) (because the left front of
the fire 3 reach a vacant site and thus extinguish).
Fourth fire. All the sites of J−mλ−2kλ,pi ,−⌊αmλ⌋−1K are occupied at time aλ(t4−vλ,pi)− with
probability tending to 1 (because on ΩP,Tλ,pi (0, t1)∩Ω
P,T
λ,pi (i2/nλ, t2−vλ,pi)∩Ω
P,T
λ,pi (i3/nλ, t3−vλ,pi), they
have not been affected by a fire during (aλ(t2+2vλ,pi) ,aλ(t4−vλ,pi)) and because t4−3vλ,pi−t2 > 1,
see Lemma 8.1-2 and spae/time stationarity).
The probability that there is a site in J⌊αmλ⌋+1 , ⌊2αmλ⌋K where no seed falls during [aλ(t3−
vλ,pi) ,aλ(t3 − vλ,pi + 1)] tends to 1 as λ → 0 and π → ∞ in the regime R(p) (use Lemma 8.1-
1 and space/time stationarity). Hence, since t4 − t3 < 1, there is at least one vacant site in
J⌊αmλ⌋+ 1 , ⌊2αmλ⌋K during
[aλ(t3 + 2vλ,pi) ,aλ(t3 − vλ,pi + 1)] ⊃ [aλ(t4 − vλ,pi) ,aλ(t4 + 2vλ,pi)],
with probability tending to 1.
Thus, the fire ignited on i4 ∈ J−mλ − 2kλ,pi ,−mλK at time aλ(t4 − vλ,pi) burns each site of
J−mλ−2kλ,pi ,−⌊αmλ⌋−1K before aλ(t4+2vλ,pi) and does not affect the zone J⌊αmλ⌋ ,mλ+2kλ,piK
with probability tending to 1, thanks to (8.7) and ΩP,Tλ,pi (i4/nλ, t4 − vλ,pi).
Last fire and conclusion. Iterating the procedure, we see that with a probability tending to 1
as λ→ 0 and π →∞ in the regime R(p), the zone J−mλ − 2kλ,pi ,−⌊(Kα/2)mλ⌋ − 1K = J−mλ −
2kλ,pi ,−⌊mλ/2⌋−1K is completely occupied at time aλ(tK−vλ,pi)− and there is at least one vacant
site in J⌊(K − 1)α/2mλ⌋ , ⌊(Kα/2)mλ⌋K during the time interval (aλ(tK−1 + 2vλ,pi) ,aλ(tK−1 −
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vλ,pi+1)) ⊃ (aλ(tK−vλ,pi) ,aλ(tK+2vλ,pi)). Thus, the fire ignited on iK ∈ J−mλ−2kλ,pi ,−mλK at
time aλ(tK−vλ,pi) destroys each site of the zone J−mλ−2kλ,pi ,−⌊mλ/2⌋−1K before aλ(tK+2vλ,pi)
and does not affect the zone Jmλ/2 ,mλK, thanks to (8.7) and Ω
P,T
aλ,pi(iK/nλ, tK − vλ,pi).
Finally, the probability that there is at least one site in J−mλ ,−mλ/2K with no seed falling
during [aλ(tK−vλ,pi) ,aλ(tK−vλ,pi+1)] tends to 1 (by Lemma 8.1-1.). Consequently, the probability
that there is a vacant site in J−mλ ,−mλ/2K during [aλ(tK + 2vλ,pi) ,aλ(tK − vλ,pi + 1)] tends to
1 (because it has been made vacant by the fire K).
All this implies that for all k ∈ {2, . . . ,K},, there is j ∈ J−mλ ,mλK such that for all t ∈
[tk + 2vλ,pi , tk + 1− vλ,pi) there holds ζ
λ,pi,P
aλt (j) = 0, as desired.
0
•
t0
•
t2
•
t3•
t4
t1•
Figure 7: Persistent effect of microscopic fires.
Here we focus on the limit process with t0 > 1. A first fire starts at time aλ(t0 − vλ,pi) and spread
across Z. Thus, the match falling in 0 at time aλt1 creates a barrier during aλ(t1 − t0). If there are
alternatively macroscopic fires on the left and right, there necessarily exists a vacant site around 0
during (aλ(t0 + 2vλ,pi) ,aλ(tK + 1− vλ,pi)).
8.4 Heart of the proof
8.4.1 The coupling
We are going to construct a coupling between the (λ, π,A)−FFP (on the time interval [0 ,aλT ]) and
the A−LFFP(p) (on [0 , T ]). Let πM be a Poisson measure on R × [0 ,∞) with intensity measure
dxdt.
First, we take for the matches of the discrete process the Poisson processes
NMt (i) = πM ([i/nλ , (i+ 1)/nλ)× [0 , t/aλ])
for all i ∈ Z and t ∈ [0 , T ].
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We call n := πM ([0, T ]× [−A ,A]) and we consider the marks (Tq, Xq)q=1,...,n of πM ordered in
such a way that 0 < T1 < · · · < Tn < T .
Next, we introduce some i.i.d. families of i.i.d. Poisson processes (NS,qt (i))t≥0,i∈Z and (N
P,q
t (i))t≥0,i∈Z
with respective parameter 1 and π, for q = 0, 1, . . . , independent of πM .
Then we build two families of i.i.d. Poisson processes (NS,λ,pit (i))t≥0,i∈Z and (N
P,λ,pi
t (i))t≥0,i∈Z
as follows.
• For q ∈ {1, . . . , n}, for all i ∈ [Xq]λ,pi, set (N
S,λ,pi
t (i))t≥0 = (N
S,q
t (i − ⌊nλXq⌋))t≥0 and
(NP,λ,pit (i))t≥0 = (N
P,q
t (i− ⌊nλXq⌋))t≥0 (if i belongs to [Xq]λ,pi ∩ [Xr]λ,pi for some q < r, set
e.g. (NS,λ,pit (i))t≥0 = (N
S,q
t (i − ⌊nλXq⌋))t≥0 and (N
P,λ,pi
t (i))t≥0 = (N
P,q
t (i − ⌊nλXq⌋))t≥0.
This will occur with a very small probability, so that this choice is not important).
• For all other i ∈ Z set (NS,λ,pit (i))t≥0 = (N
S,0
t (i))t≥0 and (N
P,λ,pi
t (i))t≥0 = (N
P,0
t (i))t≥0.
The (λ, π,A)−FFP (ηλ,pit (i))t≥0,i∈Iλ
A
is built from the seed processes (NS,λ,pit (i))t≥0,i∈Z, the
match processes (NMt (i))t≥0,i∈Z and the propagation processes (N
P,λ,pi
t (i))t≥0,i∈Z.
Finally, we build the A−LFFP(p) (Zt(x), Ht(x), Ft(x))t∈[0,T ],x∈[−A,A] from πM and observe
that it is independent of (NS,qt (i))t∈[0,aλT ],i∈Z,q≥0 and (N
P,q
t (i))t∈[0,aλT ],i∈Z,q≥0.
Observe that if a match falls at some Xq at time Tq for the LFFP(p), it will fall at ⌊nλXq⌋ at
time aλTq in the discrete process, and thus if the resulting fire is microscopic in the limit process,
it will involve with the same seed and propagation processes for all values of λ and π in discrete
process.
8.4.2 A favorable event
We set T0 = 0 and introduce
TM = {T0, T1, . . . , Tn} and BM = {X1, . . . , Xn}.
For q ∈ {1, . . . , n}, x ∈ [−A ,A] and t ∈ [0 , T ], we define
Tq(x) = Tq + p|x−Xq| (8.9)
X+q (t) = Xq +
t− Tq
p
(8.10)
X−q (t) = Xq −
t− Tq
p
(8.11)
which are respectively the possible transit time in x of the fire starting in Xq at time Tq and the
possible location of the right and the left front at time t of the fire starting in Xq at time Tq.
Observe that all x ∈ [−A ,A] either equal to X+k (Tk(x)) or X
−
k (Tk(x)).
We next introduce, for q ∈ {1, . . . , n},
SM,q = {Tk(Xq) = Tk + p |Xq −Xk| : k 6= q}
the set of all the possible transit times in Xq of the other fire k and
SM = ∪q=1,...,n SM,q.
We also introduce
S1M = {2Tq − s : q ∈ {1, . . . , n}, s ∈ SM,q, s < Tq}
which has to be seen as the set of the possible end of the microscopic fires, recall Lemma 8.2 and,
for q ∈ {2, . . . , n},
B1M,q =
{
X+k (Tq) = Xk +
Tq − Tk
p
: 1 ≤ k < q
}
∪
{
X−k (Tq) = Xk +
Tk − Tq
p
: 1 ≤ k < q
}
which has to be seen as the set of the possible locations of the fire k at time Tq.
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We finally introduce
B2M =
{
Tq − Tk
2p
+
Xq +Xk
2
: Xk < Xq
}
and S2M =
{
Tq + Tk
2
+ p
Xq +Xk
2
: 1 ≤ k < q ≤ n
}
which has to be seen as the set of the possible locations and the set of the possible times where two
fires may meet as well as the set CM of connected component of [−A ,A] \ (BM ∪ B2M ) (sometimes
refers as cells).
For α > 0, we consider the event
ΩM (α) =

 mins,t∈TM∪SM∪S1M∪S2M ,
s6=t
|t− s| ≥ 3α, min
s,t∈TM∪SM∪S1M∪S2M ,
|t− (s+ 1)| ≥ 3α,
min
x,y∈BM∪B2M∪{−A,A},
x 6=y
|x− y| ≥
3α
p


which clearly satisfies limα→0 P [ΩM (α)] = 1. For any given α > 0, there exists λα ∈ (0 , 1) and
εα > 0 such that for all λ ∈ (0 , λα) and all π ≥ 1 in such a way that |nλ/(aλπ) − p| < εα, on
ΩM (α), there holds that for all x, y ∈ BM ∪ B
2
M ∪ {−A,A}, with x 6= y, [x]λ,pi ∩ [y]λ,pi = ∅.
For q ∈ {1, . . . , n}, using the seed processes (NS,λ,pit (i))t≥0,i∈Z and the propagation processes
(NP,λ,pit (i))t≥0,i∈Z, we build, recall Definition 4.6, (ζˇ
λ,pi,q
t (i))t≥0,i∈Z (the propagation process ignited
at (Xq, Tq)), (i
q,+
t )t≥0 and (i
q,−
t )t≥0 (the corresponding right and left fronts) and (T
q
i )i∈Z (the
associated burning times). We also use ΩP,Tλ,pi (Xq, Tq), recall Definition 4.7. We set
ΩP,T (λ, π) =
⋂
q=1,...,n
ΩP,Tλ,pi (Xq, Tq).
Since πM is independent of the processes (N
S,λ,pi
t (i))t≥0,i∈Z and (N
P,λ,pi
t (i))t≥0,i∈Z, Lemma 4.2
implies that P
[
ΩP,T (λ, π)
]
tends to 1 when λ→ 0 and π →∞ in the regime R(p).
Let q ∈ {1, . . . , n}. We define
Iq,+ :=
{
⌊nλXk⌋+ i
k,+
aλ(Tk(Xq)−vλ,pi−Tk) − ⌊nλX
+
k (Tk(Xq))⌋ : k 6= q
}
(8.12)
Iq,− :=
{
⌊nλXk⌋+ i
k,−
aλ(Tk(Xq)−vλ,pi−Tk) − ⌊nλX
−
k (Tk(Xq))⌋ : k 6= q
}
. (8.13)
Observe that, on ΩP,T (λ, π), Iq,− ⊂ Jmλ ,mλ + 2kλ,piK whence Iq,+ ⊂ J−mλ − 2kλ,pi ,−mλK. We
then call Uq the set of all possible P = (P , I) satisfying (PP ) where
• P = (t0, Tq, t2, . . . , tK) satisfies (PP1) with {t0, t2, . . . , tK} ⊂ SM,q ∪ {0} and with Tq − t0 >
t2 − Tq;
• I = (ε; i0, i2, . . . , iK) satisfies (PP2) with ε ∈ {−1, 1} and {i0, i2, . . . , iK} ⊂ Iq,+ ∪ Iq,−.
For P ∈ Uq, we introduce the event Ω
S,P,q
P (λ, π), defined as in Subsection 8.3, with the Poisson
processes (NS,qt (i))t≥0,i∈Z and (N
P,q
t (i))t≥0,i∈Z. Then we put
ΩS,P1 (λ, π) = ∩
n
q=1
{
for all P ∈ Uq, Ω
S,P,q
P (λ, π) holds
}
,
which satisfies limλ,pi P
[
ΩS,P1 (λ, π)
]
= 1 when λ → 0 and π → ∞ in the regime R(p). Indeed,
by construction, πM is independent of (N
S,q
t (i))t≥0,i∈Z and (N
P,q
t (i))t≥0,i∈Z. Observe that for
l ∈ {1, . . . , n}, the location il,+
aλ(Tl(Xq)−vλ,pi−Tl) depends only on the propagation process N
P,λ,pi
restricted to [aλTl ,aλ(Tl(Xq)− vλ,pi)]×Z whereas the event Ω
S,P,q
P (λ, π) depends on the location
only after aλ(Tl(Xq)− vλ,pi). Thus, it suffices to work with some fixed {t0, t2, . . . , tK} ⊂ SM,q and
some fixed (ik)k=0,2,...,K ⊂ Iq,+ ∪ Iq,−. The result then follows from Lemma 8.3.
63
We also consider the event ΩS2 (λ, π) on which the following conditions hold: for all t1, t2 ∈
TM ∪ SM ∪ S
1
M with 0 < t2 − t1 < 1, for all q = 1, . . . , n, there are
−mλ − 2kλ,pi < i1 < −mλ < i2 < 0 < i3 <mλ < i4 <mλ + 2kλ,pi
such that NS,q
aλ(t2+4vλ,pi)
(ij)−N
S,q
aλ(t1−4vλ,pi)(ij) = 0 for j = 1, . . . , 4. There holds that P
[
ΩS2 (λ, π)
]
tends to 1 as λ→ and π → ∞ in the regime R(p). Indeed, it suffices to prove that almost surely,
lim λ→0
pi→∞
P
[
ΩS2 (λ, π)
∣∣ πM ] = 1. Since there are a.s. finitely many possibilities for q, t1, t2 and since
πM is independent of (N
S,q
t (i))t≥0,i∈Z, it suffices to work with a fixed q ∈ {1, . . . , n} and some fixed
0 < t2− t1 < 1. The result then follows from Lemma 8.1-1,8 together with space/time stationarity
and the fact that vλ,pi → 0.
Next we introduce the event ΩS3 (λ, π) on which the following conditions hold: for all q ∈
{1, . . . , n} and all i ∈ IλA
NS,λ,pi
aλ(Tq(i/nλ)+1+eλ,pi)
(i)−NS,λ,pi
aλ(Tq(i/nλ)+eλ,pi)
(i) > 0
and if Tq(i/nλ) ≥ 1,
NS,λ,pi
aλ(Tq(i/nλ)−4vλ,pi)(i)−N
S,λ,pi
aλ(Tq(i/nλ)−1−4vλ,pi)(i) > 0.
There holds that P
[
ΩS3 (λ, π)
]
tends to 1 as λ→ and π → ∞ in the regime R(p). Observing that∣∣IλA∣∣ ≃ 2Anλ, Lemma 8.1 and space/time stationarity shows the result.
We also need ΩS,P4 (γ, λ, π), defined for γ > 0 as follows: for all q = 1, . . . , n, for all M =
(i0; t0, Tq) such that t0 ∈ SM,q ∪ {0} with t0 < Tq < t0 + 1 and i0 ∈ Iq,+ ∪ Iq,−, there holds that∣∣∣Θλ,pi,qM − (Tq − t0)∣∣∣ < γ. Here, Θλ,pi,qM is defined as in Lemma 8.2 with the seed processes family
(NS,qt (i))t≥0,i∈Z and the propagation processes family (N
P,q
t (i))t≥0,i∈Z. Lemma 8.2 directly implies
that for any γ > 0, P
[
ΩS,P4 (γ, λ, π)
]
tends to 1 as λ→ and π →∞ in the regime R(p).
We finally introduce the event
Ω(α, γ, λ, π) = ΩM (α) ∩ Ω
P,T (λ, π) ∩ ΩS,P1 (λ, π) ∩ Ω
S
2 (λ, π) ∩Ω
S
3 (λ, π) ∩ Ω
S,P
4 (γ, λ, π).
We have shown that for any δ > 0, there exists α ∈ (0 , 1) such that for any γ > 0, there holds that
P [Ω(α, γ, λ, π)] > 1− δ for all (λ, π) sufficiently close to the regime R(p).
8.4.3 Heart of the proof
Consider the A−LFFP(p) (Zt(x), Ht(x), Ft(x))t≥0,x∈[−A,A].
For x ∈ (−A ,A), we put
Zt−(x) = lim
sրt
Zs(x),
Zt(x+) = lim
yցx
Zt(y) and Zt(x−) = lim
yրx
Zt(y),
Zt−(x+) = lim
yցx
Zt−p(y−x)−(y) and Zt−(x−) = lim
yրx
Zt+p(y−x)−(y).
For t ∈ [0 , T ], we set
χ+t = {x ∈ [−A ,A] : Ft(x) > 0 and Zt(x+) = 1} ,
χ−t = {x ∈ [−A ,A] : Ft(x) > 0 and Zt(x−) = 1} ,
χ0t = {x ∈ [−A ,A] : Ht(x) > 0 or (Ft(x) = 0 and Zt(x+) 6= Zt(x−))} ∪ {−A,A},
χt = χ
+
t ∪ χ
−
t ∪ χ
0
t .
For x ∈ BM and t ≥ 0 we set
H˜t(x) = max(Ht(x), 1 − Zt(x), 1− Zt(x+), 1 − Zt(x−)). (8.14)
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Actually, Zt−(x) always equals either Zt−(x−) or Zt−(x+) and these can be distinct only at a
point where has occured a microscopic fire (that is if x = Xq for some q ∈ {1 . . . , n} with Tq < t
and ZTq−(Xq) < 1).
For all x ∈ (−A ,A) we define for all t ∈ [0 , T ]
τt(x) = sup
{
s ≤ t : Fs(x) > 0 and H˜s−(x) = 0
}
∨ 0, (8.15)
which represents the last time before t that a macroscopic fire has crossed x. Observe that
for x 6∈ BM , Zt(x) = min(t− τt(x), 1) for all t ∈ [0 , T ], (8.16)
for q = 1, . . . , n, Zt(Xq) = min(t− τt(Xq), 1) for all t ∈ [0 , Tq). (8.17)
We also define for all i ∈ IλA and all t ∈ [0 , T ]
ρλ,pit (i) = sup
{
s ≤ t : ηλ,piaλs−(i) = 2
}
(8.18)
where aλρ
λ,pi
t (i) represents the last time before aλt that the site i has been burnt in the discrete
process (with the convention ηλ,pi0− (i) = 2 and η
λ,pi
0 (i) = 0 for all i ∈ I
λ
A).
For q ∈ {1, . . . , n}, we define the death time of the right front of the q’s fire as the time where
the fire q is stopped in the limit process, that is,
TD,+q = inf
{
t ≥ Tq : Ft
(
Xq +
t− Tq
p
)
= 0
}
(8.19)
as well as the death position of the right front of the q’s fire as the position where the fire q is
stopped in the limit process, that is,
XD,+q = Xq +
TD,+q − Tq
p
. (8.20)
Similarly, the death time and position of the left front of the q’s fire are defined as
TD,−q = inf
{
t ≥ Tq : Ft(Xq −
t− Tq
p
) = 0
}
and XD,−q = Xq −
TD,−q − Tq
p
.
Observe that, if ZTq−(Xq) < 1, then T
D,−
q = Tq = T
D,+
q and X
D,+
q = Xq = X
D,−
q .
We set
BDM := {X
D,+
1 , X
D,−
1 , . . . , X
D,+
n , X
D,−
n } ⊂ BM ∪ B
2
M , (8.21)
T DM := {T
D,+
1 , T
D,−
1 , . . . , T
D,+
n , T
D,−
n } ⊂ TM ∪ SM ∪ S
2
M . (8.22)
Let t ∈ [0 , T ] and q ∈ {1, . . . , n}. If t ∈ [0 , TD,+q + vλ,pi), we set
Ωλ,pi,+q,t = {∀s ∈ [Tq , (T
D,+
q + vλ,pi) ∧ t], η
λ,pi
aλs
(⌊nλXq⌋+ i
q,+
aλ(s−Tq)) = 2}
and, if t ∈ [TD,+q + vλ,pi , T ], we set
Ωλ,pi,+q,t = Ω
λ,pi,+
q,TD,+q
∩ {∃s ∈ [TD,+q − vλ,pi , T
D,+
q + vλ,pi ], η
λ,pi
aλs
(⌊nλXq⌋+ i
q,+
aλ(s−Tq)) = 0}.
Similarly, we set, if t ∈ [0 , TD,−q + vλ,pi),
Ωλ,pi,−q,t = {∀s ∈ [Tq , (T
D,−
q − vλ,pi) ∧ t], η
λ,pi
aλs(⌊nλXq⌋+ i
q,−
aλ(s−Tq)) = 2}
and, if t ∈ [TD,−q + vλ,pi , T ], we set
Ωλ,pi,−q,t = Ω
λ,pi,−
q,TD,−q
∩ {∃s ∈ [TD,−q − vλ,pi , T
D,−
q + vλ,pi], η
λ,pi
aλs(⌊nλXq⌋+ i
q,−
aλ(s−Tq)) = 0}.
Finally, we set, for all t ∈ [0 , T ],
Ωλ,pit =
⋂
q=1,...,n
(
Ωλ,pi,+q,t ∩ Ω
λ,pi,−
q,t
)
.
The aim of this section is to prove the following Lemma.
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Lemma 8.4. Let α > γ > 0. For all (λ, π) sufficiently close to the regime R(p) in such a way
that 4(vλ,pi + p(mλ + 2kλ,pi)/nλ) ≤ α, Ω
λ,pi
T a.s. holds on Ω(α, γ, λ, π).
We work on Ω(α, γ, λ, π). We fix εα > 0 and λα ∈ (0 , 1) such that for all λ ∈ (0 , λα) and all
π ≥ 1 in such a way |nλ/(aλπ) − p| < εα, we have vλ,pi + 3p(mλ + 2kλ,pi)/nλ ≤ α. Observe that
for all x, y ∈ BM ∪ B2M ∪ {−A,A}, with x 6= y, we then have [x]λ,pi ∩ [y]λ,pi = ∅. Clearly, Ω
λ,pi
T1
a.s. holds, because no match falls in IλA before aλT1. We will show that for q = 0, . . . , n− 1, Ω
λ,pi
Tq
implies Ωλ,piTq+1 . This will prove that Ω
λ,pi
Tn
holds. The extension to Ωλ,piT will be straightforward and
will be omitted.
We thus fix q ∈ {0, . . . , n− 1} and assume Ωλ,piTq . Let Aq be the set of points where a fire stops
during the time interval (Tq , Tq+1) that is, (x, t) ∈ Aq if (x, t) = (X
D,+
k , T
D,+
k ) (or (X
D,−
k , T
D,−
k ))
for some k ≤ q with TD,+k (or T
D,+
k ) in (Tq , Tq+1). We then put
{(X0q , T
0
q ), . . . , (X
Nq+1
q , T
Nq+1
q )} = Aq ∪ {(Xq, Tq), (Xq+1, Tq+1)}
ordered chronologically (thus (Xq, Tq) = (X
0
q , T
0
q ) and (Xq+1, Tq+1) = (X
Nq+1
q , T
Nq+1
q )).
We recall that if ZTl−(Xl) = 1, for some l ∈ {1, . . . , n}, on ΩM (α), we have by construction,
• TD,+l ∧ T
D,−
l ≥ Tl + 3α;
• ZTl−(y) = 1 for all y ∈ (Xl − 3α/p ,Xl + 3α/p);
• FTl(y)(y) = 1 and H˜Tl(y)−(y) = 0 for all y ∈ (X
D,−
l , X
D,+
l );
• for all t ∈ [Tl , T
D,+
l − 3α] and all y ∈ (X
+
l (t) , X
+
l (t) + 3α/p), H˜t(y) = 0 (similar thing for
X−l (t));
• for all t ∈ [TD,+l − 3α , T
D,+
l ) and all y ∈ (X
+
l (t) , X
+
l (t) + (T
D,+
l − t)/p), Zt(y) = 1 (similar
thing for X−l (t)).
Recall that on ΩM (α), for all k ∈ J0 , NqK,
T k+1q − T
k
q > 3α.
We decompose the proof in four stages.
− Stage 0. We deduce, on Ω(α, γ, λ, π), the last time that a site has been burned.
− Stage 1. We prove that on Ω(α, γ, λ, π), Ωλ,piTq implies Ω
λ,pi
Tq+4vλ,pi
.
− Stage 2. We prove that on Ω(α, γ, λ, π), for 0 ≤ k < Nq, Ω
λ,pi
Tkq +4vλ,pi
implies Ωλ,pi
Tk+1q +4vλ,pi
.
− Stage 3. We prove that on Ω(α, γ, λ, π), Ωλ,pi
T
Nq
q +4vλ,pi
implies Ωλ,piTq+1 , which is the goal.
In the whole proof, we repeatedly use the following estimates. For k ∈ {1, . . . , n} and t ≥ Tk,
there holds that, recall (8.1), (8.2) and (8.3),
J⌊nλXk⌋+ ⌊aλπ(t− Tk − ελ)⌋ , ⌊nλXk⌋+ ⌊aλπ(t− Tk + ελ)⌋K ⊂ 〈X
+
k (t)〉λ,pi (8.23)
which is the possible location of the right front of the fire k at time aλt, recall Lemma 4.2,
J⌊nλXk⌋+ ⌊aλπ(t− vλ,pi − Tk − ελ)⌋ , ⌊nλXk⌋+ ⌊aλπ(t− vλ,pi − Tk + ελ)⌋K
⊂ J⌊nλX
+
k (t)⌋ −mλ − 2kλ,pi , ⌊nλX
+
k (t)⌋ −mλK (8.24)
which is the possible location of the right front of the fire k at time aλ(t− vλ,pi),
J⌊nλXk⌋+ ⌊aλπ(t+ vλ,pi − Tk − ελ)⌋ , ⌊nλXk⌋+ ⌊aλπ(t+ vλ,pi − Tk + ελ)⌋K
⊂ J⌊nλX
+
k (t)⌋+mλ , ⌊nλX
+
k (t)⌋+mλ + 2kλ,piK (8.25)
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which is the possible location of the right front of the fire k at time aλ(t+ vλ,pi).
For k ∈ {1, . . . , n} and t ≥ Tk there also holds true that
⌊nλXk⌋+ ⌊aλπ(t− eλ,pi − Tk + ελ)⌋ ≤ ⌊nλX
+
k (t)⌋ (8.26)
and
⌊nλXk⌋+ ⌊aλπ(t− 4vλ,pi − Tk + ελ)⌋ ≤ ⌊nλX
+
k (t)⌋ −mλ − 3kλ,pi, (8.27)
⌊nλXk⌋+ ⌊aλπ(t+ 4vλ,pi − Tk − ελ)⌋ ≥ ⌊nλX
+
k (t)⌋+mλ + 3kλ,pi. (8.28)
Very similar estimations of course hold for X−k (t).
Finally, for all i ∈ IλA and all k ∈ {1, . . . , n}, there holds that[
Tk +
|i− ⌊nλx⌋|
aλπ
− ελ, Tk +
|i− ⌊nλx⌋|
aλπ
+ ελ
]
⊂
[
Tk
(
i
nλ
)
− eλ,pi, Tk
(
i
nλ
)
+ eλ,pi
]
(8.29)
which has to be seen as the time interval where a tree may be burn due to the fire k.
STAGE 0.
In this Stage we fix some s0 ∈ [0 , T ] and work on Ω(α, γ, λ, π) ∩ Ωλ,pis0 . We deduce an estimate of
the last time that a given site has been burned.
Lemma 8.5. Let s0 ∈ [0 , T ] and q0 such that s0 ∈ [Tq0 , Tq0+1). On Ω(α, γ, λ, π) ∩ Ω
λ,pi
s0 , for
all (i, t) ∈ IλA × [0 , s0] such that i 6∈
⋃
x∈χt〈x〉λ,pi ∪
⋃
1≤k≤q0
(
[XD,+k ]λ,pi ∪ [X
D,−
k ]λ,pi
)
,
1. τt(i/nλ) = 0 if and only if ρ
λ,pi
t (i) = 0;
2. if τt(i/nλ) = Tk(i/nλ), for some k ∈ {1, . . . , q0}, then
ρλ,pit (i) ∈
[
Tk +
|i− ⌊nλXk⌋|
aλπ
− ελ, Tk +
|i− ⌊nλXk⌋|
aλπ
+ ελ
]
.
Observe that for (i, t) be as in the statement, in the two cases, there holds that, using (8.29),∣∣∣ρλ,pit (i)− τt(i/nλ)∣∣∣ ≤ eλ,pi.
For t ∈ [0 , s0] and x ∈ (−A ,A) in such a way that [x]λ,pi ∩ [y]λ,pi = ∅ for all y ∈ χt ∪ BDM , if
τt(x) = Tl(x), for some l ∈ {1, . . . , n}, then by construction τt(i/nλ) = Tl(i/nλ) for all i ∈ [x]λ,pi .
Thus, using (8.24) and (8.25), Lemma 8.5 implies that for all i ∈ (x)λ,∣∣∣ρλ,pit (i)− τt(x)∣∣∣ ≤ vλ,pi
whence, using (8.27) and (8.28), for all i ∈ [x]λ,pi , there holds that∣∣∣ρλ,pit (i)− τt(x)∣∣∣ ≤ 4vλ,pi.
Proof. Let s0 ∈ [0 , T ] and q0 such that s0 ∈ [Tq0 , Tq0+1).
Step 1. The key of the proof is the observation that if a site i ∈ IλA is burning at time aλt ≤ aλs0
then there exists k ∈ {1, . . . , q0} such that ζ
λ,pi,k
aλ(t−Tk)(i − ⌊nλXk⌋) = 2 (a burning tree in the
(λ, π,A)−FFP corresponds to a burning tree in some propagation process).
Indeed, assume that a match falls on ⌊nλXk⌋ at time aλTk ≤ aλt. Recall that the propa-
gation process ignited at (Xk, Tk) is defined using the seed processes (N
S,λ,pi
t (i))t≥0,i∈Z and the
propagation processes (NP,λ,pit (i))t≥0,i∈Z. Thus, with our coupling, the right front of the fire in the
propagation process (ζλ,pi,kt (i))t≥0,i∈Z at some time aλs is i
k,+
aλs whence the (hypothetical) right front
of the (λ, π,A)−FFP at time aλ(s+ Tk) is ⌊nλXk⌋+ i
k,+
aλs. Recall that a spark in the propagation
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process (ζλ,pi,kt (i))t≥0,i∈Z corresponds to a site i ∈ Z where a seed has fallen between the instant
at which i propagates for the first time and the instant at which i + 1 if i ≥ 0 or i − 1 if i ≤ 0
propagates for the first time. On ΩP,Tλ,pi (Xk, Tk), such a spark has vacant neighbors. Thus, with our
coupling, the site ⌊nλXk⌋+ i is a spark in the (λ, π)−FFP (that is a burning tree which is not a
front of a fire) if the site i is a spark in the propagation process. Such a spark in the (λ, π,A)−FFP
has inevitably vacant neighbors.
Step 2. By Step 1, Lemma 4.2 and (8.23), we deduce that a burning tree at time aλt in the
(λ, π,A)−FFP necessarily belongs to
J⌊nλXk⌋+ ⌊aλπ(t− Tk − ελ)⌋ , ⌊nλXk⌋+ ⌊aλπ(t− Tk + ελ)⌋K ⊂ 〈X
+
k (t)〉λ,pi
or to
J⌊nλXk⌋ − ⌊aλπ(t− Tk + ελ)⌋ , ⌊nλXk⌋ − ⌊aλπ(t− Tk − ελ)⌋K ⊂ 〈X
−
k (t)〉λ,pi
for some k ∈ {1, . . . , q0} such that Tk ≤ t.
Conversely, if a site i ∈ IλA is burning at time aλt ≤ aλs0 then there is k ∈ {1, . . . , n} such that,
recalling (8.29),
t ∈
[
Tk +
|i− ⌊nλXk⌋|
aλπ
− ελ, Tk +
|i− ⌊nλXk⌋|
aλπ
+ ελ
]
⊂
(
Tk
(
i
nλ
)
− eλ,pi, Tk
(
i
nλ
)
+ eλ,pi
)
.
Step 3. Next, we observe that if a site j is burning at some time aλu ≤ aλs0, then there
is k ∈ {1, . . . , q0} such that u ∈ [Tk + (T kj−⌊nλXk⌋/aλ) , Tk +
|j−⌊nλXk⌋|
aλpi
+ ελ] and for all s ∈
[Tk , Tk + (T
k
j−⌊nλXk⌋/aλ)] we have
ηλ,pi
aλs
(⌊nλXk⌋+ i
k,+
aλ(s−Tk)) = 2
if j ≥ ⌊nλXk⌋ while if j ≤ ⌊nλXk⌋, we have
ηλ,pi
aλs
(⌊nλXk⌋+ i
k,−
aλ(s−Tk)) = 2.
Indeed, by construction, a fire starting on ⌊nλXk⌋ at time aλTk, for some k ∈ {1, . . . , q0}, does
not affect the site j before aλTk+T
k
j−⌊nλXk⌋ and by Ω
P,T
λ,pi (Xk, Tk), as been checked on Step 1, does
not affect the site j after aλTk +
|j−⌊nλXk⌋|
pi + aλελ.
Assume e.g. that j ≥ ⌊nλXk⌋ and that there is s ∈ [Tk , Tk + (T kj−⌊nλXk⌋/aλ)) such that
ηλ,piaλs(⌊nλXk⌋ + i
k,+
aλ(s−Tk)) = 0: the right front reaches a vacant site. Since sparks has vacant
neighbors, the right front can not propagate more and is stopped (after a while, thanks to our
coupling). Hence, the right front cannot reach j.
Step 4. Here we prove that for i and t be as in the statement and if τt(i/nλ) = Tk(i/nλ) > 0, for
some k ∈ {1, . . . , q0}, then i is not affected (in the discrete process) by any fire during the time
interval [aλ(Tk +
|i−⌊nλXk⌋|
aλpi
+ ελ) ,aλt].
Assume e.g. that i/nλ = X
+
k (Tk(i/nλ)) ∈ χ
+
Tk(i/nλ)
. We have i/nλ ≤ X
D,+
k and Tk(i/nλ) ≤
TD,+k whence ⌊nλXk⌋ ≤ i ≤ ⌊nλX
D,+
k ⌋−mλ−2kλ,pi (because i 6∈ [X
D,+
k ]λ,pi) and Tk(i/nλ)+vλ,pi ≤
TD,+k (thanks to (8.24)).
So that there is u0 ∈ [Tk +
|i−⌊nλXk⌋|
aλpi
+ ελ , t] such that the site i is burning at time aλu0, it is
necessary that there is l 6= k such that u0 ∈ [Tl +
|i−⌊nλXl⌋|
aλpi
− ελ , Tl +
|i−⌊nλXl⌋|
aλpi
+ ελ], recall Step
3, with
ηλ,pi
aλTl+T lj−⌊nλXl⌋
(j) = 2 for all j ∈ J⌊nλXl⌋ , iK
if i ≥ ⌊nλXk⌋, or
ηλ,pi
aλTl+T lj−⌊nλXl⌋
(j) = 2 for all j ∈ Ji , ⌊nλXl⌋K
if i ≤ ⌊nλXk⌋.
If i/nλ = X
+
l (Tl(i/nλ)), then i ≥ ⌊nλX
D,+
l ⌋ +mλ + 2kλ,pi whence Tl(i/nλ) ≥ T
D,+
l + vλ,pi ,
thanks to (8.25). Indeed
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(a) if t ∈ [Tl+
i−⌊nλXl⌋
aλpi
− ελ , Tl+
i−⌊nλXl⌋
aλpi
+ ελ], then i ∈ 〈X
+
l (t)〉λ,pi . Since i 6∈
⋃
x∈χt〈x〉λ,pi , we
deduce that X+l (t) 6∈ χ
+
t whence T
D,+
l ≤ t. But i 6∈ [X
D,+
l ]λ,pi, thus T
D,+
l < t− vλ,pi , recall
(8.25), and i ≥ ⌊nλX
D,+
l ⌋+mλ + 2kλ,pi;
(b) if t ≥ Tl+
i−⌊nλXl⌋
aλpi
+ελ ≥ Tk+
i−⌊nλXk⌋
aλpi
+ελ and i ≤ ⌊nλX
D,+
l ⌋−mλ−2kλ,pi, using Ω
λ,pi
t , we
deduce that Tl(i/nλ) + eλ,pi ≤ t and Tl(i/nλ) + vλ,pi ≤ T
D,+
l , recall (8.23) and (8.24). Thus,
FTl(i/nλ)(i/nλ) = 1. But by construction there holds that |Tl(i/nλ)−Tk(i/nλ)| ≥ 3α, thanks
to ΩM (α), whence Tl(i/nλ) ≥ Tk(i/nλ) + 3α, a contradiction since τt(i/nλ) = Tk(i/nλ).
Thus, i ≥ ⌊nλX
D,+
l ⌋+mλ + 2kλ,pi, as desired.
If i/nλ = X
−
l (Tl(i/nλ)), then i ≤ ⌊nλX
D,−
l ⌋ −mλ − 2kλ,pi whence Tl(i/nλ) ≥ T
D,−
l + vλ,pi ,
thanks to (8.25). Indeed
(a’) if t ∈ [Tl +
⌊nλXl⌋−i
aλpi
− ελ , Tl +
⌊nλXl⌋−i
aλpi
+ ελ], we conclude as in case (a) above that T
D,−
l ≤
t− vλ,pi and i ≤ ⌊nλX
D,−
l ⌋ −mλ − 2kλ,pi;
(b’) if t ≥ Tl +
⌊nλXl⌋−i
aλpi
+ ελ ≥ Tk +
i−⌊nλXk⌋
aλpi
+ ελ and i ≥ ⌊nλX
D,−
l ⌋ +mλ + 2kλ,pi, using
Ωλ,pit , we deduce that Tl(i/nλ) + eλ,pi ≤ t and Tl(i/nλ) + vλ,pi ≤ T
D,−
l , thanks to (8.23) and
(8.24). Thus, FTl(i/nλ)(i/nλ) = 1 and ZTl(i/nλ)−(i/nλ) = 1 whence Tl(i/nλ) ≥ Tk(i/nλ) + 1,
a contradiction since τt(i/nλ) = Tk(i/nλ). Thus i ≤ ⌊nλX
D,−
l ⌋ −mλ − 2kλ,pi, as desired.
Using Ωλ,pit , we deduce that
• if i/nλ = X
+
l (Tl(i/nλ)), there is s ∈ [T
D,+
l − vλ,pi , T
D,+
l + vλ,pi] such that η
λ,pi
aλs(⌊nλXl⌋ +
il,+
aλ(s−Tl)) = 0 whence η
λ,pi
aλTl+T lj−⌊nλXl⌋
(j) = 0 for some j ∈ [XD,+l ]λ,pi, thanks to (8.24) and
(8.25);
• if i/nλ = X
−
l (Tl(i/nλ)), there is s ∈ [T
D,−
l − vλ,pi , T
D,−
l + vλ,pi] such that η
λ,pi
aλs(⌊nλXl⌋ +
il,−
aλ(s−Tl)) = 0 whence η
λ,pi
aλTl+T lj−⌊nλXl⌋
(j) = 0 for some j ∈ [XD,−l ]λ,pi, thanks to (8.24) and
(8.25).
Thus, the site i can not be burned during the time interval [Tk +
|i−⌊nλXk⌋|
aλpi
+ ελ , t].
Step 5. Here we prove that for i and t be as in the statement, if τt(i/nλ) = Tk(i/nλ) > 0 for some
k ∈ {1, . . . , n}, then ηλ,pi
aλTk+Tki−⌊nλXk⌋
(i) = 2.
Indeed, assume for example that i/nλ = X
+
k (Tk(i/nλ)), for some k ∈ {1, . . . , n}. By construc-
tion, there holds that i/nλ ≤ X
D,+
k and i/nλ ≤ X
+
k (s0) whence ⌊nλXk⌋ ≤ i ≤ ⌊nλX
D,+
k ⌋ −mλ −
2kλ,pi (because i 6∈ [X
D,+
k ]λ,pi) and ⌊nλXk⌋ ≤ i ≤ ⌊nλX
+
k (s0)⌋ − kλ,pi (because if s0 ≤ T
D,+
k then
i 6∈ 〈X+k (s0)〉λ,pi and if s0 > T
D,+
k then ⌊nλX
+
k (s0)⌋ − kλ,pi ≥ ⌊nλX
D,+
k ⌋ − mλ − 2kλ,pi). We
distinguish two cases.
• If s0 ≥ T
D,+
k − vλ,pi , then by Ω
λ,pi
s0 , we deduce that η
λ,pi
aλs(⌊nλXk⌋ + i
k,+
aλ(s−Tk)) = 2 for all
s ∈ [Tk , T
D,+
k − vλ,pi]. This also implies, thanks to (8.24), that η
λ,pi
aλTk+Tkj−⌊nλXk⌋
(j) = 2 for
all j ∈ J⌊nλXk⌋ , ⌊nλX
D,+
k ⌋ −mλ − 2kλ,piK. It especially holds for i, thanks to the previous
observation.
• If s0 < T
D,+
k − vλ,pi, we deduce, by Ω
P,T (λ, π), (8.23) and the previous observation, that
⌊nλXk⌋ ≤ i ≤ ⌊nλX
+
k (s0)⌋ − kλ,pi ≤ ⌊nλXk⌋+ ⌊aλπ(s0 − Tk − ελ)⌋ ≤ ⌊nλXk⌋+ i
k,+
aλ(s0−Tk).
(8.30)
Finally, by Ωλ,pis0 , we have η
λ,pi
aλu(⌊nλXk⌋+ i
k,+
aλ(u−Tk)) = 2 for all u ∈ [Tk , s0] which implies the
claim.
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Step 6. We now conclude in the case τt(i/nλ) = Tk(i/nλ) > 0. By Step 4, we deduce that
ρλ,pit (i) ≤ Tk +
|i− ⌊nλXk⌋|
aλπ
+ ελ.
By Step 5, we deduce that ρλ,pit (i) ≥ Tk + T
k
i−⌊nλXk⌋|/aλ and conclude using Ω
P,T (λ, π) that
ρλ,pit (i) ≥ Tk +
|i− ⌊nλXk⌋|
aλπ
− ελ.
Step 7. Finally, if τt(i/nλ) = 0, we conclude, using similar argument as in Step 4 (recall that i 6∈⋃
1≤k≤q0
(
[XD,+k ]λ,pi ∪ [X
D,−
k ]λ,pi
)
), that no fire can affect the site i until aλt and thus ρ
λ,pi
t (i) = 0.
Conversely, if ρλ,pit (i) = 0, then for all l ∈ {1, . . . , n} such that Tl(i/nλ) < t, we necessarily have
FTl(i/nλ)(i/nλ) = 0 (else, applying Ω
λ,pi
t , one should have η
λ,pi
aλTl+T li−⌊nλXl⌋
(i) = 2). This concludes
the proof.
STAGE 1.
The aim of this stage is to prove that on Ω(α, γ, λ, π), Ωλ,piTq implies Ω
λ,pi
Tq+4vλ,pi
.
Observe that for all i ∈ IλA \ {⌊nλXq⌋},
ηλ,pi
aλTq
(i) = ηλ,pi
aλTq−(i)
while
ηλ,pi
aλTq
(⌊nλXq⌋) = 21{ηλ,pi
aλTq−
(⌊nλXq⌋)=1}.
First, we situate the burning trees at time aλTq for the (λ, π,A)−FFP.
Lemma 8.6. We work on Ωλ,piTq ∩ Ω(α, γ, λ, π).
1. At time aλTq, a burning tree which is not located at ⌊nλXq⌋ necessarily belongs to 〈x〉λ,pi, for
some x ∈ χ+Tq ∪ χ
−
Tq
⊂ B1M,q, and is either at ⌊nλXk⌋+ i
k,+
aλ(Tq−Tk) or at ⌊nλXk⌋+ i
k,−
aλ(Tq−Tk),
for some k < q, or has vacant neighbors.
2. If X+k (Tq) = Xk +
Tq−Tk
p ∈ χ
+
Tq
for some k < q, then ηλ,pi
aλTq
(⌊nλXk⌋ + i
k,+
aλ(Tq−Tk)) = 2 and
ηλ,pi
aλTq
(i) = 1 for all i ∈ J⌊nλXk⌋+ i
k,+
aλ(Tq−Tk) + 1 , ⌊nλ(Xk + 2α/p)⌋K.
3. If X−k (Tq) = Xk −
Tq−Tk
p ∈ χ
−
Tq
for some k < q, then ηλ,pi
aλTq
(⌊nλXk⌋ + i
k,−
aλ(Tq−Tk)) = 2 and
ηλ,pi
aλTq
(i) = 1 for all i ∈ J⌊nλ(Xk − 2α/p)⌋ , ⌊nλXk⌋+ i
k,+
aλ(Tq−Tk) − 1K.
Proof. First, observe that, by ΩM (α), |x− y| > 3α/p for all x, y ∈ B1M,q ∪ B
D
M with x 6= y. Hence,
for all x ∈ B1M,q, there is a unique k < q such that x = X
+
k (Tq) or x = X
−
k (Tq).
In the whole proof, we work on Ω(α, γ, λ, π) ∩ Ωλ,piTq .
Step 1. We first prove 1. As claimed in Step 2 in the proof of Lemma 8.5, due to ΩP,T (λ, π), if a
tree burns at time aλTq in the (λ, π,A)−FFP, it necessarily belongs to 〈X
+
k (Tq)〉λ,pi or 〈X
−
k (Tq)〉λ,pi
for some k < q and is either ⌊nλXk⌋+ i
k,+
aλ(Tq−Tk) or ⌊nλXk⌋+ i
k,−
aλ(Tq−Tk), or has vacant neighbors.
It remains to prove that if x ∈ B1M,q \ (χ
+
Tq
∪χ−Tq), then there is no burning tree in 〈x〉λ,pi at time
aλTq. We assume e.g. that x = X
+
k (Tq) for some k < q. Since x 6∈ χ
+
Tq
, there holds that TD,+k ≤ Tq
whence TD,+k ≤ Tq − 3α and x ≥ X
D,+
k + 3α/p, due to ΩM (α). We deduce, by Ω
λ,pi
Tq
, that there
is s ∈ [TD,+k − vλ,pi , T
D,+
k + vλ,pi ] such that η
λ,pi
aλs(⌊nλXk⌋+ i
k,+
aλ(s−Tk)) = 0 whence as usual (using
(8.24) and (8.25)) that there is j ∈ [XD,+k ]λ,pi such that η
λ,pi
aλTk+Tkj−⌊nλXk⌋
(j) = 0. Since k is unique,
we conclude, using same arguments as in Step 3 in the proof of Lemma 8.5, that there can not be
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burning tree in 〈x〉λ,pi at time aλTq (because the right front has been stopped in [X
D,+
k ]λ,pi and
⌊nλx⌋ − kλ,pi ≥ ⌊X
D,+
k ⌋+mλ + 2kλ,pi).
Step 2. We next prove 2. Let k < q. We set x := X+k (Tq) ∈ B
1
M,q. Since x 6∈ B
D
m, we have
TD,+k > Tq > Tk whence, by ΩM (α), T
D,+
k > Tq + 3α > Tk + 6α. Recall that, since ZTq−(x) = 1,
there holds that Tq − τTq−(x) ≥ 1 whence Tq − τTq−(x) ≥ 1 + 3α, thanks to ΩM (α). We deduce
that ZTq−(y) = 1 and Tq − τTq−(y) ≥ 1 + α for all y ∈ [x , x + 2α/p]. We set τTq−(x) = Tl(x), for
some l ∈ {0, . . . , q − 1}.
Let us fix i ∈ J⌊nλx⌋ + kλ,pi + 1 , ⌊nλ(x + 2α/p)⌋K. Observing that i 6∈
⋃
x∈χTq 〈x〉λ,pi ∪⋃
1≤k≤q
(
[XD,+k ]λ,pi ∪ [X
D,−
k ]λ,pi
)
, we deduce from Lemma 8.5 and by (8.29) that ρλ,piTq−(i) ≤ τTq−(i/nλ)+
eλ,pi whence
ρλ,piTq−(i) ≤ Tq − 1− α+ eλ,pi.
We conclude using ΩS3 (λ, π) that i is occupied at time aλTq.
Let now i ∈ J⌊nλXk⌋+ i
k,+
aλ(Tq−Tk) +1 , ⌊nλx⌋+ kλ,piK. The site i has not (yet) been affected by
the fire k. Observe that if ρλ,piTq−(i) = 0, since Tq ≥ 1, we deduce by Ω
S
3 (λ, π) that i is occupied at
time aλTq. If ρ
λ,pi
Tq
(i) > 0, by ΩP,T (λ, π), we necessarily have ρλ,piTq (i) ∈ [Tl +
|i−⌊nλXl⌋|
aλpi
− ελ , Tl +
|i−⌊nλXl⌋|
aλpi
+ ελ]. We deduce as above that
ρλ,piTq (i) ≤ Tl(i/nλ) + eλ,pi ≤ Tq − 1− α+ eλ,pi
and conclude using using ΩS3 (λ, π) that i is occupied at time aλTq.
Step 3. Finally, point 3 is proved exactly as Point 2.
We finally examine the (λ, π,A)−FFP around ⌊nλXq⌋ at time aλTq.
Lemma 8.7. We work on Ω(α, γ, λ, π) ∩ Ωλ,piTq .
1. If ZTq−(Xq) < 1 then there are j1, j2 ∈ (Xq)λ such that j1 < ⌊nλXq⌋ < j2 and η
λ,pi
aλs(j1) =
ηλ,piaλs(j2) = 0 for all s ∈ [Tq , Tq + κ
0
λ,pi].
2. If ZTq−(Xq) = 1 then η
λ,pi
aλTq−(i) = 1 for all i ∈ J⌊nλ(Xq − 2α/p)⌋ , ⌊nλ(Xq + 2α/p)⌋K.
Proof. First observe that |x − Xq| > 3α/p for all y ∈ B
1
M,q ∪ B
D
m whence FTq−(y) = 0 for all
y ∈ (Xq−3α/p ,Xq+3α/p). We deduce, by Lemma 8.6, that there is no burning tree in J⌊nλ(Xq−
2α/p)⌋ , ⌊nλ(Xq + 2α/p)⌋K at time aλTq− in the (λ, π,A)−FFP. We distinguish two cases.
Step 1. We first study the case τTq−(Xq) > 0. By construction, recalling (8.17) and since no
match has fallen in Xq during [0 , Tq), there is a unique k < q such that τTq−(y) = Tk(y) for all
y ∈ (Xq − 3α/p ,Xq + 3α/p).
If ZTq−(Xq) < 1, then ZTq−(Xq) = Tq − τTq−(Xq) < 1 whence Tq − τTq−(Xq) < 1− 3α, thanks to
ΩM (α). Recall that for i ∈ (Xq)λ, seeds fall according to (N
S,q
t (i− ⌊nλXq⌋))t≥0.
By Lemma 8.5, for all i ∈ (Xq)λ,
ρλ,piTq−(i) ∈ [Tk +
|i− ⌊nλXk⌋|
aλπ
− ελ , Tk +
|i− ⌊nλXk⌋|
aλπ
+ ελ]
⊂ (τTq−(Xq)− vλ,pi , τTq−(Xq) + vλ,pi).
Since we work on ΩS2 (λ, π) and since Tq, τTq−(Xq) ∈ BM ∪ B
1
M,q, there are some −mλ <
i1 < 0 < i2 < mλ such that no seed has fallen on i1 and on i2 during [aλ(τTq−(Xq) −
4vλ,pi) ,aλ(Tq+4vλ,pi)] ⊃ [aλTq ,aλ(Tq+κ0λ,pi)]. All this implies that i1 and i2 remain vacant
during (at least) the time interval [aλTq ,aλ(Tq + κ
0
λ,pi)].
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If ZTq−(Xq) = 1, then Tq−τTq−(Xq) ≥ 1 whence Tq−τTq−(Xq) > 1+3α and Tq−τTq−(y) > 1+α
for all y ∈ (x− 2α/p , x+ 2α/p), thanks to ΩM (α).
By Lemma 8.5, for all i ∈ J⌊nλ(Xq − 2α/p)⌋ , ⌊nλ(Xq + 2α/p)⌋K, we deduce
ρλ,piTq−(i) ∈ [Tk(i/nλ)− eλ,pi , Tk(i/nλ) + eλ,pi].
Since we work on ΩS3 (λ, π), at least one seed has fallen on each site during [aλ(Tk(i/nλ) +
eλ,pi) ,aλ(Tk(i/nλ) + 1 + eλ,pi)] ⊂ [aλ(Tk(i/nλ) + eλ,pi) ,aλTq). Since, by definition, i can-
not been affected by a fire during (ρλ,piTq−(i) ,aλTq), we deduce that the zone J⌊nλ(Xq −
2α/p)⌋ , ⌊nλ(Xq + 2α/p)⌋K is completely filled at time aλTq−.
Step 2. Here we study the case τTq−(Xq) = 0. By ΩM (α), we have τTq−(y) = 0 for all y ∈
(Xq − 3α/p ,Xq + 3α/p).
If ZTq−(Xq) < 1, then ZTq(Xq) = Tq < 1 whence Tq < 1 − 3α. Since we still work on Ω
S
2 (λ, π),
there are some −mλ < i1 < 0 < i2 <mλ such that no seed has fallen on i1 and on i2 during
[0 ,aλ(Tq+4vλ,pi)] ⊃ [0 ,aλ(Tq+κ0λ,pi)]. Since we start with a vacant initial configuration, we
deduce that i1 and i2 remain vacant during (at least) the time interval [aλTq ,aλ(Tq + κ
0
λ,pi)].
If ZTq−(Xq) = 1, then Tq > 1 whence Tq > 1 + 3α. By Lemma 8.5 we deduce that ρ
λ,pi
Tq−(i) = 0
for all i ∈ J⌊nλ(Xq − 2α/p)⌋ , ⌊nλ(Xq + 2α/p)⌋K and thus
ηλ,pi
aλTq−(i) = min(N
S,λ,pi
aλTq−(i), 1).
Since we work on ΩS3 (λ, π), at least one seed has fallen on each site during [0 ,aλ] ⊂ [0 ,aλTq].
All this implies that the zone J⌊nλ(Xq − 2α/p)⌋ , ⌊nλ(Xq + 2α/p)⌋K is completely filled at
time aλTq−.
The following corollary completes Stage 1.
Corollary 8.8. On Ω(α, γ, λ, π), Ωλ,piTq implies Ω
λ,pi
Tq+4vλ,pi
.
Proof. Let k < q such that TD,+k ∈ (Tq , Tq+1). By ΩM (α), we have Tq + 3α < T
D,+
k whence
Tq +4vλ,pi < T
D,+
k −vλ,pi . Thus, no fire extinguishes during [Tq , Tq +4vλ,pi] (in the limit process).
Hence, we have to prove that
• if X+k (Tq) ∈ χ
+
Tq
, for some k ≤ q, then ηλ,piaλt(⌊nλXk⌋+i
k,+
aλ(t−Tk)) = 2 for all t ∈ [Tq , Tq+4vλ,pi];
• if X−k (Tq) ∈ χ
−
Tq
, for some k ≤ q, then ηλ,piaλt(⌊nλXk⌋+i
k,−
aλ(t−Tk)) = 2 for all t ∈ [Tq , Tq+4vλ,pi];
• if ZTq−(Xq) < 1, then the left and right fronts of the fire ignited at (Xq, Tq) are stopped
during the time interval [aλTq ,aλ(Tq + vλ,pi)].
Observe that, on ΩP,T (λ, π) there a.s. holds that, for all k ≤ q,
0 ≤ ik,+
aλ(Tq+4vλ,pi−Tk) − i
k,+
aλ(Tq−Tk) ≤ 4(mλ + 2kλ,pi) ≤ ⌊nλα/p⌋
and
−⌊nλα/p⌋ ≤ −4(mλ + 2kλ,pi) ≤ i
k,−
aλ(Tq+4vλ,pi−Tk) − i
k,−
aλ(Tq−Tk) ≤ 0.
All this implies that a front of a fire at time aλTq, which belong to 〈x〉λ,pi for some x ∈
B1M,q ∪ {nλXq}, can not affect the zone outside J⌊nλ(x − α/p)⌋ , ⌊nλ(x + α/p)⌋K during the time
interval [aλTq ,aλ(Tq + 4vλ,pi)].
Step 1. Here we prove that for k ≤ q such that x := X+k (Tq) ∈ χ
+
Tq
then ηλ,piaλt(⌊nλXk⌋+i
k,+
aλ(t−Tk)) =
2 for all t ∈ [Tq , Tq + 4vλ,pi].
Indeed, by Lemma 8.6-2 if k < q or by Lemma 8.7-2 if k = q, there holds that
ηλ,pi
aλTq
(⌊nλXk⌋+ i
k,+
aλ(Tq−Tk)) = 2
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and
ηλ,pi
aλTq
(i) = 1 for all i ∈ J⌊nλXk⌋+ i
k,+
aλ(Tq−Tk) + 1 , ⌊nλ(x+ 2α/p)⌋K.
But by the previous consideration, no fire, except this one, can affect the zone J⌊nλXk⌋+i
k,+
aλ(Tq−Tk)+
1 , ⌊nλ(x + α/p)⌋K during [aλTq ,aλ(Tq + 4vλ,pi)] and conversely, this fire can not affect the zone
outside J⌊nλ(x− α/p)⌋ , ⌊nλ(x+ α/p)⌋K. Hence, the right front of the fire k is not stopped during
the time interval [aλTq ,aλ(Tq + 4vλ,pi)], as desired.
Step 2. Let k ≤ q, if x := X−k (Tq) ∈ χ
−
Tq
then ηλ,piaλt(⌊nλXk⌋ + i
k,−
aλ(t−Tk)) = 2 for all t ∈ [Tq , Tq +
4vλ,pi]. This can be shown using similar arguments as in Step 1 above.
Step 3. If ZTq−(Xq) < 1, we have Tq = T
D,+
q = T
D,−
q . By Lemma 8.7-1, we deduce that there
are j1, j2 ∈ (Xq)λ such that j1 < ⌊nλXq⌋ < j2 and
ηλ,pi
aλs
(j1) = η
λ,pi
aλs
(j2) = 0 for all s ∈ [Tq , Tq + κ
0
λ,pi].
Hence, on ΩP,Tλ,pi (Xq, Tq), η
λ,pi
aλTq+T
q
j1−⌊nλXq⌋
(⌊nλXq⌋+i
q,−
T q
j1−⌊nλXq⌋
) = 0 because Tq+T
q
j1−⌊nλXq⌋/aλ ≤
Tq+κ
0
λ,pi and η
λ,pi
aλTq+T
q
j2−⌊nλXq⌋
(⌊nλXq⌋+ i
q,+
T q
j1−⌊nλXq⌋
) = 0 because Tq+T
q
j2−⌊nλXq⌋/aλ ≤ Tq+κ
0
λ,pi,
as desired.
STAGE 2.
In this Stage, we assume that Aq 6= ∅ and we fix k ∈ J0 , Nq − 1K. We work on Ω(α, γ, λ, π) ∩
Ωλ,pi
Tkq +4vλ,pi
and prove that ΩTk+1q +4vλ,pi a.s. holds. We repeatedly use the fact that no match falls
in [−A ,A] during the time interval [T kq + 4vλ,pi , T
k+1
q + α]. Observe that, for all i ∈ I
λ
A,
ηλ,pi
aλ(Tkq +4vλ,pi)−(i) = η
λ,pi
aλ(Tkq +4vλ,pi)
(i).
We first examine the position of the burning trees of the (λ, π,A)−FFP at time aλ(T kq +4vλ,pi).
Lemma 8.9. We work on Ω(α, γ, λ, π) ∩ Ωλ,pi
Tkq +4vλ,pi
.
1. At time aλ(T
k
q +4vλ,pi), a burning tree necessarily belongs to 〈x〉λ,pi, for some x ∈ χ
+
Tkq +4vλ,pi
∪
χ−
Tkq +4vλ,pi
, and is either ⌊nλXl⌋ + i
l,+
aλ(Tkq +4vλ,pi−Tl) or ⌊nλXl⌋ + i
l,−
aλ(Tkq +4vλ,pi−Tl), for some
l ≤ q, or has vacant neighbors.
2. If X+l (T
k
q +4vλ,pi) ∈ χ
+
Tkq +4vλ,pi
for some l ≤ q, then ηλ,pi
aλTkq +4vλ,pi
(⌊nλXl⌋+i
l,+
aλ(Tkq +4vλ,pi−Tl)) =
2 and ηλ,pi
aλTkq +4vλ,pi
(i) = 1 for all i ∈ J⌊nλXl⌋ + i
l,+
aλ(Tkq +4vλ,pi−Tl) + 1 , ⌊nλ(X
+
l (T
k
q + 4vλ,pi) +
2α/p)⌋K.
3. If X−l (T
k
q +4vλ,pi) ∈ χ
−
Tkq +4vλ,pi
for some l ≤ q, then ηλ,pi
aλTkq +4vλ,pi
(⌊nλXl⌋+i
l,−
aλ(Tkq +4vλ,pi−Tl)) =
2 and ηλ,pi
aλTkq +4vλ,pi
(i) = 1 for all i ∈ J⌊nλ(X
−
l (T
k
q +4vλ,pi)−2α/p)⌋ , ⌊nλXl⌋+i
l,−
aλ(Tkq +4vλ,pi−Tl)−
1K.
Proof. The proof is very similar to the proof of Lemma 8.6.
Indeed, we prove point 1 using ΩP,T (λ, π) (as in the proof of Lemma 8.5) which implies that
a burning tree necessarily belongs to 〈X+l (T
k
q + 4vλ,pi)〉λ,pi or 〈X
−
l (T
k
q + 4vλ,pi)〉λ,pi for some l ≤ q
and is either ⌊nλXl⌋ + i
l,+
aλ(Tkq +4vλ,pi−Tl) or ⌊nλXl⌋ + i
l,−
aλ(Tkq +4vλ,pi−Tl) or has vacant neighbors.
Furthermore, if X+l (T
k
q + 4vλ,pi) < X
−
l′ (T
k
q + 4vλ,pi), for some l 6= l
′, we deduce, by ΩM (α), that
X−l′ (T
k
q + 4vλ,pi)−X
+
l (T
k
q + 4vλ,pi) > (3α− 8vλ,pi)/p >
5α
2p
.
Thus, as claimed in Step 3 in the proof of Lemma 8.5, for a site i0 in 〈X
+
l (T
k
q + 4vλ,pi)〉λ,pi is
burning at time aλ(T
k
q + 4vλ,pi), since l is unique, it is necessary that
ηλ,pi
aλTl+T lj−⌊nλXl⌋
(j) = 2 for all j ∈ J⌊nλXl⌋ , i0K.
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But, if X+l (T
k
q + 4vλ,pi) 6∈ χ
+
Tkq +4vλ,pi
then TD,+l ≤ T
k
q . By Ω
λ,pi
Tkq +4vλ,pi
, we deduce that there is
j ∈ [XD,+l ]λ,pi such that η
λ,pi
aλTl+T lj−⌊nλXl⌋
(j) = 0 (because there is s ∈ [TD,+l − vλ,pi , T
D,+
l + vλ,pi]
such that ηλ,piaλs(⌊nλXl⌋ + i
l,+
aλ(s−Tl)) = 0, recall (8.24) and (8.25)). Since 〈X
+
l (T
k
q + 4vλ,pi)〉λ,pi ∩
[XD,+l ]λ,pi = ∅, thanks (8.28) (recall that X
D,+
l = X
+
l (T
D,+
l )), there is no burning tree in 〈X
+
l (T
k
q +
4vλ,pi)〉λ,pi at time aλ(T
k
q + 4vλ,pi).
Point 2 (or point 3) is proved as in Lemma 8.6. Indeed if X+l (T
k
q + 4vλ,pi) ∈ χ
+
Tkq +4vλ,pi
, then
TD,+l ≥ T
k+1
q ≥ T
k
q + 3α and |X
+
l (T
k
q + 4vλ,pi)− y| > 2α for all y ∈ B
D
M . Furthermore, on ΩM (α),
by construction, we have
H˜Tkq +4vλ,pi(y) = 0 for all y ∈ (X
+
l (T
k
q + 4vλ,pi) , X
+
l (T
k
q + 4vλ,pi) + (3α− 4vλ,pi)/p))
Thus, we prove that ηλ,pi
aλ(Tkq +4vλ,pi)
(j) = 1 for all j ∈ J⌊nλXl⌋+ i
l,+
aλ(Tkq +4vλ,pi−Tl) + 1 , ⌊nλ(X
+
l (T
k
q +
4vλ,pi) + 2α/p)⌋K by distinguishing the cases j ∈ J⌊nλXl⌋ + i
l,+
aλ(Tkq +4vλ,pi−Tl) + 1 , ⌊nλX
+
l (T
k
q +
4vλ,pi)⌋ + kλ,piK and j ∈ J⌊nλX
+
l (T
k
q + 4vλ,pi)⌋ + kλ,pi , ⌊nλ(X
+
l (T
k
q + 4vλ,pi) + 2α/p)⌋K (recalling
that X+l (T
k
q + 4vλ,pi) 6∈ B
D
M ).
We then compute the cluster destroyed by a microscopic fire. We use the notation introduced
in Lemma 8.2.
Lemma 8.10. Let m ≤ q, if ZTm−(Xm) < 1, we define t0 = Tm−ZTm−(Xm), which is nothing
but τTm−(Xm), recall (8.17). We then define, recall (8.12) and (8.13),
(i) if t0 = Tl(Xm) > 0 for some l < m and if Xm = X
+
l (t0),
M := (⌊nλXl⌋+ i
l,+
aλ(t0−vλ,pi−Tl) − ⌊nλXm⌋; t0, Tm);
(ii) if t0 = Tl(Xm) > 0 for some l < m and if Xm = X
−
l (t0),
M := (⌊nλXl⌋+ i
l,−
aλ(t0−vλ,pi−Tl) − ⌊nλXm⌋; t0, Tm);
(iii) if t0 = 0,
M := (0; 0, Tm),
Then, working on Ω(α, γ, λ, π) ∩ Ωλ,pi
Tkq +4vλ,pi
, in each case, there holds that
(ηλ,piaλt(i))t∈[t0−vλ,pi,Tm+κ0λ,pi],i∈(Xm)λ = (ζ
λ,pi,M,m
aλt (i− ⌊nλXm⌋))t∈[t0−vλ,pi,Tm+κ0λ,pi],i∈(Xm)λ
where the last process is defined as in Lemma 8.2 using the seed processes family (NS,mt (i))t≥0,i∈Z
and the propagation processes family (NP,mt (i))t≥0,i∈Z.
This in particular implies that, still on Ω(α, γ, λ, π) ∩ Ωλ,pi
Tkq +4vλ,pi
,
CP ((ηλ,pit (i))t≥0,i∈Z, (Xm, Tm)) = J⌊nλXm⌋+ i
g , ⌊nλXm⌋+ i
dK ⊂ (Xm)λ
where Jig , idK = CP ((ζλ,pi,M,mt (i))t≥0,i∈Z, (0, Tm)) ⊂ J−mλ ,mλK, recall Lemma 8.2.
Proof. We only treat the case (i). The case (ii) is of course similar and the case (iii) is easier.
We thus fix 1 ≤ l < m ≤ q in such a way that
τTm−(Xm) = t0 = Tl(Xm) and Xm = X
+
l (t0).
By ΩM (α), we deduce that T
D,+
l > t0 + 3α and Tm > t0 + 3α > Tl + 6α. Hence, by construction,
there holds that Zt0−vλ,pi(y) = 1 for all y ∈ (Xm−vλ,pi/p ,Xm+2α/p). Observe that T
k
q +4vλ,pi ≥
Tm + κ
0
λ,pi.
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By Ωλ,pi
Tkq +4vλ,pi
, we deduce that at time aλ(t0 − vλ,pi) the site
⌊nλXl⌋+ i
l,+
aλ(t0−vλ,pi−Tl) ∈ J⌊nλXm⌋ −mλ − 2kλ,pi , ⌊nλXm⌋ −mλK
is burning whereas the zone J⌊nλXl⌋+i
l,+
aλ(t0−vλ,pi−Tl)+1 , ⌊nλ(Xm+2α/p)⌋K is completely occupied
(use very similar arguments as in Lemma 8.9-2, recalling that no match falls onXm during [0 , Tm) ⊃
[0 , t0)). Comparing (η
λ,pi
t (i))t≥0,i∈Z and (ζ
λ,pi,M,m
t (i− ⌊nλXm⌋))t≥0,i∈Z, we deduce that they are
equal on J⌊nλXl⌋+ i
k,+
aλ(t0−vλ,pi−Tl) , ⌊nλXm⌋+mλ + 2kλ,piK ⊃ (Xm)λ at time aλ(t0 − vλ,pi).
Since, with our coupling, seeds fall according to the same processes and fires spread according to
the same processes on [Xm]λ,pi, we deduce that the fire preads in the same way through J⌊nλXl⌋+
ik,+
aλ(t0−vλ,pi−Tl) , ⌊nλXm⌋+mλ+2kλ,piK. Thus, (η
λ,pi
t (i))t≥0,i∈Z and (ζ
λ,pi,M,m
t (i−⌊nλXm⌋))t≥0,i∈Z
remain equal on J⌊nλXl⌋+ i
k,+
aλ(t0−vλ,pi−Tl) + 1 , ⌊nλXm⌋+mλ + 2kλ,piK ⊃ (Xm)λ during the time
interval [aλ(t0 − vλ,pi) ,aλ(t0 + 4vλ,pi)], recall (8.28). No other fire affect the zone (Xm)λ until a
match falls on ⌊nλXm⌋ at time aλTm because the zone (Xm)λ is protected by vacant site during
the time interval [aλ(t0 +4vλ,pi) ,aλ(Tm+ κ
0
λ,pi)] (by construction for ζ
λ,pi,M,m and because in the
(λ, π,A)−FFP, on ΩS2 (λ, π), there are
−mλ − 2kλ,pi < i1 < −mλ <mλ < i2 <mλ + 2kλ,pi
where no seed fall during the time interval (aλ(t0 − 4vλ,pi) ,aλ(Tm + κ0λ,pi)) and because the sites
⌊nλXm⌋+ i1 and ⌊nλXm⌋+ i2 has been made vacant by the fire l during (aλ(t0 − 4vλ,pi) ,aλ(t0 +
4vλ,pi)), recall (8.27) and (8.28)). Thus, since seeds fall on [Xm]λ,pi according to the same pro-
cesses, (ηλ,pit (i))t≥0,i∈Z and (ζ
λ,pi,M,m
t (i− ⌊nλXm⌋))t≥0,i∈Z remain equal on (Xm)λ during [aλ(t0 +
4vλ,pi) ,aλTm). Finally, by Ω
S
2 (λ, π), we deduce that there are some sites
−mλ < i3 < 0 < i4 <mλ
where no seed fall during the time interval [aλ(t0−vλ,pi) ,aλ(Tm+κ0λ,pi)] whence, as usual, in both
cases, the sites ⌊nλXm⌋ + i3 and ⌊nλXm⌋ + i4 are vacant during [aλ(t0 + vλ,pi) ,aλ(Tm + κ0λ,pi)],
recall (8.25) (because they are made vacant by the fire l). Since the two processes evolve according
to the same rules, the match falling on ⌊nλXm⌋ at time aλTm destroys the same zone. Thus,
(ηλ,pit (i))t≥0,i∈Z and (ζ
λ,pi,M,m
t (i−⌊nλXm⌋))t≥0,i∈Z are also equal on (Xm)λ during [aλTm ,aλ(Tm+
κ0λ,pi)].
We deduce, on ΩS2 (λ, π), as seen in Micro(p) in Subsection 4.4, that
CP ((ζλ,pi,M,mt (i))t≥0,i∈Z, (0, Tm)) := Ji
g , idK ⊂ J−mλ ,mλK
and that there is no more burning tree in (Xm)λ at time aλ(Tm + κ
0
λ,pi), whence
CP ((ηλ,pit (i))t≥0,i∈Z, (Xm, Tm)) = J⌊nλXm⌋+ i
g , ⌊nλXm⌋+ i
dK ⊂ (Xm)λ.
We will need the following lemma.
Lemma 8.11. Let s0 ∈ [T kq + α , T
k+1
q + α]. We work on Ω(α, γ, λ, π) ∩ Ω
λ,pi
Tkq +4vλ,pi
.
1. In the limit process, if, for some l ≤ q, X+l (T
k
q + 4vλ,pi) ∈ χ
+
Tkq +4vλ,pi
in such a way that
s0 ≤ T
D,+
l and
FTkq +4vλ,pi(y) = 0 for all y ∈ (X
+
l (T
k
q + 4vλ,pi) , X
+
l (s0 + α)), (8.31)
then, in the discrete process, the site ⌊nλX
+
l (s0)⌋ is not affected by a fire during the time
interval [aλ(T
k
q + 4vλ,pi) ,aλ(s0 − eλ,pi)].
2. In the limit process, if, for some l ≤ q, X−l (T
k
q + 4vλ,pi) ∈ χ
−
Tkq +4vλ,pi
in such a way that
s0 ≤ T
D,−
l and FTkq +4vλ,pi(y) = 0 for all y ∈ (X
−
l (s0 + α) , X
−
l (T
k
q + 4vλ,pi)), then, in
the discrete process, the site ⌊nλX
−
l (s0)⌋ is not affected by a fire during the time interval
[aλ(T
k
q + 4vλ,pi) ,aλ(s0 − eλ,pi)].
75
Proof. It of course suffices to prove 1.
First, using (8.31), we deduce that
(X+l (T
k
q + 4vλ,pi) , X
+
l (s0 + α)) ∩
(
χ+
Tkq +4vλ,pi
∪ χ−
Tkq +4vλ,pi
)
= ∅.
Hence, by Lemma 8.9-1 and by (8.23), we deduce that there is no burning tree in J⌊nλXl⌋ +
il,+
aλ(Tkq +4vλ,pi−Tl) + 1 , ⌊nλX
+
l (s0 + α)⌋ − kλ,piK at time aλ(T
k
q + 4vλ,pi).
On the one hand, on Ω(α, γ, λ, π), recall (8.26) and Lemma 4.2, there holds that
⌊nλXl⌋+ i
l,+
aλ(s0−eλ,pi−Tl) < ⌊nλX
+
l (s0)⌋.
Thus the right front of the fire l does not reach ⌊nλX
+
l (s0)⌋ before aλ(s0 − eλ,pi). Hence, no fire
coming from the left can affect the site ⌊nλX
+
l (s0)⌋ during the considered time interval.
On the other hand, no fire coming from the right can affect ⌊nλX
+
l (s0)⌋ before aλ(s0 − eλ,pi).
Indeed, since there is no fire in J⌊nλX
+
l (s0)⌋ , ⌊nλX
+
l (s0 + α)⌋ − kλ,piK at time aλ(T
k
q + 4vλ,pi),
we deduce, by Ω(α, γ, λ, π), that if a fire affect the site ⌊nλX
+
l (s0)⌋ during the time interval
[aλ(T
k
q + 4vλ,pi) ,aλ(s0 − eλ,pi)], it is necessarily a left front. But, by construction, if X
−
l′ (T
k
q +
4vλ,pi) ∈ χ
−
Tkq +4vλ,pi
, for some l′ ≤ q, then X+l (s0) ≤ X
−
l′ (s0) (because s0 ≤ T
D,+
l ). By (8.26) and
Lemma 4.2, we then have
⌊nλXl′⌋+ i
l′,−
aλ(s0−eλ,pi−Tl′ ) > ⌊nλX
−
l′ (s0)⌋ ≥ ⌊nλX
−
l (s0)⌋.
Hence, no fire coming from the right can affect ⌊nλX
+
l (s0)⌋ during the considered time interval.
The two following lemmas are the keys of this Stage. The first of them insure that a fire indeed
propagates. The second insure that a fire is stopped when it meet a microscopic zone.
Lemma 8.12. Let s0 ∈ [T kq + α , T
k+1
q + α]. We work on Ω(α, γ, λ, π) ∩ Ω
λ,pi
Tkq +4vλ,pi
.
1. In the limit process, if X+l (T
k
q + 4vλ,pi) ∈ χ
+
Tkq +4vλ,pi
for some l ≤ q in such a way that
s0 ≤ T
D,+
l and FTkq +4vλ,pi(y) = 0 for all y ∈ (X
+
l (T
k
q + 4vλ,pi) , X
+
l (s0 + α)), then
ηλ,pi
aλTl+T li−⌊nλXl⌋
(i) = 2
for all i ∈ J⌊nλXl⌋+ i
l,+
aλ(Tkq +4vλ,pi−Tl) , ⌊nλX
+
l (s0)⌋ −mλ − 2kλ,piK.
2. In the limit process, if X−l (T
k
q +4vλ,pi) ∈ χ
−
Tkq +4vλ,pi
for all y ∈ (X−l (s0+α) , X
−
l (T
k
q +4vλ,pi)),
then ηλ,pi
aλTl+T li−⌊nλXl⌋
(i) = 2 for all i ∈ J⌊nλX
−
l (s0)⌋+mλ+2kλ,pi , ⌊nλXl⌋+i
l,−
aλ(Tkq +4vλ,pi−Tl)K.
We have the propagation of the fire l only to ⌊nλX
+
l (s0)⌋ −mλ − 2kλ,pi. Unfortunately, in the
case where s0 = T
k+1
q = T
D,+
l and X
+
l (T
k+1
q ) = X
k+1
q = X
D,+
l (that is if the right front of the
fire l is stopped at time T k+1q in the limit process), we can not say anything more on the discrete
process, due to (8.24). We will show below (see Lemma 8.13) that, in this special case, the zone
J⌊nλXk+1q ⌋−mλ−2kλ,pi , ⌊nλX
k+1
q ⌋−mλK is actually completely occupied at time aλ(T
k+1
q −4vλ,pi).
This will imply that the fire propagates indeed until aλ(T
k+1
q − vλ,pi), thanks to (8.24).
Proof. Lemma 8.11 shows that the site ⌊nλX
+
l (s0)⌋ is not affected by a fire during [aλ(T
k
q +
4vλ,pi) ,aλ(s0−eλ,pi)]. Hence, no fire coming from the right affect the zone J⌊nλXl⌋+i
l,+
aλ(Tkq +4vλ,pi−Tl)+
1 , ⌊nλX
+
l (s0)⌋K during the time interval [aλ(T
k
q + 4vλ,pi) ,aλ(s0 − vλ,pi)] and, conversely, the right
front of the fire l does not affect the zone on the right of ⌊nλX
+
l (s0)⌋. Since η
λ,pi
aλ(Tkq +4vλ,pi)
(⌊nλXl⌋+
il,+
aλ(Tkq +4vλ,pi−Tl)) = 2, thanks to Lemma 8.9-2, it then suffices to show that for all i ∈ J⌊nλXl⌋ +
il,+
aλ(Tkq +4vλ,pi−Tl) + 1 , ⌊nλX
+
l (s0)⌋ −mλ − 2kλ,piK,
ηλ,pi
aλTl+T li−⌊nλXl⌋
−(i) = 1
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i.e. the site i is occupied just before that the right front of the fire l reaches i.
Observe that by construction, in the limit process, no fire affect the site i/nλ ∈ (X
+
l (T
k
q +
4vλ,pi) , X
+
l (s0)) during (T
k
q +4vλ,pi , Tl(i/nλ)) whence in the discrete process, no fire can affect the
site i ∈ J⌊nλXl⌋+ i
l,+
aλ(Tkq +4vλ,pi−Tl)+1 , ⌊nλX
+
l (s0)⌋−mλ− 2kλ,piK during [aλ(T
k
q +4vλ,pi) ,aλTl+
T li−⌊nλXl⌋). All this implies that for all i/nλ ∈ (X
+
l (T
k
q + 4vλ,pi) , X
+
l (s0)), we have
τTl(i/nλ)−(i/nλ) = τTkq +4vλ,pi(i/nλ)
while for all i ∈ J⌊nλXl⌋+ i
l,+
aλ(Tkq +4vλ,pi−Tl) + 1 , ⌊nλX
+
l (s0)⌋ −mλ − 2kλ,piK we have
ρλ,pi
Tl+T li−⌊nλXl⌋
/aλ−(i) = ρ
λ,pi
Tkq +4vλ,pi
(i).
Step 1. Here we show that for all j ∈ J⌊nλXl⌋+ i
l,+
aλ(Tkq +4vλ,pi−Tl)+1 , ⌊nλX
+
l (T
k
q +4vλ,pi)⌋+kλ,piK,
we have ηλ,pi
aλTl+T lj−⌊nλXl⌋
−(j) = 1.
In Lemma 8.9-2 we have proved that ηλ,pi
aλ(Tkq +4vλ,pi)
(j) = 1 for all j ∈ J⌊nλXl⌋+i
l,+
aλ(Tkq +4vλ,pi−Tl)+
1 , ⌊nλX
+
l (T
k
q + 4vλ,pi)⌋+ kλ,piK. The result follows from the previous observation.
Step 2. Here we show that for all j ∈ J⌊nλX
+
l (T
k
q + 4vλ,pi)⌋ + kλ,pi + 1 , ⌊nλX
+
l (s0)⌋ −mλ −
2kλ,piK \ ∪y∈BD
M
[y]λ,pi , we have η
λ,pi
aλTl+T lj−⌊nλXl⌋
−(j) = 1.
Indeed, on the one hand, ZTl(j/nλ)−(j/nλ) = 1, then Tl(j/nλ)− τTl(j/nλ)−(j/nλ) > 1 whence
τTl(j/nλ)−(j/nλ) < Tl(j/nλ)− 1− 3α,
thanks to ΩM (α). On the other hand, recalling that there is no burning tree in J⌊nλX
+
l (T
k
q +
4vλ,pi)⌋+ kλ,pi + 1 , ⌊nλX
+
l (s0)⌋K at time aλ(T
k
q + 4vλ,pi) (thus j 6∈
⋃
x∈χ
Tkq +4vλ,pi
〈x〉λ,pi) and since
j 6∈
⋃
x∈BD
M
[x]λ,pi , we deduce from Lemma 8.5 and by (8.29) that
ρλ,pi
Tkq +4vλ,pi
(j) ≤ τTkq +4vλ,pi(j/nλ) + eλ,pi.
All this implies that
ρλ,pi
Tl+T lj−⌊nλXl⌋
/aλ−(j) ≤ Tl(j/nλ)− 1− 3α+ eλ,pi.
Recalling that Tl + T
l
j−⌊nλXl⌋/aλ ≥ Tl(j/nλ)− eλ,pi, thanks to (8.29), and eλ,pi < α, we conclude
using ΩS3 (λ, π) that the site j is occupied at time aλTl + T
l
j−⌊nλXl⌋−.
Step 3. Here we show that for all y ∈ BDM∩(X
+
l (T
k
q +4vλ,pi) , X
+
l (s0)), for all j ∈ [y]λ,pi, there holds
ηλ,pi
aλ(Tl(y)−4vλ,pi)(j) = 1. This will conclude Lemma 8.12 since aλTl+ T
l
j−⌊nλXl⌋ ≥ aλ(Tl(y)− 4vλ,pi)
for all j ∈ [y]λ,pi, thanks to (8.27).
Preliminary considerations. Let y ∈ BDM ∩ (X
+
l (T
k
q + 4vλ,pi) , X
+
l (s0)). Since X
+
l (s0) ≤ X
D,+
l ,
we have y ≤ XD,+l − 3α/p. We may assume X
+
l (s0) ≥ y + α/p, by ΩM (α). We know that
H˜Tl(y)−(y) = 0, whence HTl(y)−(y) = 0 and ZTl(y)−(y) = ZTl(y)−(y+) = ZTl(y)−(y−) = 1. This
implies that Tl(y) ≥ 1 (because Zt(y) = t for all t < 1 and all y ∈ [−A,A]).
As pointed out in Step 2, we have, setting jg = ⌊nλy⌋ −mλ − 2kλ,pi − 1 and observing that
Tl + T
l
jg−⌊nλXl⌋/aλ ≥ Tl(y)− 4vλ,pi ≥ T
k
q + 4vλ,pi,
ρλ,piTl(y)−4vλ,pi(jg) ≤ Tl(jg/nλ) − 1 − 3α + eλ,pi = Tl(y) − 1 − 3α + eλ,pi − p
mλ + 2kλ,pi + 1
nλ
.
Using a similar argument for jd = ⌊nλy⌋ +mλ + 2kλ,pi + 1, we conclude that no match falling
outside [y]λ,pi = Jjg + 1 , jd − 1K can affect [y]λ,pi during (aλ(Tl(y) − 1 − α) ,aλ(Tl(y) − 4vλ,pi)),
because
ρλ,piTl(y)−4vλ,pi(jg) + 2ελ + 2
mλ + 2kλ,pi
aλπ
≤ Tl(y)− 1− α
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and because to affect a site i ∈ [y]λ,pi, a match falling outside [y]λ,pi needs to cross jd or jg and
thus must verify, recall Lemma 8.5,
ρλ,piTl(y)−4vλ,pi(i) ≤ (ρ
λ,pi
Tl(y)−4vλ,pi(jg/nλ) ∨ ρ
λ,pi
Tl(y)−4vλ,pi(jd/nλ)) + 2(κ
0
λ,pi + eλ,pi).
Case 1. First assume that y ∈ B2M . Then we know that no match has fallen on [y]λ,pi during
[0 ,aλTl(y)). Due to the preliminary considerations, we deduce that no fire at all has concerned
[y]λ,pi during (aλ(Tl(y) − 1 − α) ,aλ(Tl(y) − 4vλ,pi)). Using ΩS3 (λ, π), we conclude that [y]λ,pi is
completely occupied at time aλ(Tl(y)− 4vλ,pi).
Case 2. Assume that y = Xm ∈ BM with m ≥ q + 1. Then we know that no match has fallen
on [Xm]λ,pi during [0 ,aλTl(Xm)) ⊂ [0 ,aλTm). We conclude as in Case 1 using ΩS3 (λ, π) that the
zone [Xm]λ,pi is completely occupied at time aλ(Tl(y)− 4vλ,pi).
Case 3. Assume that y = Xm ∈ BM with m ≤ q and ZTm−(Xm) = 1, so that there already has
been a macroscopic fire in [Xm]λ,pi (at time aλTm). There is no more burning tree in [Xm]λ,pi at time
aλ(Tm+4vλ,pi), thanks to Ω
P,T
λ,pi (Xm, Tm) and (8.28). Since ZTm(Xm) = 0 and ZTl(Xm)−(Xm) = 1,
we deduce that Tl(Xm) − Tm ≥ 1, whence Tl(Xm) − Tm ≥ 1 + 3α as usual. We conclude as in
case 1 that no fire at all has concerned [Xm]λ,pi during (aλ(Tl(Xm)− 1−α) ,aλ(Tl(Xm)− 4vλ,pi)),
which implies the claim by ΩS3 (λ, π).
Case 4. Assume that y = Xm ∈ BM with m ≤ q and ZTm−(Xm) < 1 and Tl(Xm) − Tm ≥ 1,
whence Tl(Xm) − Tm ≥ 1 + 3α due to ΩM (α). Then there already has been a microscopic fire in
[Xm]λ,pi (at time aλTm). There is no more burning tree in [Xm]λ,pi at time aλ(Tm+4vλ,pi), thanks
to ΩP,Tλ,pi (Xm, Tm) and (8.28). No match falls on [Xm]λ,pi during (aλ(Tm + 4vλ,pi) ,aλ(Tl(Xm) −
4vλ,pi)) ⊃ (aλ(Tl(Xm)− 1− α) ,aλ(Tl(Xm)− 4vλ,pi)) and we conclude as in case 1.
Case 5. Assume that y = Xm ∈ BM with m ≤ q and ZTm−(Xm) < 1 and Tl(Xm) − Tm < 1,
whence Tl(Xm) − Tm ≤ 1 − 3α due to ΩM (α). There has been a microscopic fire in [Xm]λ,pi
(at time aλTm). Since HTl(Xm)(Xm) = 0, we deduce that Tm + ZTm−(Xm) ≤ Tl(Xm), whence
Tm + ZTm−(Xm) ≤ Tl(Xm)− 3α by ΩM (α). We define M = (i0; t0, Tm) as in Lemma 8.10.
Consider the zone CP := CP ((ηλ,pit (i))t≥0,i∈Z, (Xm, Tm)) ⊂ (Xm)λ destroyed by the match
falling on ⌊nλXm⌋ at time aλTm. This zone is completely occupied at time aλ(Tm +Θ
λ,pi,m
M ): this
follows from the definition of Θλ,pi,mM (see Lemma 8.2), from Lemma 8.10 and from the preliminary
considerations (because Tm ≥ Tl(Xm)− 1− α). Using ΩS4 (γ, λ, π), we deduce that Tm +Θ
λ,pi,m
M ≤
Tm + ZTm−(Xm) + γ < Tl(Xm) − 2α, since γ < α. Hence C
P is completely occupied at time
aλ(Tl(Xm)− 4vλ,pi).
Consider now i ∈ [Xm]λ,pi\CP . Then i has not been killed by the fire starting at ⌊nλXm⌋. Thus
i cannot have been killed during (aλ(Tl(Xm)−1−α) ,aλ(Tl(Xm)−4vλ,pi)) (due to the preliminary
considerations) and we conclude, using ΩS3 (λ, π), that i is occupied at time aλ(Tl(Xm) − 4vλ,pi).
This implies the claim.
We now examine the process at time aλT
k+1
q around ⌊nλX
k+1
q ⌋ in the case where the fire is
stopped by a microscopic zone (in the limit process).
Lemma 8.13. On Ω(α, γ, λ, π) ∩ Ωλ,pi
Tkq +4vλ,pi
, if FTk+1q (X
k+1
q ) ≤ 1, there exists i ∈ (X
k+1
q )λ
such that
ηλ,pi
aλs
(i) = 0 for all s ∈ [T k+1q − vλ,pi , T
k+1
q + vλ,pi ].
Furthermore,
(i) if Xk+1q = X
+
l (T
k+1
q ) for some l ≤ q, then the zone J⌊nλX
k+1
q ⌋−mλ−2kλ,pi , ⌊nλX
k+1
q ⌋−mλK
is completely occupied at time aλ(T
k+1
q − 4vλ,pi);
(ii) if Xk+1q = X
−
l (T
k+1
q ) for some l ≤ q, then the zone J⌊nλX
k+1
q ⌋+mλ , ⌊nλX
k+1
q ⌋+mλ+2kλ,piK
is completely occupied at time aλ(T
k+1
q − 4vλ,pi).
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Proof. We have H˜Tk+1q (X
k+1
q ) > 0: in the limit process, a fire is stopped in X
k+1
q at time T
k+1
q by a
microscopic zone. Without loss of generality, we assume that ZTk+1q −(X
k+1
q −) = 1. We have either
HTk+1q −(X
k+1
q ) > 0 or ZTk+1q −(X
k+1
q +) < 1. Clearly, X
k+1
q = Xm ∈ BM for some m ≤ q, with
ZTm−(Xm) < 1 (else, we would have HTk+1q (X
k+1
q ) = 0 and ZTk+1q −(X
k+1
q −) = ZTk+1q −(X
k+1
q +)).
We define M = (i0; t0, Tm) as in Lemma 8.10.
By construction, there is l ∈ {1, . . . , q} such that Xm = X
+
l (T
k+1
q ). Hence, T
k+1
q = T
D,+
l and
X+l (T
k
q +4vλ,pi) ∈ χ
+
Tkq +4vλ,pi
with FTkq +4vλ,pi(y) = 0 for all y ∈ (X
+
l (T
k
q +4vλ,pi) , X
k+1
q +α/p). By
Lemma 8.9, we deduce that there is no burning tree in J⌊nλXl⌋+ i
l,+
aλ(Tkq +4vλ,pi−Tl)+1 , ⌊nλX
k+1
q ⌋K
at time aλ(T
k
q + 4vλ,pi) whence by Lemma 8.11, that the site ⌊nλX
k+1
q ⌋ is not affected by a fire
during [aλ(T
k
q +4vλ,pi) ,aλ(T
k+1
q −4vλ,pi)]. The site ⌊nλX
k+1
q ⌋−mλ−2kλ,pi−1 is not been affected
by any fire during the time interval (aλ(T
k+1
q − 1 − 2α) ,aλ(T
k+1
q − 4vλ,pi)), recall Step 2 in the
proof of Lemma 8.12.
Case 1. Assume first thatHTk+1q −(X
k+1
q ) > 0. Then by construction, there holds Tm+ZTm−(Xm) >
T k+1q > Tm, whence by ΩM (α), Tm + ZTm−(Xm) > T
k+1
q + 2α > Tm + 4α.
We deduce from Lemma 8.2 that there is a vacant site in
CP = CP ((ζλ,pi,M,mt (i))t≥0,i∈Z, (0, Tm)) = Ji
g , idK ⊂ J−mλ ,mλK
during the time interval [aλ(Tm + κ
0
λ,pi) ,aλ(Tm + Θ
λ,pi,m
M )] (by definition of Θ
λ,pi,m
M ). By Lemma
8.10 and with our coupling (recall that seeds fall on (Xm)λ according to the processes (N
S,m
t (i−
⌊nλXm⌋))t≥0,i∈(Xm)), we deduce that there is also a vacant site in J⌊nλXm⌋+ i
g , ⌊nλXm⌋+ idK ⊂
(Xm)λ during [aλ(Tm + κ
0
λ,pi) ,aλ(Tm + Θ
λ,pi,m
M )]. But by Ω
S,P
4 (γ, λ, π), we see that Θ
λ,pi,m
M ≥
ZTm−(Xm) − γ whence Tm + Θ
λ,pi,m
M ≥ Tm + ZTm−(Xm) − γ > T
k+1
q + 2α − γ > T
k+1
q + vλ,pi
since γ < α and vλ,pi < α. All this implies that there is a vacant site in C
P ⊂ (Xm)λ during
[aλ(T
k+1
q − vλ,pi) ,aλ(T
k+1
q + vλ,pi)].
Since the match falling on ⌊nλXm⌋ does not affect the zone outside (Xm)λ, we deduce from the
preliminary considerations that the zone J⌊nλXk+1q ⌋−mλ−2kλ,pi , ⌊nλX
k+1
q ⌋−mλK is not affected
by any fire during [aλ(T
k+1
q − 1− α) ,aλ(T
k+1
q − 4vλ,pi)], which implies the claim by Ω
S
3 (λ, π).
Case 2. Assume that HTk+1q −(Xm) = 0. Then by construction, there holds T
k+1
q − [Tm −
ZTm−(Xm)] ≥ 1, whence T
k+1
q − [Tm − ZTm−(Xm)] ≥ 1 + 3α. Since HTk+1q −(Xm) = 0, we have
ZTk+1q −(Xm+) < 1 = ZTk+1q −(Xm−) and Tm + ZTm−(Xm) ≤ T
k+1
q , so that Tm + ZTm−(Xm) ≤
T k+1q − 3α.
We aim to use the event ΩS,P1 (λ, π). We recall that t0 = Tm−ZTm−(Xm) = τTm−(Xm). Observe
that Zt0−(Xm) = Zt0−(Xm−) = Zt0−(Xm+) = 1 because there is no match falling on x during
[0 , Tm).
Set now t1 = Tm. Observe that 0 < t1 − t0 < 1 (because ZTm(Xm) < 1). Necessarily, Zt−(x+)
has jumped to 0 at least one time between t0 and T
k+1
q − (else, one would have ZTk+1q −(x+) = 1,
since T k+1q − t0 ≥ 1 by assumption) and this jump occurs after t0+1 > t1 (since a jump of Zt−(x+)
requires that Zt−(x+) = 1, and since for all t ∈ (t0, t0 + 1), Zt−(x+) = t− t0 < 1).
We thus may denote by t2 < t3 < · · · < tK , for some K ≥ 2, the successive times of jumps of
the process (Zt−(x−), Zt−(x+)) during (t0+1, T k+1q ). Then we observe that Zt−(x+) and Zt−(x−)
do never jump to 0 at the same time during (t0 , T
k+1
q ) (else it would mean that x is crossed by a
fire at some time u, whence necessarily Hr(x) = 0 and Zr−(x+) = Zr−(x−) for all r ∈ [u , T k+1q ]).
Furthermore there is always at least one jump of (Zt−(x−), Zt−(x+)) of any time interval of
length 1 (during (t0 , T
k+1
q )), because else, Zt−(x−) and Zt−(x+) would both become to be equal
to 1 and thus would remain equal forever.
Finally, observe that two jumps of Zt−(x+) cannot occur in a time of length 1 (since a jump of
Zt−(x+) requires that Zt−(x+) = 1) and the same thing holds for Zt−(x−).
Consequently the family P = {t0, . . . , tK} necessarily satisfies the condition (PP1) of Subsection
8.3.
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For each l ∈ {0, 2, . . . ,K}, there is a unique (thanks to ΩM (α)) kl ∈ J0 , qK such that tl =
Tkl(Xm). We set, for all l ∈ {0, 2, . . . ,K},
il = ⌊nλXkl⌋+ i
kl,+
aλ(tl−vλ,pi−Tkl )
− ⌊nλXm⌋
if the jump at time tl is a jump of Zt−(Xm−) (that is if x = X+kl(tl)) and
il = ⌊nλXkl⌋+ i
kl,−
aλ(tl−vλ,pi−Tkl )
− ⌊nλXm⌋
if the jump at time tl is a jump of Zt−(Xm+) (that is if x = X−kl(tl)). Set for example i0 = 0 if t0 = 0.
We also put ε = −1 if x = X+l2 (t2) and ε = 1 else. We thus may denote I = (ε; ik0 , ik2 , . . . , ikK ).
Clearly, I satisfies (PP2), thanks to (8.24).
All this implies that P = (P , I) satifies (PP ).
Next, there holds that t2−t1 < ZTm−(Xm) = t1−t0, because else, we would haveHt2−(Xm) = 0
and thus the fire k2 would crossXm, so that Zt−(x+) and Zt−(x−) would remain equal forever. Fur-
thermore, we have 0 < T k+1q − tK < 1 because else, we would have ZTk+1q (Xm−) = ZTk+1q (Xm+) =
1.
Finally, we check that
(ηλ,pi
aλt
(i))t∈[t0−vλ,pi,tK+4vλ,pi],i∈(Xm)λ = (ζ
λ,pi,P,m
aλt
(i− ⌊nλx⌋))t∈[t0−vλ,pi,tK+4vλ,pi],i∈(Xm)λ (8.32)
this last process being built with the family of seed processes (NS,mt (i))t≥0,i∈Z and the family of
propagation processes (NP,mt (i))t≥0,i∈Z as in Subsection 8.3. We do e.g. it in the case where ε = −1
and t0 > 1, the other cases being treated similarly.
Observe that for all l ∈ {0, 2, . . . ,K} there holds tl = Tkl(Xm) = T
D,+
kl
(if Xm = X
+
kl
(tl)) or
TD,−kl (if Xm = X
−
kl
(tl)). Hence, since T
k
q + 4vλ,pi ≥ Tl + vλ,pi, we have
ηλ,pi
aλ(tl−vλ,pi)(⌊nλXm⌋+ il) = 2 (8.33)
for all l ∈ {0, 2, . . . ,K}, thanks to Ωλ,pi
Tkq +4vλ,pi
.
We already have checked in Lemma 8.10 that (ηλ,pit (i))t≥0,i∈Z and (ζ
λ,pi,P,m
t (i− ⌊nλx⌋))t≥0,i∈Z
are equal on (Xm)λ during the time interval [aλ(t0−vλ,pi) ,aλ(Tm+κ0λ,pi)]. Using similar argument,
observing that seeds fall on [Xm]λ,pi and fires spreads through [Xm]λ,pi according to the same
processes and using (8.33), we easily deduce that (8.32) holds on Ω(α, γ, λ, π).
We thus can use ΩS,P1 (λ, π) and conclude that
• there is i ∈ (Xm)λ with η
λ,pi
aλt(i) = 0 for all t ∈ [T
k+1
q −vλ,pi , T
k+1
q +vλ,pi] ⊂ [tK +2vλ,pi , tK +
1− vλ,pi ];
• no fire coming from the right can affect the zone on the left of ⌊nλXk+1q ⌋ − mλ during
the time interval [aλTm ,aλ(T
k+1
q − 4vλ,pi)] (because the fire are stopped by vacant site in
(Xm)λ). Hence, to affect the zone J⌊nλXk+1q ⌋ −mλ − 2kλ,pi , ⌊nλX
k+1
q ⌋ −mλK during this
time interval, a fire must come from the left and thus must affect the site ⌊nλXk+1q ⌋ −mλ −
2kλ,pi − 1. We deduce from the preliminary considerations that the zone J⌊nλXk+1q ⌋−mλ −
2kλ,pi , ⌊nλX
k+1
q ⌋−mλK is not affected by any fire during [aλ(T
k+1
q −1−α) ,aλ(T
k+1
q −4vλ,pi)]
which implies the claim by ΩS3 (λ, π).
We deduce the following corollary, which is the goal of Stage 2.
Corollary 8.14. On Ω(α, γ, λ, π), Ωλ,pi
Tkq +4vλ,pi
implies Ωλ,pi
Tk+1q +4vλ,pi
.
Proof. We have to prove that for l ≤ q,
(a) if X+l (T
k
q + 4vλ,pi) ∈ χ
+
Tkq +4vλ,pi
and if TD,+l 6= T
k+1
q , then η
λ,pi
aλs(⌊nλXl⌋ + i
l,+
aλ(s−Tl)) = 2 for
all s ∈ [T kq + 4vλ,pi , T
k+1
q + 4vλ,pi];
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(b) if X−l (T
k
q + 4vλ,pi) ∈ χ
−
Tkq +4vλ,pi
and if TD,−l 6= T
k+1
q , then η
λ,pi
aλs(⌊nλXl⌋ + i
l,−
aλ(s−Tl)) = 2 for
all s ∈ [T kq + 4vλ,pi , T
k+1
q + 4vλ,pi];
(c) if X+l (T
k
q + 4vλ,pi) ∈ χ
+
Tkq +4vλ,pi
and if TD,+l = T
k+1
q , then η
λ,pi
aλs(⌊nλXl⌋ + i
l,+
aλ(s−Tl)) = 2 for
all s ∈ [T kq + 4vλ,pi , T
k+1
q − vλ,pi ] and there is s ∈ [T
k+1
q − vλ,pi , T
k+1
q + vλ,pi ] such that
ηλ,piaλs(⌊nλXl⌋+ i
l,+
aλ(s−Tl)) = 0;
(d) if X−l (T
k
q + 4vλ,pi) ∈ χ
−
Tkq +4vλ,pi
and if TD,−l = T
k+1
q , then η
λ,pi
aλs(⌊nλXl⌋ + i
l,−
aλ(s−Tl)) = 2
for all s ∈ [T kq + 4vλ,pi , T
k+1
q − vλ,pi ] and there is s ∈ [T
k+1
q − vλ,pi , T
k+1
q + vλ,pi] such that
ηλ,piaλs(⌊nλXl⌋+ i
l,−
aλ(s−Tl)) = 0.
All this will imply the result (observe that only these four cases may occur).
Observe that either FTk+1q (X
k+1
q ) = 2 (i.e. two fires meet at time T
k+1
q ) or FTk+1q (X
k+1
q ) ≤ 1
(i.e. a fire is stopped by a microscopic zone).
Step 1. We start by studying the case where FTk+1q (X
k+1
q ) = 2. There are l1 and l2 such that
X+l1 (T
k+1
q ) = X
k+1
q = X
−
l2
(T k+1q ). In this Step, we prove (c) for the fire l1 and (d) for the fire l2.
By construction, we have X+l1 (T
k
q + 4vλ,pi) ∈ χ
+
Tkq +4vλ,pi
and X−l2 (T
k
q + 4vλ,pi) ∈ χ
−
Tkq +4vλ,pi
with
FTkq +4vλ,pi(y) = 0 for all y ∈ (X
+
l1
(T kq + 4vλ,pi) , X
−
l2
(T kq + 4vλ,pi)) and X
−
l2
(T kq + 4vλ,pi)−X
+
l1
(T kq +
4vλ,pi) = 2(T
k+1
q − T
k
q − 4vλ,pi)/p ≥ 5α/p.
We first prove that ηλ,piaλs(⌊nλXl1⌋+ i
l1,+
aλ(s−Tl1 )) = 2 for all s ∈ [aλ(T
k
q +4vλ,pi) ,aλ(T
k+1
q −vλ,pi)].
Equivalently, we prove that
ηλ,pi
aλTl1+T
l1
j−⌊nλXl1
⌋
(j) = 2
for all j ∈ J⌊nλXl1⌋+ i
l1,+
aλ(Tkq +4vλ,pi−Tl1)
, ⌊nλXl1⌋+ i
l1,+
aλ(T
k+1
q −vλ,pi−Tl1 )
K.
Firstly, Lemma 8.12 with s0 = T
k+1
q directly implies that η
λ,pi
aλTl1+T
l1
j−⌊nλXl1
⌋
(j) = 2 for all
j ∈ J⌊nλXl1⌋+ i
l1,+
aλ(Tkq +4vλ,pi−Tl1 )
, ⌊nλXk+1q ⌋ −mλ − 2kλ,piK.
Secondly, we prove that
ηλ,pi
aλ(T
k+1
q −4vλ,pi)
(i) = 1 for all i ∈ [Xk+1q ]λ,pi.
This will completes the claim, using similar arguments as in Lemma 8.12 since there is no burning
tree in J⌊nλXl1⌋+ i
l1,+
aλ(Tkq +4vλ,pi−Tl1)
+ 1 , ⌊nλXl2⌋+ i
l2,−
aλ(Tkq +4vλ,pi−Tl2 )
+ 1K at time aλ(T
k
q + 4vλ,pi),
thanks to Lemma 8.9 and since ⌊nλXl1⌋ + i
l1,+
aλ(T
k+1
q −vλ,pi−Tl1 )
≤ ⌊nλXk+1q ⌋ −mλ and ⌊nλXl2⌋ +
il2,−
aλ(T
k+1
q −vλ,pi−Tl2 )
≥ ⌊nλXk+1q ⌋+mλ, thanks to Ω
P,T (λ, π) and (8.24).
No fire can affect the zone [Xk+1q ]λ,pi during [aλ(T
k
q +4vλ,pi) ,aλ(T
k+1
q −4vλ,pi)], thanks to (8.27)
and to Lemma 8.9, (which implies that there is no burning tree in J⌊nλXl1⌋+ i
l1,+
aλ(Tkq +4vλ,pi−Tl1 )
+
1 , ⌊nλXl2⌋+i
l2,−
aλ(Tkq +4vλ,pi−Tl2 )
−1K). By construction, we have ZTk+1q −(X
k+1
q ) = ZTk+1q −(X
k+1
q +) =
ZTk+1q −(X
k+1
q −) = 1, whence T
k+1
q −τTk+1q (X
k+1
q ) ≥ 1 and T
k+1
q −τTk+1q (X
k+1
q ) ≥ 1+3α by ΩM (α).
Since no match has fallen on Xk+1q ∈ B
2
M during [0 , T
k+1
q ], using similar argument as in Case 1
Step 3 in the proof of Lemma 8.12, we then deduce that for all j ∈ [Xk+1q ]λ,pi,
ρλ,pi
aλ(T
k+1
q −4vλ,pi)
(j) ≤ T k+1q − 1− α,
which implies the claim by ΩS3 (λ, π). Same thing of course holds for l2.
Furthermore, we have shown that at time aλ(T
k+1
q −vλ,pi), the sites ⌊nλXl1⌋+i
l1,+
aλ(T
k+1
q −vλ,pi−Tl1)
and ⌊nλXl2⌋+ i
l2,−
aλ(T
k+1
q −vλ,pi−Tl2)
are burning and
ηλ,pi
aλ(T
k+1
q −vλ,pi)
(i) = 1 (8.34)
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for all i ∈ J⌊nλXl1⌋+ i
l1,+
aλ(T
k+1
q −vλ,pi−Tl1 )
+ 1 , ⌊nλXl2⌋+ i
l2,−
aλ(T
k+1
q −vλ,pi−Tl2)
− 1K.
We next show that the fires are stopped during [aλ(T
k+1
q − vλ,pi) ,aλ(T
k+1
q + vλ,pi)]. Observe
that, on ΩP,T (λ, π), thanks to (8.25), there is i0 ∈ [Xk+1q ]λ,pi such that
i0 = ⌊nλXl1⌋+ i
l1,+
T
l1
i0+1−⌊nλXl1
⌋−
= ⌊nλXl2⌋+ i
l2,−
T
l2
i0−1−⌊nλXl2
⌋−
.
We deduce from (8.34), that
ηλ,pi
aλTl1+T
l1
j−⌊nλXl1
⌋
(j) = 2 for all j ∈ J⌊nλXl1⌋+ i
l1,+
aλ(T
k+1
q −vλ,pi−Tl1 )
, i0K
and
ηλ,pi
aλTl2+T
l2
j−⌊nλXl2
⌋
(j) = 2 for all j ∈ Ji0 , ⌊nλXl2⌋+ i
l2,−
aλ(T
k+1
q −vλ,pi−Tl2 )
K.
We know that the fire in i0 propagates at time
aλTl1 + T
l1
i0+1−⌊nλXl1⌋
= aλTl2 + T
l2
i0−1−⌊nλXl2⌋
.
Thus, with our coupling and on ΩP,T (λ, π), at time aλTl1 + T
l1
i0+1−⌊nλXl1⌋, either the site i0 + 1
is vacant (because it has been burnt by the fire l2) or the site i0 + 1 is occupied but has vacant
neighbors until it propagates, that is until aλTl1 + T
l1
i0+2−⌊nλXl1⌋ (because it is a spark for the fire
l2). In any case, since
aλTl1 + T
l1
i0+2−⌊nλXl1⌋ ∈ [aλ(T
k+1
q − vλ,pi) ,aλ(T
k+1
q + vλ,pi)],
recall (8.29), there is s1 ∈ [T
k+1
q − vλ,pi , T
k+1
q + vλ,pi ] such that η
λ,pi
aλs(⌊nλXl1⌋ + i
l1,+
aλ(s1−Tl1 )) = 0.
Similarly, we can find s2 ∈ [T k+1q − vλ,pi , T
k+1
q + vλ,pi ] such that η
λ,pi
aλs2(⌊nλXl2⌋ + i
l2,+
aλ(s2−Tl2 ) = 0,
which completes this Step.
Step 2. Here, we study the case where FTk+1q (X
k+1
q ) ≤ 1 and X
k+1
q 6∈ {−A,A}. Assume for
example that Xk+1q = X
+
l0
(T k+1q ) for some l0 ≤ q. In this Step, we prove (c) for the fire l0.
By construction, X+l0 (T
k
q + 4vλ,pi) ∈ χ
+
Tkq +4vλ,pi
and FTkq +4vλ,pi(y) = 0 for all y ∈ (X
+
l0
(T kq +
4vλ,pi) , X
k+1
q + α/p).
We first prove that ηλ,piaλs(⌊nλXl0⌋+ i
l0,+
aλ(s−Tl0 )) = 2 for all s ∈ [aλ(T
k
q +4vλ,pi) ,aλ(T
k+1
q −vλ,pi)].
Equivalently, we prove that
ηλ,pi
aλTl0+T
l0
j−⌊nλXl0
⌋
(j) = 2
for all j ∈ J⌊nλXl0⌋+ i
l0,+
aλ(Tkq +4vλ,pi−Tl0)
, ⌊nλXl0⌋+ i
l0,+
aλ(T
k+1
q −vλ,pi−Tl0 )
K.
Firstly, using Lemma 8.12 with s0 = T
k+1
q , we deduce that η
λ,pi
aλTl0+T
l0
j−⌊nλXl0
⌋
(j) = 2 for all
j ∈ J⌊nλXl0⌋+ i
l0,+
aλ(Tkq +4vλ,pi−Tl0 )
, ⌊nλXk+1q ⌋ −mλ − 2kλ,piK.
Secondly, Lemma 8.13-1 shows that the zone J⌊nλXk+1q ⌋ −mλ − 2kλ,pi , ⌊nλX
k+1
q ⌋ −mλK is
completely occupied at time aλ(T
k+1
q − 4vλ,pi). Since no fire coming from the right can affect the
zone on the left of ⌊nλXk+1q ⌋ until aλ(T
k+1
q − vλ,pi), we deduce the claim using similar argument
as in Lemma 8.12.
Finally, Lemma 8.13 directly imply that there is j ∈ (Xk+1q )λ such that η
λ,pi
aλs(j) = 0 for all
s ∈ [T k+1q − vλ,pi , T
k+1
q + vλ,pi]. Since
⌊nλXl0⌋+ i
l0,+
aλ(T
k+1
q +vλ,pi−Tl0 )
≥ ⌊nλX
k+1
q ⌋+mλ,
recall (8.25), there is s ∈ [T k+1q − vλ,pi , T
k+1
q + vλ,pi ] such that η
λ,pi
aλs(⌊nλXl0⌋+ i
l0,+
aλ(s−Tl0 )) = 0, as
desired.
82
Step 3. Here we study the case where Xk+1q ∈ {−A,A}. Assume for example that X
k+1
q =
X+l0 (T
k+1
q ) = A for some l0 ≤ q. In this Step, we prove (c) for the fire l0.
This case is very simple: by construction, X+l0 (T
k
q + 4vλ,pi) ∈ χ
+
Tkq +4vλ,pi
and FTkq +4vλ,pi(y) = 0
for all y ∈ (X+l0 (T
k
q + 4vλ,pi) , A).
Since there is no burning tree in J⌊nλXl0⌋+i
l0,+
aλ(Tkq +4vλ,pi−Tl0 )
+1 , ⌊nλA⌋K at time aλ(T kq +4vλ,pi)
(thanks to Lemma 8.9), we deduce, using similar argument as in the proof of Lemma 8.12, that
ηλ,pi
aλTl0+T
l
j−⌊nλXl⌋
(j) = 2 for all j ∈ J⌊nλXl0⌋+ i
l0,+
aλ(Tkq +4vλ,pi−Tl0 )
, ⌊nλA⌋ −mλ − 2kλ,piK. The zone
J⌊nλA⌋−mλ−2kλ,pi , ⌊nλA⌋K is not affected by any fire during [aλ(T k+1q −1−α) ,aλ(T
k+1
q −4vλ,pi)]
(recall Step 3 in the proof of Lemma 8.12) and no match falls in this zone during [0 ,aλT ]. We
deduce as usual, using ΩS3 (λ, π), that this zone is completely occupied at time aλ(T
k+1
q − 4vλ,pi).
Thus, we have
ηλ,pi
aλTl0+T
l
j−⌊nλXl0
⌋
(j) = 2
for all j ∈ J⌊nλA⌋−mλ−2kλ,pi , ⌊nλA⌋K, which implies the claim since ⌊nλXl0⌋+i
l0,+
aλ(T
k+1
q −vλ,pi−Tl0 )
≤
⌊nλA⌋ −mλ.
We immediately deduce the claim since ηλ,pis (⌊nλA⌋+ 1) = 0 for all s ∈ [0 ,∞).
Step 4. Here we study the case where x0 := X
+
l0
(T kq + 4vλ,pi) ∈ χ
+
Tkq +4vλ,pi
with TD,+l0 6= T
k+1
q , for
some l0 ≤ q. We prove (a) for the fire l0. By ΩM (α), there holds T
D,+
l0
≥ T k+1q + 3α.
By ΩM (α), we have T
D,+
l0
≥ T k+1q + 3α. If FTkq +4vλ,pi(y) = 0 for all y > x0, necessarily
FTkq +4vλ,pi(y) = 0 for all y ∈ (x0 , X
+
l0
(T k+1q + 3α)). Lemma 8.12 with s0 = T
k+1
q + 2α directly
implies the result, since on ΩP,T (λ, π), recall (8.23), there holds
⌊nλXl0⌋+ i
l0,+
aλ(T
k+1
q +4vλ,pi−Tl0 )
≤ ⌊nλX
+
l0
(T k+1q + 4vλ,pi)⌋+ kλ,pi
≤ ⌊nλX
+
l0
(T k+1q + 2α)⌋ −mλ − 2kλ,pi.
Else, we define
x1 := inf
{
y > x0 : FTkq +4vλ,pi(y) = 1
}
and distinguish several cases.
Case 1. Assume that x1 − x0 > (T k+1q − T
k
q + 2α)/p. Using Lemma 8.12 with s0 = T
k+1
q + α,
we immediately deduce that
ηλ,pi
aλTl0+T
l
i−⌊nλXl0
⌋
(i) = 2
for all i ∈ J⌊nλXl⌋+ i
l0,+
aλ(Tkq +4vλ,pi−Tl0 )
, ⌊nλX
+
l0
(T k+1q + α)⌋ −mλ − 2kλ,piK whence
ηλ,pi
aλs
(⌊nλXl0⌋+ i
l0,+
aλ(s−Tl0)) = 2 for all s ∈ [T
k
q + 4vλ,pi , T
k+1
q + 4vλ,pi]
because on ΩP,T (λ, π), there holds ⌊nλXl0⌋+i
l0,+
aλ(T
k+1
q +4vλ,pi−Tl0 )
≤ ⌊nλX
+
l (T
k+1
q +α)⌋−mλ−2kλ,pi.
Case 2. Assume that x1 − x0 ≤ (T k+1q − T
k
q + 2α)/p but FTkq +4vλ,pi(y) = 0 for all y ∈
(x1 , x1 + (T
k+1
q − T
k
q + 2α)/p). Necessarily x1 = X
+
l1
(T kq + 4vλ,pi) ∈ χ
+
Tkq +4vλ,pi
for some l1 ≤ q.
Using Lemma 8.12 with s0 = T
k+1
q ≤ T
D,+
l1
, we deduce that ηλ,pi
aλTl1+T
l1
i−⌊nλXl1
⌋
(i) = 2 for all
i ∈ J⌊nλXl1⌋+ i
l1,+
aλ(Tkq +4vλ,pi−Tl1)
, ⌊nλX
+
l1
(T k+1q )⌋ −mλ − 2kλ,piK. Thus, using (8.27), we deduce
ηλ,piaλs
(
⌊nλXl1⌋+ i
l1,+
aλ(s−Tl1 )
)
= 2 for all s ∈ [Tl1 , T
k+1
q − 4vλ,pi].
We now prove that for all i ∈ J⌊nλXl0⌋+ i
l0,+
aλ(Tkq +4vλ,pi−Tl0 )
, ⌊nλXl0⌋+ i
l0,+
aλ(T
k+1
q +4vλ,pi−Tl0 )
K, we
have
ηλ,pi
aλTl0+T
l0
i−⌊nλX0⌋
(i) = 2.
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This will concludes this case.
Firstly, by construction, we have x1 > x0+1/p whence by ΩM (α), x1 > x0+(1+3α)/p. Thus,
using again Lemma 8.12 with s0 = Tl0(x1)− α, we deduce that
ηλ,pi
aλTl0+T
l0
j−⌊nλXl0
⌋
(j) = 2
for all j ∈ J⌊nλXl0⌋+ i
l0,+
aλ(Tkq +4vλ,pi−Tl0 )
, ⌊nλ(x1 −α/p)⌋−mλ− 2kλ,piK (recall that X
+
l0
(Tl0(x1)) =
x1).
Secondly, oberve that Tl1 < T
k
q (because else Tl1 = T
k
q and X
−
l1
(T kq + 4vλ,pi) ∈ χ
−
Tkq +4vλ,pi
with
x0 < X
−
l1
(T kq +4vλ,pi) < X
+
l1
(T kq +4vλ,pi)) whence by ΩM (α), Tl1 < T
k
q − 3α. This especially imply
that Tl0(y) ≥ Tl1(y) + 1+3α for all y ∈ [x1 − 3α/p ,X
+
l0
(T k+1q +α)]. Recall that no match falls on
any site y ∈ (x1 − 3α/p ,X
+
l0
(T k+1q + α)) during the time interval (T
k
q − 3α , T
k+1
q + α). Thus, in
the limit process, for all y ∈ (x1 − 3α/p ,X
+
l0
(T k+1q + α)), we have τTl0 (y)−(y) = Tl1(y).
Let now i ∈ J⌊nλ(x1 − 2α/p)⌋ , ⌊nλX
+
l0
(T k+1q + α)⌋K. Observe that there is no burning tree in
J⌊nλXl0⌋ + i
l0,+
aλ(Tkq +4vλ,pi−Tl0)
+ 1 , ⌊nλx1⌋ − kλ,piK at time aλ(T kq + 4vλ,pi), thanks to Lemma 8.9.
Since no match falls on i during [aλ(Tl1(i/nλ)+ eλ,pi) ,aλ(T
k+1
q +α)], we deduce that no fire at all
can affect the site i during the time interval [aλ(Tl1(i/nλ) + eλ,pi) ,aλTl0 + T
l0
j−⌊nλXl0⌋) whence
ρλ,pi
Tl0+T
l0
j−⌊nλXl0
⌋
/aλ−
(i) ≤ Tl1(i/nλ) + eλ,pi.
Thus, for all i ∈ J⌊nλ(x1 − 2α/p)⌋ , ⌊nλX
+
l0
(T k+1q + α)⌋K, we have
ρλ,pi
Tl0+T
l0
j−⌊nλXl0
⌋
/aλ−
(i) ≤ Tl0(i/nλ)− 1− 3α+ eλ,pi
and conclude using ΩS3 (λ, π) that η
λ,pi
aλTl0+T
l0
i−⌊nλXl0
⌋
−(i) = 1 whence
ηλ,pi
aλTl0+T
l0
i−⌊nλXl0
⌋
(i) = 2
because ηλ,pi
aλ(Tkq +4vλ,pi)
(⌊nλXl0⌋+ i
l0,+
aλ(Tkq +4vλ,pi−Tl1 )
) = 2.
All this implies that ηλ,pi
aλTl0+T
l0
i−⌊nλXl0
⌋
(i) = 2 for all i ∈ J⌊nλXl0⌋+i
l0,+
aλ(Tkq +4vλ,pi−Tl0 )
, ⌊nλX
+
l0
(T k+1q +
α)⌋K whence
ηλ,piaλs(⌊nλXl0⌋+ i
l0,+
aλ(s−Tl0)) = 2 for all s ∈ [T
k
q + 4vλ,pi , T
k+1
q + 4vλ,pi]
since ⌊nλXl0⌋+ i
l0,+
aλ(T
k+1
q +4vλ,pi−Tl0)
≤ ⌊nλX
+
l0
(T k+1q + α)⌋. This completes this case.
Case 3. In the general case, by construction, there are x0 < x1 < x2 < · · · < xm such that, for
all j ∈ {0, . . . ,m− 1},
xj − xj+1 ≤ (T
k+1
q − T
k
q + 2α)/p
and
FTkq +4vλ,pi(y) = 0 for all y ∈ (xj , xj+1)
and finally
FTkq +4vλ,pi(y) = 0 for all y ∈ (xm , xm + (T
k+1
q − T
k
q − 2α)/p).
Clearly, for all j ∈ {1, . . . ,m}, we have xj ∈ χ
+
Tkq +4vλ,pi
whence there exists lj ∈ {1, . . . , q} such
that xj = X
+
lj
(T kq + vλ,pi).
We first prove, exactly as in case 2, that
ηλ,piaλs(⌊nλXlm⌋+ i
lm,+
aλ(s−Tlm )) = 2 for all s ∈ [T
k
q + 4vλ,pi , T
k+1
q − 4vλ,pi].
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Next, exactly as in Case 2, we can prove that
ηλ,pi
aλs
(⌊nλXlm−1⌋+ i
lm−1,+
aλ(s−Tlm−1)
) = 2 for all s ∈ [T kq + 4vλ,pi , T
k+1
q + 4vλ,pi ]
and so on.
Step 5. Finally, if x0 := X
−
l0
(T kq + 4vλ,pi) ∈ χ
−
Tkq +4vλ,pi
with TD,+l0 6= T
k+1
q , for some l0 ≤ q, we
deduce (b) for the fire l0 using similar argument as in Step 4.
This completes the proof.
STAGE 3.
In this Stage, we treat the time interval [T
Nq
q + 4vλ,pi , Tq+1]. On this time interval, no fire
is stopped in the limit process. A match falls in Xq+1 at time Tq+1. The proof of the following
lemma is very similar to the proof of the previous Stage.
Lemma 8.15. On Ω(α, λ, γ, π), Ωλ,pi
T
Nq
q +4vλ,pi
implies Ωλ,piTq+1 .
Sketch of the proof. Observe that T DM ∩ (T
Nq
q , Tq+1) = ∅. Hence, we have to prove that if x :=
X+l (T
Nq
q + 4vλ,pi) ∈ χ
+
T
Nq
q +4vλ,pi
(or X−l (T
Nq
q + 4vλ,pi) ∈ χ
−
T
Nq
q +4vλ,pi
) for some l ≤ q, then
ηλ,piaλs(⌊nλXl⌋ + i
l,+
aλ(s−Tl)) = 2 (or η
λ,pi
aλs(⌊nλXl⌋ + i
l,−
aλ(s−Tl)) = 2) for all s ∈ [T
Nq
q + 4vλ,pi , Tq+1]
(because TD,+l > Tq+1 + 3α).
We can prove similar lemmas as Lemmas 8.11 and 8.12 replacing T kq by T
Nq
q and T k+1q by Tq+1.
Thus, Lemma 8.15 follows exactly as in Step 4 and Step 5 in the proof of Corollary 8.14.
The proof of Lemma 8.4 is completed.
8.5 Proof of Theorem 6.1 for p > 0
We finally give the proof of the Theorem 6.1 in the case p > 0.
Proof. Let us fix x0 ∈ (−A ,A), t0 ∈ (0 , T ) and ε > 0. We will prove that with our coupling (see
Subsection 8.4.1), when λ→ 0 and π →∞ in the regime R(p), there holds that
(a) limλ,pi P
[
δ(Dλ,pit0 (x0), Dt0(x0)) > ε
]
= 0;
(b) limλ,pi P
[
δT (D
λ,pi(x0), D(x0)) > ε
]
= 0;
(c) limλ,pi P
[
|Zλ,pit (x0)− Zt(x0)| > ε
]
= 0;
(d) limλ,pi P
[∫ T
0 |Z
λ,pi
t (x0)− Zt(x0)| dt > ε
]
= 0;
(e) limλ,pi P
[
|Wλ,pit0 (x0)− Zt0(x0)| > ε
]
= 0, where
Wλ,pit0 (x0) =
(
log(|C(ηλ,piaλt0 , ⌊nλx0⌋)|)
log(1/λ)
1{|C(ηλ,pi
aλt0
,⌊nλx0⌋)|≥1}
)
∧ 1.
These points will clearly imply the result.
First, we introduce the event Ωx0,t0A,T (α, λ, π) on which
(i) x0 6∈ ∪y∈BD
M
∪χt0 (y − 3α/p , y + 3α/p);
(ii) for all s ∈ {Tk(x0) : k = 1, . . . , n} ∪ TM ∪ SM ∪ S1M ∪ S
2
M with s ≤ t0, there holds that
t0 − s > 3α;
(iii) if t0 6= 1, for all s ∈ {Tk(x0) : k = 1, . . . , n} ∪ TM ∪ SM ∪ S1M ∪ S
2
M with s ≤ t0, there holds
that |t0 − (s+ 1)| > 3α;
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(iv) if t0 ≥ 1, for all i ∈ IλA, N
S,λ,pi
aλt0 (i)−N
S,λ,pi
aλ(t0−1)(i) > 0;
(v) if tc = t0 − τt0−(x0) < 1, there are
−⌊λ−(tc+α)⌋ < i1 < −⌊λ−(tc−α)⌋ < 0 < ⌊λ−(tc−α)⌋ < i2 < ⌊λ−(tc+α)⌋
such that
• NS,0aλt0(⌊nλx0⌋ + i1) − N
S,0
aλ(τt0−(x0)−vλ,pi)(⌊nλx0⌋ + i1) = 0 and N
S,0
aλt0(⌊nλx0⌋ + i2) −
NS,0
aλ(τt0−(x0)−vλ,pi)(⌊nλx0⌋+ i2) = 0;
• NS,0aλt0(⌊nλx0⌋+j)−N
S,0
aλ(τt0−(x0)+vλ,pi)
(⌊nλx0⌋+j) > 0 for all j ∈ J−⌊λ−(tc−α)⌋ , ⌊λ−(tc−α)⌋K.
Since t0 − τt0−(x0) = 1 occurs with positive probability only if t0 = 1 (and τt0(x0) = 0) the
probability of the three first points clearly tend to 1 when α tends to 0. Since (τt(x0))t≥0 is
independent of (NS,λ,pit (i))t≥0,i∈Z and since (τt(x0))t≥0 ⊂ {Tk(x0) : k = 1, . . . , n}, the probability of
the two last points tend to 1 as α→ 0 and λ→ 0 and π →∞ in the regimeR(p), thanks to Lemma
8.1-4,6,7. All this implies that for all δ > 0, there is α > 0 such that P
[
Ωx0,t0A,T (α, λ, π)
]
> 1− δ for
all (λ, π) sufficiently close to the regime R(p).
Let us now fix δ > 0. We consider α0 ∈ (0 , ε), γ0 ∈ (0 , α0), λ0 ∈ (0 , 1) and ǫ0 ∈ (0 , 1) such
that for all λ ∈ (0 , λ0) and all π ≥ 1 in such a way that |nλ/(aλπ)− p| < ǫ0, we have
P
[
Ω(α0, γ0, λ, π) ∩ Ω
x0,t0
A,T (α0, λ, π)
]
> 1− δ.
We then consider λ1 ∈ (0 , λ0) and ǫ1 ∈ (0 , ǫ0) such that for all all λ ∈ (0 , λ1) and all π ≥ 1 in
such a way that |nλ/(aλπ)− p| < ǫ1, we have
• 4(vλ,pi + p(mλ + 2kλ,pi)/nλ) ≤ α0;
• α0 + log(aλ)/ log(1/λ) < ε;
• 4(mλ + kλ,pi)/nλ < ε;
• 1/(2mλλ
tc−ε) < δ and 1/(2mλλtc+vλ,pi) < δ if tc < 1.
All this can be done properly by using the fact that vλ,pi → 0 and (mλ + kλ,pi)/nλ → 0.
In the rest of the proof, we consider λ ∈ (0 , λ1) and π ≥ 1 in such a way that |nλ/(aλπ) −
p| ≤ ǫ1. Observe that, on Ω(α0, γ0, λ, π), there holds that τt0−(x0) = τt0(x0) and [x0]λ,pi ∩(⋃
x∈BD
M
∪χt0 [x]λ,pi
)
= ∅.
Step 1. We first show that (a) (which holds for an arbitrary value of t0 ∈ (0 , T )) implies (b). In-
deed, we have by construction, for any t ∈ [0 , T ], δ(Dλ,pit (x0), Dt(x0)) < 4A. Hence, by dominated
convergence, (a) implies that limλ,pi E
[
δ(Dλ,pit (x0), Dt(x0))
]
= 0, whence again by dominated con-
vergence, limλ,pi E
[
δT (D
λ,pi(x0), D(x0))
]
= 0.
Step 2. Next, (c) implies (d), exactly as in Step 1.
Step 3. Due to Lemma 8.5, we know that, on Ω(α0, γ0, λ, π)∩Ω
x0,t0
A,T (α0, λ, π), since t0 > τt0(x0)+
3α0, for all i ∈ (x0)λ, ∣∣∣ρλ,pit0 (i)− τt0(x0)∣∣∣ ≤ vλ,pi.
For all i ∈ (x0)λ, since η
λ,pi
aλt0(i) ≤ 1, there holds
ηλ,piaλt0(i) = min(N
S,λ,pi
aλt0 (i)−N
S,λ,pi
aλρ
λ,pi
t0
(i)
(i), 1).
Thus, for all i ∈ (x0)λ,
ηλ,pi
aλt0
(i) ≤ ηλ,piaλt0(i) ≤ η
λ,pi
aλt0(i)
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where
ηλ,pi
aλt0
(i) := min(NS,0aλt0(i)−N
S,0
aλ(τt0 (x0)+vλ,pi)
(i), 1),
ηλ,pi
aλt0
(i) := min(NS,0
aλt0
(i)−NS,0
aλ(τt0 (x0)−vλ,pi)∨0(i), 1).
We also recall that by construction, (τt(x0))t≥0 is independent of (N
S,0
t (i))t≥0,i∈Z.
Step 4. Here we prove (e). We work on Ω(α0, γ0, λ, π) ∩Ω
x0,t0
A,T (α0, λ, π). By Step 3 and point (v)
of the event Ωx0,t0A,T (α0, λ, π), we observe that if 0 < tc = t0 − τt0(x0) < 1, then
J⌊nλx0⌋ − ⌊λ
−(tc−α0)⌋ , ⌊nλx0⌋+ ⌊λ−(tc−α0)⌋K ⊂ C(ηλ,pi
aλt0
, ⌊nλx0⌋)
⊂ C(ηλ,piaλt0 , ⌊nλx0⌋) ⊂ C(η
λ,pi
aλt0 , ⌊nλx0⌋) ⊂ J⌊nλx0⌋+ i1 , ⌊nλx0⌋+ i2K
⊂ J⌊nλx0⌋ − ⌊λ
−(tc+α0)⌋ , ⌊nλx0⌋+ ⌊λ−(tc+α0)⌋K.
Thus, this implies that,
|Wλ,pit0 (x0)− (t0 − τt0(x0))| ≤ α0 +
log(2)
log(1/λ)
< ε.
If now t0− τt0(x0) > 1, then t0− τt0(x0) > 1+3α0 thanks to Ω
x0,t0
A,T (α0, λ, π). Then Step 3 and
point (iv) of Ωx0,t0A,T (α0, λ, π) imply that (x0)λ ⊂ C(η
λ,pi
aλt0
, ⌊nλx0⌋) whence |C(η
λ,pi
aλt0
, ⌊nλx0⌋)| ≥ 2mλ.
Consequently,
Wλ,pit0 (x0) ≥ 1−
log(aλ)
log(1/λ)
> 1− ε.
It only remains to study what happens when t0 = 1. By construction, we have τt0(x0) = 0
and by Lemma 8.5, we have ρλ,pit0 (i) = 0 for all i ∈ (x0)λ. By Step 3 and point (iv) of the event
Ωx0,t0A,T (α0, λ, π), we deduce as above that (x0)λ ⊂ C(η
λ,pi
aλt0
, ⌊nλx0⌋) and conclude |C(η
λ,pi
aλt0
, ⌊nλx0⌋)| ≥
2mλ whence
Wλ,pit0 (x0) ≥ 1−
log(aλ)
log(1/λ)
≥ 1− ε.
Recalling that Zt0(x0) = (t0 − τt0(x0)) ∧ 1, we have proved that
P
[
|Wλ,pit0 (x0)− Zt0(x0))| < ε
]
≥ P
[
Ω(α0, γ0, λ, π) ∩ Ω
x0,t0
A,T (α0, λ, π)
]
≥ 1− δ,
as desired.
Step 5. Here we prove (c). Recall that Zλ,pit0 (x0) =
(
−
log(1−Kλ,pit0 (x0))
log(1/λ)
)
∧ 1 where Kλ,pit0 (x0) =
(2mλ + 1)
−1
∣∣∣{i ∈ J⌊nλX0⌋ −mλ , ⌊nλX0⌋+mλK : ηλ,piaλt0(i) = 1}
∣∣∣. We work on Ω(α0, γ0, λ, π) ∩
Ωx0,t0A,T (α0, λ, π) and set tc = t0 − τt0(x0).
Case 1. If tc ≥ 1, we have checked in Step 4 that η
λ,pi
aλt0(i) = 1 for all i ∈ (x0)λ, whence
Kλ,pit0 (x0) = 1 and Z
λ,pi
t0 (x0) = 1.
Case 2. If now 0 < tc < 1, we deduce from Step 3 that
Kλ,pit0 (x0) ≤ K
λ,pi
t0 (x0) ≤ K
λ,pi
t0 (x0)
where
Kλ,pit0 (x0) = (2mλ + 1)
−1
∣∣∣{i ∈ J⌊nλX0⌋ −mλ , ⌊nλx0⌋+mλK : ηλ,pi
aλt0
(i) = 1
}∣∣∣ ,
K
λ,pi
t0 (x0) = (2mλ + 1)
−1
∣∣∣{i ∈ J⌊nλX0⌋ −mλ , ⌊nλx0⌋+mλK : ηλ,piaλt0(i) = 1}
∣∣∣ .
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The random variable Xλ,pit0 (x0) = (2mλ + 1)K
λ,pi
t0 (x0) has a binomial distribution with parame-
ters 2mλ + 1 and 1− λ
tc−vλ,pi . Then, using Bienaymé-Chebyshev’s inequality,
P
[
Kλ,pit0 (x0) ≤ 1− λ
tc−ε
]
= P
[
Xλ,pit0 (x0) ≤ (2mλ + 1)(1− λ
tc−ε)
]
≤ P
[∣∣∣Xλ,pit0 (x0)− (2mλ + 1)(1− λtc−vλ,pi)∣∣∣ ≥ (2mλ + 1) (λtc−ε − λtc−vλ,pi)]
≤
(2mλ + 1) (1− λtc−vλ,pi)λtc−vλ,pi
(2mλ + 1)2(λtc−ε − λtc−vλ,pi)2
=
1− λtc−vλ,pi
(2mλ + 1)λtc−vλ,pi(λvλ,pi−ε − 1)2
≃
1
2mλλtc−2ε+vλ,pi
≤
1
2mλλtc−ε
(because 0 < vλ,pi < α0 < ε)
≤ δ.
By the same way, since X
λ,pi
t0 (x0) = (2mλ + 1)K
λ,pi
t0 (x0) has a binomial distribution with pa-
rameters 2mλ + 1 and 1− λtc+vλ,pi ,
P
[
K
λ,pi
t0 (x0) ≥ 1− λ
tc+ε
]
= P
[
X
λ,pi
t0 (x0) ≥ (2mλ + 1)(1− λ
tc+ε)
]
≤ P
[∣∣∣Xλ,pit0 (x0)− (2mλ + 1)(1− λtc+vλ,pi)∣∣∣ ≥ (2mλ + 1) (λtc+vλ,pi − λtc+ε)]
≤
(2mλ + 1)
(
1− λtc+vλ,pi)
)
λtc+vλ,pi
(2mλ + 1)2(λtc+vλ,pi − λtc+ε)2
≃
1
2mλλtc+vλ,pi
≤ δ.
All this implies that,
P
[
Kλ,pit0 (x0) ∈ (1− λ
tc−ε , 1− λtc+ε)
]
≥ 1− cδ,
for some constante c > 0, whence
P
[
Zλ,pit0 (x0) ∈ (tc − ε , tc + ε)
]
≥ 1− cδ.
This is nothing but the goal, since Zt0(x0) = t0 − τt0(x0) = tc as soon as Zt0(x0) < 1.
Step 6. It remains to prove (a). On Ω(α0, γ0, λ, π) ∩ Ω
x0,t0
A,T (α0, λ, π), we check that
(i) If Zt0(x0) < 1, then Dt0(x0) = {x0} and C(η
λ,pi
aλt0 , ⌊nλx0⌋) ⊂ (x0)λ (see Step 4 above), whence
Dλ,pit0 (x0) ⊂ [x0 −mλ/nλ , x0 +mλ/nλ].
We deduce that
δ(Dλ,pit0 (x0), Dt0(x0)) ≤ 2mλ/nλ.
(ii) If Zt0(x0) = 1 and Dt0(x0) = [a , b], for some a, b ∈ χt0 , then
• for all i ∈ J⌊nλa⌋ +mλ + 2kλ,pi , ⌊nλb⌋ −mλ − 2kλ,piK \
(
∪x∈BD
M
[x]λ,pi
)
, ηλ,pi
aλt0
(i) = 1.
Indeed, there is no burning tree in J⌊nλa⌋+kλ,pi , ⌊nλb⌋−kλ,piK at time aλt0 (use a very
similar result as in Lemma 8.6). Next, by construction, Zt0(y) = 1 for all y ∈ (a , b)
whence τt0(y) ≤ t0 − 1. Using Ω
x0,t0
A,T (α0, λ, π), we deduce that τt0(y) ≤ t0 − 1 − 3α0.
Using finally Lemma 8.5 and ΩS3 (λ, π), we deduce the claim;
• for all x ∈ BDM ∩ (a , b), and all i ∈ [x]λ,pi , η
λ,pi
aλt0(i) = 1. Indeed, on Ω
x0,t0
A,T (α0, λ, π),
we have H˜t0−(x) = 0 whence τt0(x0) ≤ t0 − 1 − 3α0. We deduce that no match falling
outside [x]λ,pi affect this zone during the time interval [aλ(t0−1−α0) ,aλt0] and conclude
by distinguishing several cases, as in Step 3 in the proof of Lemma 8.12;
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• if a ∈ χ+t0 ∪ χ
−
t0 there is i ∈ 〈a〉λ,pi such that η
λ,pi
aλt0(i) = 2 (thanks to Ω
λ,pi
T , since on
Ωx0,t0A,T (α0, λ, π), we have |t0 − s| ≥ 3α for all s ∈ T
D
M ) whereas if a ∈ χ
0
t0 , there is
i ∈ (a)λ such that η
λ,pi
aλt0
(i) = 0 (use similar argument as in Lemma 8.13, observing that
|t0 − s| ≥ 3α for all s ∈ T DM ). Similar observation of course holds for b;
so that
J⌊nλa⌋+mλ + 2kλ,pi , ⌊nλb⌋ −mλ − 2kλ,piK ⊂ C(η
λ,pi
aλt0 , ⌊nλx0⌋)
⊂ J⌊nλa⌋ −mλ − kλ,pi , ⌊nλb⌋+mλ + kλ,piK
and thus
[a+
mλ + 2kλ,pi
nλ
, b−
mλ + 2kλ,pi
nλ
] ⊂ Dλ,pit0 (x0) ⊂ [a−
mλ + 2kλ,pi
nλ
, b+
mλ + 2kλ,pi
nλ
],
whence δ(Dλ,pit0 (x0), Dt0(x0)) ≤ 4(mλ + kλ,pi)/nλ.
Thus, on Ω(α0, γ0, λ, π) ∩ Ω
x0,t0
A,T (α0, λ, π), we always have δ(D
λ,pi
t0 (x0), Dt0(x0)) ≤ 4(mλ +
kλ,pi)/nλ. We conclude that
P
[
δ(Dλ,pit0 (x0), Dt0(x0)) ≤ ε
]
≥ P
[
Ω(α0, γ0, λ, π) ∩ Ω
x0,t0
A,T (α0, λ, π)
]
≥ 1− δ.
This concludes the proof of Theorem 6.1 for p > 0.
8.6 Cluster size distribution when p > 0
The aim of this section is to prove Corollary 2.7 when p > 0.
8.6.1 Study of the LFFP(p)
Recall Subsection 2.1 and Definition 2.2.
Definition 8.16. Let (Zt(x), Ht(x), Ft(x))t≥0,x∈R be a LFFP(p). For all x ∈ R and all t ≥ 0,
we define
Dt(x) = [Lt(x) ,Rt(x)]
where
Lt(x) = inf
{
y ≤ x : ∀(r, v) ∈ Λp(x,t)(y, t− p(x− y)) , Zv−(r) = 1 and Hv−(r) = 0
}
,
Rt(x) = sup
{
y ≥ x : ∀(r, v) ∈ Λp(x,t)(y, t+ p(x− y)) , Zv−(r) = 1 and Hv−(r) = 0
}
.
Observe that for all t ∈ [0 , T ] and all x ∈ R,
• Zt(x) = 0 if and only if πM
(
(Dt−(x) × R) ∩ Λ
p
(x,t)
)
> 0;
• Dt(x) = {x} if t ∈ [0 , 1);
• |Dt(x)| ≤ 2(t− 1)/p.
Lemma 8.17. Let (Zt(x), Ht(x), Ft(x))t≥0,x∈R be a LFFP(p) and consider (Dt(x))t≥0,x∈R and
(Dt(x))t≥0,x∈R the associated processes. There are some constants 0 < c1 < c2 and 0 < κ1 < κ2,
depending only on p, such that the following estimates hold.
(i) For any t ∈ (1,∞), any x ∈ R, any z ∈ [0, 1), P [Zt(x) = z] = 0.
(ii) For any t ∈ [0,∞), any B > 0, any x ∈ R, P [|Dt(x)| = B] = 0.
(iii) For all t ∈ [0,∞), all x ∈ R, all B > 0, P [|Dt(x)| ≥ B] ≤ c2e−κ1B.
(iv) For all t ∈ [118 ,∞), all x ∈ R, all B > 0, P [|Dt(x)| ≥ B] ≥ c1e
−κ2B.
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(v) For all t ∈ [0,∞), all x ∈ R, all B > 0, P [|Dt(x)| ≥ B] ≤ c2e−κ1B.
(vi) For all t ∈ [32 ,∞), all x ∈ R, all B ∈ (0 , (2t− 3)/p), P [|Dt(x)| ≥ B] ≥ c1e
−κ2(B+B2).
(vii) For all t ∈ [(5 + p)/2,∞), all 0 ≤ a < b < 1, all x ∈ R,
c1(b − a) ≤ P [Zt(x) ∈ [a , b]] ≤ c2(b− a).
Proof. By invariance by translation, it suffices to treat the case x = 0.
Point (i). For t ∈ [0, 1], we have a.s. Zt(0) = t. But for t > 1 and z ∈ [0, 1), Zt(0) = z implies
that a fire has crossed 0 at time t − z, so that necessarily πM (Λ
p
(0,t)) > 0, recall Subsection 2.1.
This happens with probability 0.
Point (ii). For any t > 0, |Dt(0)| is either 0 or of the form |x− y|, for some x, y ∈ χt. We easily
conclude as previously that for B > 0, Pr(|Dt(0)| = B) = 0.
Point (iii). First if t ∈ [0, 1), we have a.s. |Dt(0)| = 0 and the result is obvious. Recall that for
(X, τ) a mark of πM , we have Ht(X) > 0 or Zt(X) < 1 for all t ∈ [τ, τ + 1/2) (see the proof of
Proposition 3.5-Step 1). This implies that for t ≥ 1,
{|Dt(0)| ≥ B} ⊂ {[0, B/2] is connected at time t or [−B/2, 0] is connected at time t}
⊂ {πM ([0, B/2]× [t− 1/4, t]) = 0} ∪ {πM ([−B/2, 0]× [t− 1/4, t]) = 0} .
Consequently, Pr[|Dt(0)| ≥ B] ≤ 2e−B/8 as desired.
Point (iv). Fix B > 0 and t ≥ 11/8. Set ∆ = 316p and K =
⌊
1
∆
(
B + 114p
)⌋
+ 1. Consider the
event Ωt,B = Ω
0
t,B ∩
⋂K−1
k=0 Ωt,B,k, illustrated by Figure 8, where
• Ω0t,B = {πM ([−5/(4p), B + 5/(4p)]× [t− 5/4 , t]) = 0};
• for all k ∈ J0 ,K − 1K, Ωt,B,k = {πM (Dk) = 1} ∩ {πM (Ck \Dk) = 0} where
Ck =
[
−
11
8p
+ k∆,−
11
8p
+ (k + 1)∆
]
× [t− 11/8 , t− 5/4]
Dk =
[
−
11
8p
+ (k +
1
3
)∆,−
11
8p
+ (k +
2
3
)∆
]
× [t− 11/8 , t− 5/4],
see Figure 9. Observe that
⋃K−1
k=0 Ck ⊃ [−11/(8p) , B + 11/(8p)].
We have P
[
Ω0t,B
]
= exp
(
− 54 (B +
5
2p )
)
whence for all k ∈ J0 ,K − 1K, P [Ωt,B,k] =
∆
24 × e
− ∆24 ×
e−
∆
12 . All these events being independent, we conclude that
P [Ωt,B] = exp
(
−
5
4
(B +
5
2p
)
)
×
(
∆
24
e−
∆
8
)K
≥ c1e
−κ2B
for some constant c1 and κ2 not depending on B. To conclude the proof of (iv), it thus suffices to
check that Ωt,B ⊂ {[0, B] ⊂ Dt(0)}. But on Ωt,B, using the same arguments as in Point (iii), we
observe that:
• for (X, τ) a mark of πM , H
A
s (X) > 0 or Z
A
s (X) < 1 for all s ∈ [τ , τ + 3/8]. Thus, for all
k ∈ J0 ,K − 1K, there is x ∈ Dk such that H
A
s (x) > 0 or Z
A
s (x) < 1 for all s ∈ [t− 5/4 , t− 1];
• calling (Xk, τk) the mark of πM in Dk, we have τk + p(Xk+1 − Xk) ∈ [t − 5/4 , t − 1] and
τk + p(Xk −Xk−1) ∈ [t− 5/4 , t− 1], see Figure 9. Thus, if the fire starting on Xk at time τk
is macroscopic, it is (at least) stopped by the marks (Xk−1, τk−1) and (Xk+1, τk+1) and does
not affect the zone [0 , B] after t− 1;
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• for (Y, S) a mark of πM such that (Y, S) 6∈ [−11/(8p) , B + 11/(8p)] × [t − 11/8 , t] and
Y + (t− S)/p ∈ [0 , B], then there exists k ∈ J0 ,K − 1K such that
Y +
t− 11/8− S
p
∈
[
−
11
8p
+ (k −
1
3
)∆, −
11
8p
+ (k +
2
3
)∆
]
.
We immediately conclude that S + p(Xk+1 − Y ) ∈ [t − 5/4 , t− 1]. Thus, the right front of
(Y, S) is stopped by the match (Xk+1, τk+1) and does not affect the zone [0 , B] after t− 1;
• for (Y, S) a mark of πM such that (Y, S) 6∈ [−11/(8p) , B + 11/(8p)] × [t − 11/8 , t] and
Y − (t − S)/p ∈ [0 , B], we prove as above that the left front of (Y, S) is stopped by such a
match (Xk−1, τk−1) and does not affect the zone [0 , B] after t− 1;
• by construction, the other fires may not affect the zone [−11/(8p) , B + 11/(8p)] during the
time interval [t− 1 , t].
As a conclusion, the zone [0 , B] is not affected by any fire during [t− 1 , t]. Since the length of
this time interval is greater than 1, we deduce that for all x ∈ [0, B], Zt(x) = min(Zt−1(x)+1, 1) = 1
and Ht(x) = max(Ht−1(x)− 1, 0) = 0, whence [0, B] ⊂ Dt(0).
Point (v) First if t ∈ [0, 1), we have a.s. |Dt(0)| = 0 and the result is obvious. If t ≥ 1 and
B > 2(t− 1)/p,
P [|Dt(0)| ≥ B] = 0.
Recall that for (X, τ) a mark of πM , we have Ht(X) > 0 or Zt(X) < 1 for all t ∈ [τ, τ + 1/2) (see
the proof of Proposition 3.5-Step 1). This implies that for t ≥ 1 and B ∈ (0 , 2(t− 1)/p),
{|Dt(0)| ≥ B} ⊂ {[0, B/2] ⊂ [0 ,Rt(x)] or [−B/2, 0] ⊂ [Lt(x) , 0]}
⊂
{
πM
({
(r, v) ∈ Λp(0,s)(B/2, s− pB/2) : s ∈ [t− 1/4 , t]
})
= 0
}
∪
{
πM
({
(r, v) ∈ Λp(0,s)(−B/2, s− pB/2) : s ∈ [t− 1/4 , t]
})
= 0
}
.
Consequently, P [|Dt(0)| ≥ B] ≤ 2e
−B/8, as desired.
Point (vi) Let t ≥ 3/2 and B ∈ (0 , (2t − 3)/p). From Point (iv), using space/time stationarity,
we define an event Ω˜t,B, depending on the Poisson measure πM (dx, ds) restricted to [−B/2 −
11/(8p) , B/2+ 11/(8p)]× [t− pB/2− 3/2 , t− pB/2], on which Dt−pB/2(0) ⊃ [−B/2 , B/2]. Next
consider the event
Ω˜0t,B = {πM ([−B/2 , B/2]× [t− pB/2 , t]) = 0} .
We have P
[
Ω˜0t,B
]
= e−pB
2/2.
The events Ω˜t,B and Ω˜
0
t,B are independent, thus we have, recalling point (iv)
P
[
Ω˜t,B ∩ Ω˜
0
t,B
]
= P
[
Ω˜t,B
]
× P
[
Ω˜0t,B
]
≥ c1e
−κ2(B+B2).
Finally, we observe that for (X, t− pB/2) a fire a time t− pB/2 with, for example, X < −B/2,
we have, by construction, X + (t− (t− pB/2))/p < 0. Thus,
Ω˜t,B ∩ Ω˜
0
t,B ⊂ {|Dt(0)| ≥ B}.
This concludes the point.
Point (vii) For 0 ≤ a ≤ b < 1 and t ≥ 1, we have Zt(0) ∈ [a , b] if and only if there is τ ∈ [t−b , t−a]
such that Zτ (0) = 0. And this happens if and only if
Xt,a,b :=
∫ t−a
t−b
∫
R
1{(y,s−p|x−y|)∈Ds−(0)×[0,s]}πM (dy, ds) ≥ 1.
We deduce that
P [Zt(0) ∈ [a , b]] = P [Xt,a,b ≥ 1] ≤ E [Xt,a,b] =
∫ t−a
t−b
E [|Ds(0)|] ds ≤ C(b− a),
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where we used Point (v) for the last inequality.
Next, we have {πM (Dt−b(0)× [t− b , t− a]) ≥ 1} ⊂ {Xt,a,b ≥ 1}: it suffices to note that a.s.,
{Xt,a,b = 0} ⊂ {Xt,a,b = 0,Dt−b(0) ⊂ Ds(0) for all s ∈ [t− b , t− a]}
⊂ {πM (Dt−b(0)× [t− b , t− a]) = 0}.
Since now Dt−b(0) is independent of πM (dx, ds) restricted to R × (t − b ,∞), we deduce that for
t ≥ (5 + p)/2
P [Zt(0) ∈ [a , b]] ≥ P [πM (Dt−b(0)× [t− b , t− a]) ≥ 1]
≥ P [|Dt−b(0)| ≥ 1] (1− e−(b−a))
≥ c(1− e−(b−a)),
where we used Point (vi) (here t − b ≥ 3/2 and (2t − 3)/p ≥ 1) to get the last inequality. This
concludes the proof, since 1− e−x ≥ x/2 for all x ∈ [0 , 1].
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Figure 8: The event Ωt,B.
The marks of piM are represented by •. A match falls on each zone Dk ⊂ Ck.
8.6.2 Proof of Corollary 2.7 when p > 0
We finally give the
Proof of Corollary 2.7 when p > 0. For each λ ∈ (0 , 1) and each π ≥ 1, consider a (λ, π)−FFP
(ηλ,pit (i))t≥0,i∈Z. Let also (Zt(x), Ht(x), Ft(x))t≥0,x∈R be a LFFP(p) and consider the corresponding
process (Dt(x))t≥0,x∈R.
Point (b). Using Lemma 8.17-(iii)-(iv) and recalling that |C(ηλ,piaλt, 0)|/nλ = |D
λ,pi
t (0)|, it suffices
to check that for all t ≥ 3/2 and all B > 0, when λ→ 0 and π →∞ in the regime R(p),
lim
λ,pi
P
[
|Dλ,pit (0)| ≥ B
]
= P [|Dt(0)| ≥ B] .
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(k − 1)∆ (k + 2)∆
t− 11/8
t− 5/4
t− 1
k∆
3k+1
3
∆
•
3k+2
3
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(k + 1)∆
Figure 9: The event Ωt,B,k.
A match falls on Dk =
[
− 11
8p
+ (k + 1
3
)∆,− 11
8p
+ (k + 2
3
)∆
]
× [t−11/8 , t−5/4] and is represented by •.
The dashed slope lines stand for the hypothetical fronts of the fire. The plain slope lines stand for the
upper and lower possible positions of the fronts. The plain vertical thick line is the possible microscopic
zone due to the fire in Dk. Thus, if the match falling on Dk is macroscopic, it is necessarily stopped by
a microscopic zone in Dk+1 or in Dk−1, since Hs(Xk+1) > 0 or Zs(Xk+1) < 1 for all s ∈ [t−5/4 , t−1]
and Hs(Xk−1) > 0 or Zs(Xk−1) < 1 for all s ∈ [t− 5/4 , t− 1].
This follows from Theorem 2.5-2, which implies that |Dλ,pit (0)| goes in law to |Dt(0)| and from
Lemma 8.17-(ii).
Point (a). Due to Lemma 8.17-(v) we only need that for all 0 < a < b < 1, all t ≥ (5 + p)/2,
when λ→ 0 and π →∞ in the regime R(p),
lim
λ,pi
P
[
|C(ηλ,pi
aλt
, 0)| ∈ [λ−a , λ−b]
]
= P [Zt(0) ∈ [a , b]] .
But using Theorem 2.5-3 and Lemma 8.17-(i), we know that
lim
λ,pi
P
[
log(|C(ηλ,piaλt, 0)|)
log(1/λ)
1{|C(ηλ,pi
aλt
,0)|≥1} ∈ [a , b]
]
= P [Zt(0) ∈ [a , b]]
when λ→ 0 and π →∞ in the regime R(p). One immediately concludes.
9 Convergence in the regime R(0)
The aim of this section is to prove Theorem 6.1 when p = 0 and this will conclude the proof of
Theorem 2.5.
In the whole section, we fix the parameters A > 0 and T > 2. We omit the subscript/superscript
A in the whole proof. The proof follows the ideas of the Section 8.
We recall that aλ = log(1/λ), nλ = ⌊1/(λaλ)⌋, mλ = ⌊1/(λa2λ)⌋, ελ = 1/a
3
λ. We set as usual
Aλ = ⌊nλA⌋ and IλA = J−Aλ , AλK. For i ∈ Z, we set iλ = [i/nλ , (i+ 1)/nλ). For [a , b] an interval
of [−A ,A] and λ ∈ (0 , 1), we recall, assuming that −A < a < b < A, that
[a , b]λ = J⌊nλa⌋+mλ + 1 , ⌊nλb⌋ −mλ − 1K ⊂ Z,
[−A , b]λ = J−Aλ , ⌊nλb⌋ −mλ − 1K ⊂ Z,
[a ,A]λ = J⌊nλa⌋+mλ + 1 , AλK ⊂ Z.
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For λ ∈ (0 , 1) and π ≥ 1, we recall that
κλ,pi =
2nλA
aλπ
+ ελ.
For x ∈ (−A ,A), λ ∈ (0 , 1) and π ≥ 1, we also recall that
(x)λ = J⌊nλx⌋ −mλ , ⌊nλx⌋+mλK ⊂ Z.
9.1 Occupation of vacant zone
For simplicity, we recall Lemma 8.1.
Lemma 9.1. Consider a family of i.i.d. Poisson processes (NSt (i))t≥0,i∈Z. Let a < b.
1. For t < 1, limλ→0 P
[
∀i ∈ J⌊amλ⌋ , ⌊bmλ⌋K, NSaλt(i) > 0
]
= 0;
2. For t ≥ 1, limλ→0 P
[
∀i ∈ J⌊amλ⌋ , ⌊bmλ⌋K, NSaλt(i) > 0
]
= 1;
3. For t < 1, limλ→0 P
[
∀i ∈ J⌊anλ⌋ , ⌊bnλ⌋K, NSaλt(i) > 0
]
= 0;
4. For t ≥ 1, limλ→0 P
[
∀i ∈ J⌊anλ⌋ , ⌊bnλ⌋K, NSaλt(i) > 0
]
= 1;
5. For t > 0, limλ→0 P
[
∃i ∈ J⌊anλ⌋ , ⌊bnλ⌋K, NSaλt(i) > 0
]
= 1;
6. For t > 0 and δ > 0, limλ→0 P
[
∀i ∈ J−⌊λ−(t+δ)⌋ , ⌊λ−(t+δ)⌋K, NSaλt(i) > 0
]
= 0;
7. For t > 0 and δ > 0, limλ→0 P
[
∀i ∈ J−⌊λ−(t−δ)⌋ , ⌊λ−(t−δ)⌋K, NS
aλt
(i) > 0
]
= 1.
9.2 Height of the barrier
We describe here the time needed for a destroyed microscopic cluster to be regenerated. Roughly,
we assume that the zone (x1)λ around ⌊nλx1⌋, for some x1 ∈ [−A ,A], has been made vacant
at some time aλt0. Then we consider the situation where a match falls on ⌊nλx1⌋ at some time
aλt1 ∈ (aλt0 ,aλ(t0 + 1)) and we compute the delay needed for the destroyed cluster to be fully
regenerated. As in Subsection 8.2, we have to distinguish the cases t0 = 0 and t0 > 1.
Lemma 9.2. Consider two Poisson processes (NSt (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z with respective
rates 1 and π, all these processes being independent. Consider also M := ((x0, t0), (x1, t1)) with
x0, x1 ∈ (−A ,A), t0 ∈ {0} ∪ (1 ,∞) and t1 ∈ (t0 , t0 + 1). For i ∈ IλA and t ≥ 0, we consider the
process
ζλ,pi,Mt (i) =
(
1 + 1{t≥aλt0,i=⌊nλx0⌋}
)
× 1{t0>1}
+ 1{t≥aλt1,i=⌊nλx1⌋,ζλ,pi,M
aλt1−
(⌊nλx1⌋)=1} +
∫ t
0
1{ζλ,pi,M
s−
(i)=0} dN
S
s (i)
+
∫ t
0
1{ζλ,pi,M
s−
(i+1)=2,ζλ,pi,M
s−
(i)=1} dN
P
s (i+ 1)
+
∫ t
0
1{ζλ,pi,M
s−
(i−1)=2,ζλ,pi,M
s−
(i)=1} dN
P
s (i− 1)
− 2
∫ t
0
1{ζλ,pi,M
s−
(i)=2} dN
P
s (i)
with the convention ζλ,pi,Mt (⌊nλA⌋+ 1) = ζ
λ,pi,M
t (−⌊nλA⌋ − 1) = 0 for all t ∈ [0 ,∞).
Using the Poisson processes (NP (i))t≥0,i∈Z, consider the burning times (T 1i )i∈Z of the propaga-
tion processes iginited at (x1, t1), recall Definition 4.6, and define the destroyed cluster due to the
match falling in ⌊nλx1⌋ at time aλt1, recall Definition 4.8,
CP ((ζλ,pit (i))t≥0,i∈Z, (x1, t1)) := J⌊nλx1⌋+ i
g , ⌊nλx1⌋+ i
dK.
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We finally define the time needed for CP ((ζλ,pi,Mt (i))t≥0,i∈Z, (x1, t1)) to become again occupied
Θλ,piM := inf
{
t > t1 : ∀i ∈ C
P ((ζλ,pi,Mt (i))t≥0,i∈Z, (x1, t1)), ζ
λ,pi,M
aλt
(i) = 1
}
.
For all δ > 0, there holds that,
lim
λ,pi
P
[∣∣∣Θλ,piM − (t1 − t0)∣∣∣ ≥ δ] = 0
when λ→ 0 and π →∞ in the regime R(0).
The process (ζλ,pi,Mt (i))t≥0,i∈Z defined in Lemma 9.2 is closely related to the process defined
in Lemma 8.2. If t0 = 0, then the process starts from a vacant initial situation and a match falls
on ⌊nλx1⌋ at time aλt1. It does not depend on x0 ∈ R. Since 0 < t1 < 1, the zone (x1)λ is not
completely filled at time aλ(t1 +κλ,pi), see Lemma 9.1-1 (using space stationarity). The process is
then governed by the propagation processes (NPt (i))t≥0,i∈Z and the seed processes (N
S
t (i))t≥0,i∈Z
with the same rules as the (λ, π)−FFP. As seen inMicro(0) in Subsection 4.4, the fire is extinguish
at time aλ(t1 + κλ,pi).
If t0 > 1, then the process starts at time 0 from an occupied initial situation, nothing happens
until a match falls in ⌊nλx0⌋ ∈ IλA at time aλt0. Two fires start: one goes to the left and one
goes to the right. Thus, on ΩP,2A,2Aλ,pi (x0, t0), recall Definition 4.7, each site of I
λ
A burns and
extinguishes before aλ(t0 + κλ,pi), recall Macro(0) in Subsection 4.4. Hence, the zone (x1)λ is
not completely filled when the match falls on ⌊nλx1⌋ at time aλt1, see Lemma 9.1-1, because
aλ(t0 + κλ,pi) < aλt1 < aλ(t0 + 1) for all (λ, π) sufficiently close to the regime R(0).
Proof. The proof is very similar to the proof of Lemma 8.2. We first define the simplest process
with an instantaneous propagation: if a match falls in a cluster, it destroys instantaneously the
entire connected component. Secondly, we flank the killed cluster CP ((ζλ,pi,Mt (i))t≥0,i∈Z, (x1, t1))
to estimate the time needed to become again occupied.
Without loss of generality, we assume that x1 = 0 and x0 ∈ [−A ,A] (using space stationarity).
Step 1. Let τ0 < τ1 < τ0 + 1 be fixed. Put ϑ
λ
τ0,t(i) = min(N
S
aλ(τ0+t)
(i) − NS
aλτ0
(i), 1) and
ϑλτ1,t(i) = min(N
S
aλ(τ1+t)
(i)−NSaλτ1(i), 1) for all t > 0 and all i ∈ Z. We define the time needed for
the destroyed cluster to be fully regenerated
Ξλτ0,τ1 = inf
{
t > 0 : ∀i ∈ C(ϑλτ0,τ1−τ0 , 0), ϑ
λ
τ1,t(i) = 1
}
.
Then for all δ > 0,
lim
λ→0
P
[
|Ξλτ0,τ1 − (τ1 − τ0)| ≥ δ
]
= 0.
This has been checked in Step 1 in the proof of Lemma 8.2.
Step 2. Assume t0 = 0. In that case, the process does not depend on x0. Consider the event
ΩP,2A,2Aλ,pi (0, t1), recall Definition 4.7. We define
Ω˜P,A,Mλ,pi = Ω
P,2A,2A
λ,pi (0, t1) ∩ {∃i1 ∈ J−mλ , 0K, N
S
aλ(t1+κλ,pi)
(i1) = 0}
∩ {∃i2 ∈ J0 ,mλK, N
S
aλ(t1+κλ,pi)
(i2) = 0}.
Lemma 4.3 together with Lemma 9.1-1 show that P
[
Ω˜P,A,Mλ,pi
]
tends to 1 when λ→ 0 and π →∞
in the regime R(0) (because t1+κλ,pi < (t1+1)/2 < 1 for all (λ, π) sufficiently close to the regime
R(0)).
Next, on Ω˜P,A,Mλ,pi (0, t1), there holds that
C(ϑλ0,t1+κλ,pi , 0) := JC
− , C+K ⊂ Ji1 , i2K ⊂ J−mλ ,mλK.
Since, by definition, no seed falls on C+ and on C− until aλ(t1 + κλ,pi) and since we start from a
vacant initial situation, we also deduce that
ζλ,pi,Mt (C
−) = ζλ,pi,Mt (C
+) = 0
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for all t ∈ [0 ,aλ(t1 + κλ,pi)] ⊃ [aλt1 ,aλ(t1 + κλ,pi)]. As seen in Micro(0) in Subsection 4.4, the
match falling on 0 at time aλt1 destroys exactly the zone C
P ((ζλ,pi,Mt (i))t≥0,i∈Z, (0, t1)) and
CP ((ζλ,pi,Mt (i))t≥0,i∈Z, (0, t1)) ⊂ JC
− , C+K ⊂ J−mλ ,mλK
with ζλ,pi,M
aλ(t1+κλ,pi)
(i) ≤ 1 for all i ∈ Z (the fire is extinguished at time aλ(t1 + κλ,pi)).
Since CP ((ζλ,pi,Mt (i))t≥0,i∈Z, (0, t1)) clearly contains C(ϑ
λ
0,t1 , 0), we deduce that, on Ω˜
P,A,M
λ,pi ,
t1 + Ξ
λ
0,t1 ≤ t1 +Θ
λ,pi
M ≤ t1 + κλ,pi + Ξ
λ
0,t1+κλ,pi
.
Remark now that the function : t 7→ t+Ξλ0,t is a.s. non decreasing and right-continuous. We thus
deduce from Step 1 that
t1 +Θ
λ,pi
M
P
−−→
λ,pi
2t1
in probability, whence for all δ > 0 and all ε > 0, there holds that P
[∣∣∣Θλ,piM − t1∣∣∣ ≥ δ] < ε for all
(λ, π) sufficiently close to the regime R(0).
Step 3. Assume now t0 > 1. We may and will assume x0 ∈ (−A , 0), by symmetry.
Consider the events ΩP,2A,2Aλ,pi (x0, t0) and Ω
P,2A,2A
λ,pi (0, t1), recall Definition 4.7. We define
Ω˜P,A,Mλ,pi := Ω
P,2A,2A
λ,pi (0, t1) ∩ Ω
P,2A,2A
λ,pi (x0, t0)
∩ {∃i1 ∈ J−mλ , 0K, N
S
aλ(t1+κλ,pi)
(i1)−N
S
aλt0(i1) = 0}
∩ {∃i2 ∈ J0 ,mλK, N
S
aλ(t1+κλ,pi)
(i2)−N
S
aλt0(i2) = 0}.
Lemma 4.3 together with Lemma 9.1-1 directly imply that P
[
Ω˜P,A,Mλ,pi
]
tends to 1 when λ→ 0 and
π → ∞ in the regime R(0) (because t1 + κλ,pi − t0 < (t1 − t0 + 1)/2 < 1 for all (λ, π) sufficiently
close to the regime R(0)).
First, since the sites ⌊nλA⌋ + 1 and −⌊nλA⌋ − 1 remain vacant all the time and since IλA is
completely occupied at time aλt0, on Ω
P,2A,2A
λ,pi (x0, t0), as seen in Macro(0) in Subsection 4.4, the
match falling on ⌊nλx0⌋ at time aλt0 destroys each site of IλA during the time interval [aλt0 ,aλ(t0+
κλ,pi)]. Furthermore, there is no more burning tree in I
λ
A at time aλ(t0 + κλ,pi).
Next, on Ω˜P,A,Mλ,pi , since no seed falls on i1 and i2 during the time interval [aλt0 ,aλ(t1 +κλ,pi)],
we clearly have
C(ϑλt0,t1+κλ,pi , 0) := JC
− , C+K ⊂ Ji1 , i2K ⊂ J−mλ ,mλK.
Since, by definition, no seed falls on C− and on C+ during [aλt0 ,aλ(t1 + κλ,pi)] and since C−
and C+ are made vacant during the time interval [aλt0 ,aλ(t0 + κλ,pi)], we deduce that
ζλ,pi,Maλt (C
−) = ζλ,pi,Maλt (C
+) = 0 for all t ∈ [t1 , t1 + κλ,pi ].
Hence, as seen in Micro(0) in Subsection 4.4, the match falling on 0 at time aλt1 destroys exactly
the zone CP ((ζλ,pi,Mt (i))t≥0,i∈Z, (0, t1)) ⊂ JC
− , C+K ⊂ Ji1 , i2K.
To summarize, since CP ((ζλ,pi,Mt (i))t≥0,i∈Z, (0, t1)) clearly containsC(ϑ
λ
t0+κλ,pi,t1 , 0), on Ω˜
P,A,M
λ,pi ,
we have
C(ϑλt0+κλ,pi,t1 , 0) ⊂ C
P ((ζλ,pi,Mt (i))t≥0,i∈Z, (0, t1)) ⊂ C(ϑ
λ
t0,t1+κλ,pi , 0) ⊂ Ji1 , i2K
with additionally ζλ,pi,M
aλ(t1+κλ,pi)
(i) ≤ 1 for all i ∈ IλA.
We deduce that, on Ω˜P,A,Mλ,pi and for all (λ, π) sufficiently close to the regime R(0),
t1 + Ξ
λ
t0+κλ,pi,t1 ≤ t1 +Θ
λ,pi
M ≤ t1 + κλ,pi + Ξ
λ
t0,t1+κλ,pi .
Then, one easily concludes. The function s 7→ t1 + Ξλt0+s,t1 is a.s. non increasing and right-
continuous, while the function s 7→ t1 + s + Ξλt0,t1+s is a.s. non decreasing and right-continuous.
We thus deduce from Step 1 that
t1 +Θ
λ,pi
M
P
−−→
λ,pi
2t1 − t0,
as desired.
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9.3 Persistent effect of microscopic fires
Here we study the effect of microscopic fires. First, they produce a barrier, and then, if there are
alternatively macroscopic fires on the left and right, they still have an effect. This phenomenon is
illustrated on Figure 10 in the case of the limit process.
We say that P = (ε; (x0, t0), (x1, t1), . . . , (xK , tK)) satisfies (PP ) if
1. K ≥ 2 and ε ∈ {−1, 1};
2. t0 ∈ {0} ∪ (1 ,∞) and t0 < t1 < t2 < · · · < tK ;
3. for all k = 0, . . . ,K − 1, tk+1 − tk < 1;
4. t2 − t0 > 1 and for all k = 2, . . . ,K − 2, tk+2 − tk > 1;
5. for all k = 0, . . . ,K, xk ∈ (−A ,A) and for all k = 2, . . . ,K, εk(xk − x1) > 0, where we set
εk = (−1)kε.
Let P satisfy (PP ). Consider two Poisson processes (NSt (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z with re-
spective rates 1 and π, all these processes being independent. We define the process (ζλ,pi,Pt (i))t≥0,i∈Iλ
A
as follows
ζλ,pi,Pt (i) =(1 + 1{i=⌊nλx0⌋,t≥aλt0})1{t0≥1} + 1{i=⌊nλx1⌋,t≥aλt1,ζλ,pi,P
aλt1−
(⌊nλx1⌋)=1}
+
K∑
k=2
1{i=⌊nλxk⌋,t≥aλtk,ζλ,pi,P
aλtk−
(⌊nλxk⌋)=1}
+
∫ t
0
1{ζλ,pi,P
s−
(i)=0} dN
S
s (i)
+
∫ t
0
1{ζλ,pi,P
s−
(i−1)=2,ζλ,pi,P
s−
(i)=1} dN
P
s (i− 1) +
∫ t
0
1{ζλ,pi,P
s−
(i+1)=2,ζλ,pi,P
s−
(i)=1} dN
P
s (i+ 1)
− 2
∫ t
0
1{ζλ,pi,P
s−
(i)=2} dN
P
s (i)
with the convention ζλ,pi,Pt (⌊nλA⌋+ 1) = ζ
λ,pi,P
t (−⌊nλA⌋ − 1) = 0 for all t ∈ [0 ,∞).
We now explain the behaviour of the process (ζλ,pi,Pt (i))t≥0,i∈Iλ
A
.
• If t0 = 0, then the process starts from a vacant initial configuration. The match falling on
⌊nλx1⌋ at time aλt1 ∈ (0 ,aλ) creates a barrier, see Lemma 9.2, because t1 ∈ (0 , 1). Then,
fires start in ⌊nλxk⌋ alternately on the right and on the left of ⌊nλx1⌋ at times aλtk for all
k = 2, . . . ,K and fires spread accross Z according to the same rules as the (λ, π,A)−FFP.
• If t0 > 1, the process starts from an occupied initial situation. Nothing happens until a
match falls in ⌊nλx0⌋ at time aλt0 and spreads across IλA (because all the sites are occupied
at time aλt0− and ⌊nλA⌋+1 and −⌊nλA⌋−1 are vacants). Next, a match falls on ⌊nλx1⌋ at
time aλt1 ∈ (aλt0 ,aλ(t0+1)). It then creates a barrier, see Lemma 9.2. Afterwards, matches
fall successively in ⌊nλxk⌋ at times aλtk for each k = 2, . . . ,K and fires spread accross IλA
according to the same rules as the (λ, π,A)−FFP.
Consider the event
ΩS,PP (λ, π) = {∀k ∈ {2, . . . ,K}, ∃j ∈ (x1)λ, ∀t ∈ [tk + κλ,pi , tk + 1], ζ
λ,pi,P
aλt
(j) = 0}.
Lemma 9.3. Let P = (ε; (x0, t0), (x1, t1), . . . , (xK , tK)) satisfy (PP ). For each λ ∈ (0 , 1) and
each π ≥ 1, consider the process (ζλ,pi,Pt (i))t≥0,i∈Z defined above.
If t2 − t1 < t1 − t0, when λ→ 0 and π →∞ in the regime R(0), there holds
lim
λ,pi
P
[
ΩS,PP (λ, π)
]
= 1.
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Proof. Without loss of generality, we assume x1 = 0 and (xk)k=0,2,...,K ⊂ [−A ,A].
We define, recall Definition 4.7,
ΩP,A,Pλ,pi = Ω
P,2A,2A
λ,pi (0, t1) ∩
⋂
k=0,2,...,K
ΩP,2A,2Aλ,pi (xk, tk).
There holds that P
[
ΩP,A,Pλ,pi
]
tends to 1 as λ → 0 and π → ∞ in the regime R(0) by Lemma 4.3.
In the whole proof, we work on ΩP,A,Pλ,pi and assume that (λ, π) is sufficiently close to the regime
R(0) in such a way that κλ,pi < mini6=j |ti − tj | and mink=0,2,...,K |⌊nλxk⌋| ≥mλ.
For simplicity, we assume that ε = −1, t0 = 0 and that K is even. The other cases are treated
similarly (see for example Lemma 9.2). Fix α = 1/K. We define M := ((0, 0), (0, t1)), recall
Lemma 9.2.
•t0
x0
•t2
x2
• t3
x3
t1•
•t4
x4
• t5
x5x1−A A
t0 + 1
t2 + 1
t4 + 1
t3 + 1
t5 + 1
Figure 10: Persistent effect of microscopic fires.
Here P = (−1; (x0, t0), (x1, t1), (x2, t2), (x3, t3), (x4, t4), (x5, t5)).
Since ⌊nλA⌋ + 1 and −⌊nλA⌋ − 1 remain vacant all the time, on Ω
P,A,P
λ,pi , a burning tree at
time aλt is either a front of a fire or has vacant neighbors. Thus, there is no burning tree outside
∪k=1,...,K [aλtk ,aλ(tk + κλ,pi)].
First fire. We put CP := CP ((ζλ,pi,Pt (i))t≥0,i∈Z, (0, t1)), the destroyed cluster, recall (4.12). Since
t1+κλ,pi < 1, C
P ⊂ J−⌊αmλ⌋ , ⌊αmλ⌋K with probability tending to 1 (use Lemma 9.1-1, space/time
stationarity andMicro(0) in Subsection 4.4). Thus the match falling at time aλt1 destroys nothing
outside J−⌊αmλ⌋ , ⌊αmλ⌋K and there is no more burning tree in I
λ
A at time aλ(t1 + κλ,pi).
Second fire. Since t2 > 1, at least one seed has fallen, during [0 ,aλt2), on each site of J−⌊nλA⌋ ,−⌊αmλ⌋−
1K with probability tending to 1 (use Lemma 9.1-4 and space/time stationarity). Since this zone
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has not been affected by a fire during the time interval [0 ,aλt2), this zone is completely occupied
at time aλt2−.
Besides, with probability tending to 1, there is (at least) an empty site in CP ⊂ J−⌊αmλ⌋ , ⌊αmλ⌋K
during the time interval (aλ(t1+κλ,pi) ,aλ(t2+κλ,pi)) because t1+κλ,pi < t2 < t2+κλ,pi < t1+Θ
λ,pi
M
with probability tending to 1 (by Lemma 9.2, Θλ,piM ≃ t1 − t0 = t1 and t2 − t1 < t1 − t0 = t1 by
assumption) and because by definition of Θλ,piM , there is an empty site in C
P ⊂ J−⌊αmλ⌋ , ⌊αmλ⌋K
during [aλ(t1 + κλ,pi) ,aλ(t1 +Θ
λ,pi
M )].
Thus, the fire ignited on ⌊nλx2⌋ ∈ J−⌊nλA⌋ ,−mλK at time aλt2 burns each site of the zone
J−⌊nλA⌋ ,−⌊αmλ⌋ − 1K before aλ(t2 + κλ,pi) and does not affect the zone J⌊αmλ⌋ + 1 , ⌊nλA⌋K,
thanks to ΩP,2A,2Aλ,pi (x2, t2), as seen in Macro(0) in Subsection 4.4.
Third fire. All the sites of J⌊αmλ⌋ + 1 , ⌊nλA⌋K are occupied at time aλt3− with probability
tending to 1 (because on ΩP,2A,2Aλ,pi (0, t1) ∩ Ω
P,2A,2A
λ,pi (x2, t2), they have not been affected by a fire
during [0 ,aλt3) and because t3 > t2 > 1, see Lemma 9.1-4).
Next, since t3− t2 < 1, the probability that there is a site in J−⌊2αmλ⌋ ,−⌊αmλ⌋−1K where no
seed falls during [aλt2 ,aλ(t2+1)) tends to 1 as λ→ 0 and π →∞ in the regime R(0) (use Lemma
9.1-1 and space/time stationarity). Thus, with probability tending to 1, there exists a vacant site
in J−⌊2αmλ⌋ ,−⌊αmλ⌋K during [aλ(t2 +κλ,pi) ,aλ(t2 +1)) ⊃ [aλt3 ,aλ(t3 +κλ,pi)] (because all the
sites of J−⌊nλA⌋ ,−⌊αmλ⌋ − 1K have been made vacant by the fire 2).
Thus, the fire ignited on ⌊nλx3⌋ ∈ Jmλ , ⌊nλA⌋K at time aλt3 burns each site of J⌊αmλ⌋ +
1 , ⌊nλA⌋K before aλ(t3 +κλ,pi) and does not affect the zone J−⌊nλA⌋ ,−⌊2αmλ⌋K with probability
tending to 1, thanks to ΩP,2A,2Aλ,pi (x3, t3), as seen in Macro(0) in Subsection 4.4.
Fourth fire. All the sites of J−⌊nλA⌋ ,−⌊2αmλ⌋−1K are occupied at time aλt4− with probability
tending to 1 (because on ΩP,2A,2Aλ,pi (0, t1) ∩ Ω
P,2A,2A
λ,pi (x2, t2) ∩ Ω
P,2A,2A
λ,pi (x3, t3), they have not been
affected by a fire during (aλ(t2+κλ,pi) ,aλt4) and because t4− t2−κλ,pi > 1, see Lemma 9.1-4 and
space/time stationarity).
Since t4 − t3 < 1, the probability that there is a site in J⌊αmλ⌋ + 1 , ⌊2αmλ⌋K where no seed
falls during [aλt3 ,aλ(t3 + 1)) tends to 1 as λ → 0 and π → ∞ in the regime R(0) (use Lemma
9.1-1 and space/time stationarity). Hence there is at least one vacant site in J⌊αmλ⌋+1 , ⌊2αmλ⌋K
during [aλ(t3 + κλ,pi) ,aλ(t3 + 1)) ⊃ [aλt4 ,aλ(t4 + κλ,pi)], with probability tending to 1 (because
all the sites of J⌊αmλ⌋+ 1 , ⌊nλA⌋K have been made vacant by the fire 3).
Thus, the fire ignited on ⌊nλx4⌋ ∈ J−⌊nλA⌋ ,−mλK at time aλt4 burns each site of the zone
J−⌊nλA⌋ ,−⌊2αmλ⌋ − 1K before aλ(t4 + κλ,pi) and does not affect the zone J⌊2αmλ⌋+ 1 , ⌊nλA⌋K
with probability tending to 1, thanks to ΩP,2A,2Aλ,pi (x4, t4), as seen in Macro(0) in Subsection 4.4.
Last fire and conclusion. Iterating the procedure, we see that with probability tending to 1 as
λ→ 0 and π →∞ in the regimeR(0), the zone J−⌊nλA⌋ ,−⌊(Kα/2)mλ⌋−1K = J−⌊nλA⌋ ,−⌊mλ/2⌋−
1K is completely occupied at time aλtK− and there is at least one vacant site in J⌊(K−1)α/2mλ⌋+
1 , ⌊mλ/2⌋K during the time interval [aλ(tK−1 + κλ,pi) ,aλ(tK−1 + 1)) ⊃ [aλtK ,aλ(tK + κλ,pi)].
Thus, the fire ignited on ⌊nλxK⌋ ∈ J−⌊nλA⌋ ,−mλK at time aλtK destroys each site of the zone
J−⌊nλA⌋ ,−⌊mλ/2⌋ − 1K before aλ(tK + κλ,pi) and does not affect the zone J⌊mλ/2⌋ , ⌊nλA⌋K.
Finally, the probability that there is at least one site in J−mλ ,−mλ/2K with no seed falling
during [aλtK ,aλ(tK + 1)] tends to 1 (by Lemma 9.1-1). Consequently, the probability that there
is a vacant site in J−mλ ,−⌊mλ/2⌋K during [aλ(tK +κλ,pi) ,aλ(tK +1)] tends to 1. All this implies
the claim.
9.4 Heart of the proof
9.4.1 The coupling
We are going to construct a coupling between the (λ, π,A)−FFP (on the time interval [0 ,aλT ]) and
the A−LFFP(0) (on [0 , T ]). Let πM be a Poisson measure on R × [0 ,∞) with intensity measure
dxdt.
First, we take for the matches of the discrete process the Poisson processes
NMt (i) = πM ([i/nλ , (i+ 1)/nλ)× [0 , t/aλ])
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for all i ∈ Z and t ∈ [0 , T ].
We call n := πM ([0, T ]× [−A ,A]) and we consider the marks (Tq, Xq)q=1,...,n of πM ordered in
such a way that 0 < T1 < · · · < Tn < T .
Next, we introduce two families of i.i.d. Poisson processes (NSt (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z
with respective parameters 1 and π, independent of πM .
The (λ, π,A)−FFP (ηλ,pit (i))t≥0,i∈Iλ
A
is built from the seed processes (NSt (i))t≥0,i∈Z, the match
processes (NMt (i))t≥0,i∈Z and the propagation processes (N
P
t (i))t≥0,i∈Z.
Finally, we build the A−LFFP(0) (Zt(x), Ht(x), Ft(x))t∈[0,T ],x∈[−A,A] from πM and observe
that it is independent of (NSt (i))t∈[0,aλT ],i∈Z and (N
P
t (i))t∈[0,aλT ],i∈Z.
Observe that if a match falls on some Xq at time Tq for the A−LFFP(0), it also falls on ⌊nλXq⌋
at time aλTq in the discrete process.
9.4.2 A favorable event
We set T0 = 0 and introduce
TM = {T0, T1, . . . , Tn} and BM = {X1, . . . , Xn}
as well as the set CM of connected components of [−A ,A] \ BM (sometimes referred to as cells).
We also introduce
SM = {2t− s : s, t ∈ TM , s < t}
which has to be seen as the set of the possible extinction times of the microscopic fires, recall
Lemma 9.2.
For α > 0, we consider the event
ΩM (α) =

 mins,t∈TM∪SM
s6=t
|t− s| ≥ 2α, min
s,t∈TM∪SM
|t− (s+ 1)| ≥ 2α, min
x,y∈BM∪{−A,A},
x 6=y
|x− y| ≥ 2α


which clearly satisfies limα→0 P [ΩM (α)] = 1. For any given α > 0, there exists λα > 0 such that
for all λ ∈ (0 , λα), on ΩM (α), there holds that
• for all x, y ∈ BM ∪ {−A,A}, with x 6= y, (x)λ ∩ (y)λ = ∅;
• the family {cλ, c ∈ CM} ∪ {(x)λ, x ∈ BM} is a partition of IλA.
For q ∈ {1, . . . , n}, using the seed processes (NSt (i))t≥0,i∈Z and the propagation processes
(NPt (i))t≥0,i∈Z, we build, recall Definition 4.6, (ζˇ
λ,pi,q
t (i))t≥0,i∈Z (the propagation process ignited
at (Xq, Tq)), (i
q,+
t )t≥0 and (i
q,−
t )t≥0 (the corresponding right and left fronts) and (T
q
i )i∈Z (the
associated burning times). We also use ΩP,2A,2Aλ,pi (Xq, Tq), recall Definition 4.7. We set
ΩS,PA (λ, π) =
⋂
q=1,...,n
ΩP,2A,2Aλ,pi (Xq, Tq).
Since πM is independent of the processes (N
S
t (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z, Lemma 4.3 implies
that P
[
ΩS,PA (λ, π)
]
tends to 1 when λ→ 0 and π →∞ in the regime R(0).
Let q ∈ {1, . . . , n}. We call Uq the set of all possible P = (ε; (x0, t0), (Xq, Tq), . . . , (xK , tK))
satisfying (PP ) where {t0, t2, . . . , tK} ⊂ TM , {x0, x2, . . . , xK} ⊂ BM with Tq − t0 > t2 − Tq and
with ε ∈ {−1, 1}. For P ∈ Uq, we introduce the event Ω
S,P
P (λ, π), defined as in Subsection 9.3,
with the Poisson processes (NSt (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z. Then we put
ΩS,P1 (λ, π) = ∩
n
q=1 ∩P∈Uq Ω
S,P
P (λ, π),
which satisfies limλ,pi P
[
ΩS,P1 (λ, π)
]
= 1 when λ → 0 and π → ∞ in the regime R(p), thanks to
Lemma 9.3.
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We also consider the event ΩS2 (λ, π) on which the following conditions hold: for all t1, t2 ∈ TM
with 0 < t2 − t1 < 1, for all q = 1, . . . , n, there are
−mλ < i1 < 0 < i2 <mλ
such that NS
aλ(t2+κλ,pi)
(⌊nλXq⌋ + ij) − NSaλt1(⌊nλXq⌋ + ij) = 0 for j = 1, 2. There holds that
P
[
ΩS2 (λ, π)
]
tends to 1 as λ → and π → ∞ in the regime R(0). Indeed, it suffices to prove that
almost surely, lim λ→0
pi→∞
P
[
ΩS2 (λ, π)
∣∣ πM ] = 1. Since there are a.s. finitely many possibilities for
q, t1, t2 and since πM is independent of (N
S
t (i))t≥0,i∈Z, it suffices to work with a fixed q ∈ {1, . . . , n}
and some fixed 0 < t2−t1 < 1. The result then follows from Lemma 9.1-1 together with space/time
stationarity.
Next we introduce the event ΩS3 (λ, π) on which the following conditions hold: for all t1, t2 ∈
TM ∪ SM ,
• if t2 − t1 > 1, for all c ∈ CM , for all i ∈ cλ with NSaλt2(i)−N
S
aλ(t1+κλ,pi)
(i) > 0;
• if t2 − t1 > 1, for all x ∈ BM , for all i ∈ (x)λ with NSaλt2(i)−N
S
aλ(t1+κλ,pi)
(i) > 0.
There holds that P
[
ΩS3 (λ, π)
]
tends to 1 as λ → and π → ∞ in the regime R(0). As previously,
it suffices to work with some fixed t1, t2 ∈ TM , x ∈ BM and c = (a , b) ⊂ (−A ,A). Observing that
|cλ| ≃ (b− a)nλ and that |(x)λ| ≃ 2mλ, Lemma 9.1 and space/time stationarity shows the result.
We also need ΩS,P4 (γ, λ, π), defined for γ > 0 as follows: for all q = 1, . . . , n, for all M =
((x0, t0), (Xq, Tq)) such that t0 ∈ TM with t0 < Tq < t0 + 1 and x0 ∈ BM \ {Xq}, there holds
that
∣∣∣Θλ,piM − (Tq − t0)∣∣∣ < γ. Here, Θλ,piM is defined as in Lemma 9.2 with the seed processes family
(NSt (i))t≥0,i∈Z and the propagation processes family (N
P
t (i))t≥0,i∈Z. Lemma 9.2 directly implies
that for any γ > 0, P
[
ΩS,P4 (γ, λ, π)
]
tends to 1 as λ→ and π →∞ in the regime R(0).
We finally introduce the event
Ω(α, γ, λ, π) = ΩM (α) ∩ Ω
S,P
A (λ, π) ∩ Ω
S,P
1 (λ, π) ∩ Ω
S
2 (λ, π) ∩ Ω
S
3 (λ, π) ∩ Ω
S,P
4 (γ, λ, π).
We have shown that for any δ > 0, there exists α ∈ (0 , 1) such that for any γ > 0, there holds that
P [Ω(α, γ, λ, π)] > 1− δ for all (λ, π) sufficiently close to the regime R(0).
9.4.3 Heart of the proof
We now handle the main part of the proof.
Consider the A−LFFP(0). Observe that by construction, we have, for c ∈ CM and x, y ∈ c,
Zt(x) = Zt(y) for all t ∈ [0 , T ], thus we can introduce Zt(c).
If x ∈ BM , it is at the boundary of two cells c−, c+ ∈ CM and then we set Zt(x−) = Zt(c−) and
Zt(x+) = Zt(c+) for all t ∈ [0 , T ].
If x ∈ (−A ,A) \ BM , we put Zt(x−) = Zt(x+) = Zt(x) for all t ∈ [0 , T ].
For x ∈ BM and t ≥ 0 we set H˜(x) = min(Ht(x), 1 − Zt(x), 1 − Zt(x−), 1− Zt(x+)).
Actually Zt(x) always equals either Zt(x−) or Zt(x+) and these can be distinct only at a point
where has occurred a microscopic fire (that is if x = Xq for some q ∈ {1, . . . , n} with Tq < t and
ZTq−(Xq) < 1).
For all x ∈ (−A ,A) and t ∈ [0 , T ], we put
τt(x) = sup {s ≤ t : Zs(x+) = Zs(x−) = Zs(x) = 0} ∈ TM .
For c ∈ CM and t ∈ [0 , T ], we can define τt(c) as usual with the convention Z0−(x) = 1 for all
x ∈ [−A ,A].
Observe that
for x 6∈ BM , Zt(x) = min(t− τt(x), 1) for all t ∈ [0 , T ], (9.1)
for q = 1, . . . , n, Zt(Xq) = min(t− τt(Xq), 1) for all t ∈ [0 , Tq). (9.2)
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We also define, for all t ∈ [0 , T ], all i ∈ IAλ ,
ρλ,pit (i) = sup
{
s ≤ t : ηλ,piaλs−(i) = 2
}
with the convention ηλ,pi0− (i) = 2 and η
λ,pi
0 (i) = 0.
For t ∈ [0 , T ], consider the event
Ωλ,pit =
{
∀s ∈ [0 , t] \
n⋃
q=1
[Tq , Tq + κλ,pi), ∀c ∈ CM , ∀i ∈ cλ,
∣∣ρλ,pis (i)− τs(c)∣∣ ≤ κλ,pi
}
.
Lemma 9.4. Let α > γ > 0. For all λ ∈ (0 , λα) and π ≥ 1 such that κλ,pi ≤ α, Ω
λ,pi
T a.s.
holds on Ω(α, γ, λ, π).
Proof. We work on Ω(α, γ, λ, π) and assume that λ ∈ (0 , λα) and π ≥ 1 are such that κλ,pi ≤ α.
Clearly, τ0(c) = 0 and ρ
λ,pi
0 (i) = 0 for all c ∈ CM and all i ∈ I
λ
A, so that Ω
λ,pi
0 a.s. holds. We will
show that for q = 0, . . . , n− 1, Ωλ,piTq implies Ω
λ,pi
Tq+1
. The extension to Ωλ,piT will be straightforward
and will be omitted.
We thus fix q ∈ {0, . . . , n − 1} and assume Ωλ,piTq . We repeatedly use below that for all k ≤ q,
on the time interval (Tk , Tk+1), there are no fires at all (in [−A ,A]) for the A−LFFP(0) and, on
ΩS,PA (λ, π), no burning tree at all (in I
λ
A) during (aλ(Tk + κλ,pi) ,aλTk+1) for the (λ, π,A)−FFP.
Besides, ηλ,pi
aλTq−(i) = η
λ,pi
aλTq
(i) for all i ∈ IλA \ {⌊nλXq⌋} while
ηλ,pi
aλTq
(⌊nλXq⌋) = 21{ηλ,pi
aλTq−
(⌊nλXq⌋)=1}.
Step 1. Here we prove that, on Ωλ,piTq , for all 1 ≤ k < q, if DTk−(Xk) = [a , b], for some a < b,
a, b ∈ BM ∪ {−A,A}, then
ηλ,pi
aλTk+Tki−⌊nλXk⌋
(i) = 2
for all i ∈ [a , b]λ.
On the one hand, by construction, for all c ∈ CM , c ⊂ (a , b), we have τTk(c) = Tk. By
Ωλ,piTq ⊂ Ω
λ,pi
Tk+κλ,pi
, we deduce that Tk ≤ ρ
λ,pi
Tk+κλ,pi
(⌊nλb⌋ −mλ − 1) ≤ Tk + κλ,pi.
On the other hand, recall Lemma 4.3: on ΩP,2A,2Aλ,pi (Xk, Tk), a burning tree is either a front or
has vacant neighbors. Recall that there is no burning tree at all in IλA at time aλTk−. Assume for
example that there is a site i ∈ J⌊nλXk⌋ , ⌊nλb⌋ − mλ − 1K such that η
λ,pi
aλTk+Tki−⌊nλXk⌋
(i) = 0.
Then the fire starting at ⌊nλXk⌋ at time aλTk does not affect thet zone Ji , ⌊nλA⌋K, as seen
in Macro(0) in Subsection 4.4. This especially implies that ηλ,piaλt(⌊nλb⌋ − mλ − 1) ≤ 1 for all
t ∈ [Tk , Tk + κλ,pi] (because no other match falls on IλA during [aλTk ,aλ(Tk + κλ,pi)]) whence
ρλ,piTk+κλ,pi(⌊nλb⌋ −mλ − 1) < Tk, a contradiction.
Step 2. We show that on Ωλ,piTq , for all c ∈ CM , all i ∈ cλ,
ηλ,pi
aλTq−(i) ≤ η
λ,pi
aλTq−(i) ≤ η
λ,pi
aλTq−(i) (9.3)
where
ηλ,pi
aλTq−(i) = min(N
S
aλTq−(i)−N
S
aλτTq−(c)+κλ,pi
(i), 1),
ηλ,pi
aλTq−(i) = min(N
S
aλTq−(i)−N
S
aλτTq−(c)
(i), 1).
Indeed, thanks to ΩS,PA (λ, π) ∩ ΩM (α), there is no burning tree in I
λ
A at time aλTq−. Further-
more, for c ∈ CM , by Ω
λ,pi
Tq
, we have
τTq−(c) ≤ ρ
λ,pi
Tq−(i) ≤ τTq−(c) + κλ,pi for all i ∈ cλ.
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By definition, no fire can affect the site i during (aλρ
λ,pi
Tq−(i) ,aλTq) whence (9.3).
Step 3. We show here that if ZTq−(Xq) < 1, there exist j1, j2 ∈ (Xq)λ such that
j1 < ⌊nλXq⌋ < j2
ηλ,piaλt(j1) = η
λ,pi
aλt(j2) = 0 for all t ∈ [Tq , Tq + κλ,pi].
Indeed, since no match falls on Xq during the time interval [0 , Tq), we have τTq−(Xq) = Tq −
ZTq−(Xq) = Tk, for some 0 ≤ k < q. Observe that ZTq−(Xq) < 1 implies that Tq − τTq−(Xq) < 1.
• If 1 ≤ k < q, then, by construction, we have Xq ∈ D˚Tk−(Xk) = (a , b), for some a, b ∈
BM ∪ {−A,A}. By ΩM (α), we have |a −Xk| ∧ |b −Xk| > 2α whence (Xq)λ ⊂ [a , b]λ. We
deduce from Step 1 that ηλ,pi
aλTk+Tki−⌊nλXk⌋
(i) = 2 for all i ∈ (Xq)λ. Since we work on ΩS2 (λ, π)
and Tk, Tq ∈ TM , we know that there are some sites
⌊nλXk⌋ −mλ < j1 < ⌊nλXk⌋ < j2 < ⌊nλXk⌋+mλ
such that no seed has fallen on j1 and j2 during [aλτTq−(Xq) ,aλ(Tq +κλ,pi)]. Since they are
made vacant by the fire k during the time interval [aλTk ,aλ(Tk + κλ,pi)), we deduce that
they remain vacant during [aλ(Tk + κλ,pi) ,aλ(Tq + κλ,pi)] ⊃ [aλTq ,aλ(Tq + κλ,pi)].
• If k = 0, that is if τTq−(Xq) = 0 we deduce that Tq < 1. We conclude using Ω
S
2 (λ, π) that there
are j1 < ⌊nλXq⌋ < j2 with j1, j2 ∈ (Xq)λ where no seed fall during [0 ,aλ(Tq + κλ,pi)]. Since
all the sites are vacant at time 0, we deduce that j1 and j2 remain vacant until aλ(Tq+κλ,pi).
Step 4. Next we check that if ZTq−(c) = 1 for some c ∈ CM , then
ηλ,pi
aλTq−(i) = 1 for all i ∈ cλ.
Recalling (9.1), we see that ZTq−(c) = 1 implies that Tq − τTq−(c) ≥ 1 and Tq − τTq−(c) ≥ 1 + 2α
by ΩM (α). Using Step 2, we see that for all i ∈ cλ,
ηλ,pi
aλTq−(i) ≥ η
λ,pi
aλTq
(i) = min(NS
aλTq−(i)−N
S
aλτTq−(c)+κλ,pi
(i), 1).
We conclude using ΩS3 (λ, π) that for all i ∈ cλ, η
λ,pi
aλTq
(i) = 1 whence ηλ,pi
aλTq−(i) = 1, as desired.
Step 5. We now prove that if H˜Tq−(x) = 0 for some x ∈ BM , then
ηλ,pi
aλTq−(i) = 1 for all i ∈ (x)λ.
Preliminary considerations. Let k ∈ {1, . . . , n} such that x = Xk, which is at the boundary
of two cells c−, c+ ∈ CM . We know that H˜Tq−(x) = 0, whence HTq−(x) = 0 and ZTq−(x) =
ZTq−(c+) = ZTq−(c−) = 1. This implies that Tq ≥ 1 (because Zt(x) = t for all t < 1 and all
x ∈ [−A ,A]) and thus Tq ≥ 1 + 2α due to ΩM (α).
No fire has concerned jg = ⌊nλXk⌋ −mλ − 1 ∈ (c−)λ during (aλρ
λ,pi
Tq−(jg) ,aλTq). By Ω
λ,pi
Tq
, we
deduce that τTq−(c−) ≤ ρ
λ,pi
Tq−(jg) ≤ τTq−(c−) + κλ,pi . Recalling (9.1), ZTq−(c−) = 1 implies that
τTq−(c−) ≤ Tq − 1 whence, by ΩM (α), there holds that τTq−(c−) < Tq − 1 − 2α. Using a similar
argument for jd = ⌊nλXk⌋+mλ+1 ∈ (c+)λ, we conclude that no match falling outside (Xk)λ can
affect (Xk)λ during (aλ(Tq − 1−α) ,aλTq) (because to affect (Xk)λ, a match falling outside (Xk)λ
needs to cross jd or jg).
Case 1. First assume that k ≥ q. Then we know that no fire has fallen on (Xk)λ during [0 ,aλTq).
Due to the preliminary considerations, we deduce that no fire at all has concerned (Xk)λ during
(aλ(Tq − 1 − α) ,aλTq). Using ΩS3 (λ, π), we conclude that (Xk)λ is completely occupied at time
aλTq−.
Case 2. Assume that k < q and ZTk−(Xk) = 1, so that there already has been a macroscopic
fire in (Xk)λ (at time aλTk). Since ZTk(Xk) = 0 and ZTq−(Xk) = 1, we deduce that Tq − Tk ≥ 1,
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whence Tq−Tk ≥ 1+2α as usual. Since there is no more burning tree in (Xk)λ at time aλ(Tk+κλ,pi),
thanks to ΩP,Aλ,pi (Xk, Tk), we conclude as in Case 1 that no fire at all has concerned (Xk)λ during
(aλ(Tq − 1− α) ,aλTq), which implies the claim by ΩS3 (λ, π).
Case 3. Assume that k < q and ZTk−(Xk) < 1 and Tq − Tk ≥ 1, whence Tq − Tk ≥ 1 + 2α due
to ΩM (α). Then there already has been a microscopic fire in (Xk)λ (at time aλTk). But there are
no fire in (Xk)λ during (aλ(Tk+κλ,pi) ,aλTq) ⊃ (aλ(Tq−1−α) ,aλTq) and we conclude as in Case
2.
Case 4. Assume finally that k < q and ZTk−(Xk) < 1 and Tq−Tk < 1, whence Tq−Tk < 1−2α
due to ΩM (α). There has been a microscopic fire in (Xk)λ (at time aλTk). Since HTq−(Xk) = 0,
we deduce that Tk + ZTk(Xk) ≤ Tq, whence Tk + ZTk(Xk) ≤ Tq − 2α by ΩM (α). There is l < k
such that τTk−(Xk) = Tl. We set M := ((Xl, Tl), (Xk, Tk)), recall Subsection 9.2 (if l = 0 i.e.
τTk−(Xk) = 0, set for example X0 = 0).
We first show that
(ηλ,pit (i))t∈[aλTl,aλ(Tk+κλ,pi)],i∈(Xk)λ = (ζ
λ,pi,M
t (i))t∈[aλTl,aλ(Tk+κλ,pi)],i∈(Xk)λ . (9.4)
Here, the process (ζλ,pi,Mt (i))t∈[aλTl,aλ(Tk+κλ,pi)],i∈(Xk)λ is built as in Subsection 9.2 using the seed
processes (NSt (i))t≥0,i∈Z and the propagation processes (N
P
t (i))t≥0,i∈Z.
• We first assume that Tl ≥ 1, whence Tl ≥ 1 + 2α by ΩM (α). Since no match has fallen on
(Xk)λ during [0 ,aλTl] and since ZTl−(Xk) = 1, the zone (Xk)λ is completely occupied at
time aλTl−, recall Case 1. Thus, (η
λ,pi
t (i))t≥0,i∈Z and (ζ
λ,pi,M
t (i))t≥0,i∈Z are equal on (Xk)λ
at time aλTl. By Step 1, we deduce, that
ηλ,pi
aλTl+T li−⌊nλXl⌋
(i) = 2 for all i ∈ DTl−(Xl)λ.
Since (Xk)λ ⊂ DTl−(Xl)λ, we deduce that η
λ,pi
aλTl+T li−⌊nλXl⌋
(i) = 2 for all i ∈ (Xk)λ. Observe
that, with our coupling, the fire l propagates according to the same processes in both cases.
Since seeds fall on (Xk)λ according to the same processes and since (η
λ,pi
t (i))t≥0,i∈Z and
(ζλ,pi,Mt (i))t≥0,i∈Z evolve according to the same rules, we deduce that they remain equals
on (Xk)λ during [aλTl ,aλ(Tl + κλ,pi)]. Next, no fire affects the zone (Xk)λ during [aλ(Tl +
κλ,pi) ,aλTk) (because to affect the zone (Xk)λ, we need Zs−(c−) = 1 or Zs−(c+) = 1 for
some s ∈ (Tl , Tk) whereas Zs(c−) = Zs(c+) = s−Tl for all s ∈ [Tl , Tk]) and since seeds fall on
(Xk)λ according to the same processes, they are again equal during this time interval. Finally,
CP ((ζλ,pi,Mt (i))t≥0,i∈Z, (Xk, Tk)) ⊂ (Xk)λ, recall Lemma 9.2. We deduce (9.4) because the
match falling on ⌊nλXk⌋ at time aλTk destroys the same zone, since the two processes evolve
with the same rules on (Xk)λ.
• If Tl < 1, then by construction l = 0 and τTk−(Xk) = 0. We also deduce (9.4) using similar
arguments as above (this case is easier).
Consider now the zone CP = CP ((ηλ,pit (i))t≥0,i∈Z, (Xk, Tk)) destroyed by the match falling on
⌊nλXk⌋ at time aλTk. This zone is completely occupied at time aλ(Tk + Θ
λ,pi
M ): this follows from
the definition of Θλ,piM , see Lemma 9.2, from (9.4) and from the preliminary considerations. Using
ΩS4 (γ, λ, π), we deduce that Tk + Θ
λ,pi
M ≤ Tk + ZTk−(Xk) + γ < Tq, since γ < α. Hence C
P is
completely occupied at time aλTq−.
Consider now i ∈ (Xk)λ \C
P . Then i has not been killed by the fire starting at ⌊nλXk⌋. Thus
i cannot have been killed during (aλ(Tq − 1 − α) ,aλTq) (due to the preliminary considerations)
and we conclude, using ΩS3 (λ, π), that i is occupied at time aλTq−. This implies the claim.
Step 6. Let us now prove that if H˜Tq−(x) > 0 and ZTq−(x+) = 1 for some x ∈ BM , there is
i1 ∈ (x)λ such that η
λ,pi
aλt
(i1) = 0 for all t ∈ [Tq , Tq +κλ,pi]. Recall that x is at the boundary of two
cells c−, c+.
We have either HTq−(x) > 0 or ZTq−(c−) < 1 (because ZTq−(c+) = 1 by assumption). Clearly,
x = Xk for some k < q, with ZTk−(Xk) < 1 (else, we would have Ht(x) = 0 and Zt(c−) = Zt(c+)
for all t ∈ [0 , Tq)). Thus, recalling (9.1), Tk − ZTk−(Xk) = τTk−(Xk) = Tl, for some l < k.
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As checked in case 4 in the previous Step, on Ω(α, γ, λ, π), setting M = ((Xl, Tl), (Xk, Tk)) (if
l = 0, set for example X0 = 0)
(ηλ,pit (i))t∈[aλTl,aλ(Tk+κλ,pi)],i∈(Xk)λ = (ζ
λ,pi,M
t (i))t∈[aλTl,aλ(Tk+κλ,pi)],i∈(Xk)λ
where the process (ζλ,pi,Mt (i))t∈[aλTl,aλ(Tk+κλ,pi)],i∈(Xk)λ is built as in Subsection 9.2 using the seed
processes (NSt (i))t≥0,i∈Z and the propagation processes (N
P
t (i))t≥0,i∈Z. Hence, either l = 0 whence
ηλ,pi0 (i) = 0 for all i ∈ (Xk)λ or all the sites in (Xk)λ burn at least on time during [aλTl ,aλ(Tl +
κλ,pi)).
Case 1. Assume first that HTq−(x) > 0. Then by construction, there holds Tk + ZTk−(Xk) >
Tq > Tk, whence by ΩM (α), Tk + ZTk−(Xk) > Tq + 2α > Tk + 4α.
Consider CP = CP ((ηλ,pit (i))t≥0,i∈Z, (Xk, Tk)) the zone destroyed by the match falling on
⌊nλXk⌋ at time aλTk. By ΩS2 (λ, π) and (9.4), we have C
P ⊂ (Xk)λ (because Tk − ZTk−(Xk)
and Tk belong to TM , because 0 < ZTk−(Xk) < 1 and because all the sites in (Xk)λ have been
made vacant during [aλTl ,aλ(Tl + κλ,pi))).
By Definition of Θλ,piM , see Lemma 9.2 and by (9.4), we deduce that C
P is not completely
occupied at time aλ(Tk + Θ
λ,pi
M ) (because in both cases, seeds fall on (Xk)λ according to the
same processes). But by ΩS,P4 (γ, λ, π), we see that Θ
λ,pi
M ≥ ZTk−(Xk) − γ, whence Tk + Θ
λ,pi
M ≥
Tk + ZTk−(Xk) − γ + 2α > Tq + κλ,pi since γ < α and κλ,pi < α. All this implies that there is a
vacant site in CP during [aλTq ,aλ(Tq + κλ,pi)].
Case 2. Assume next that HTq−(x) = 0 and that Tq − Tl < 1 (whence Tq − Tl < 1− 2α).
• If l ≥ 1, recall that a match has fallen (in the limit process) on Xl ∈ BM at time Tl ∈ TM
with Xk ∈ D˚Tl−(Xl). Since Tl and Tq belong to TM and since their difference is smaller than
1 by assumption, ΩS2 (λ, π) guarantees us the existence of i1 ∈ (Xk)λ, such that no seed fall
on i1 during [aλTl ,aλ(Tq+κλ,pi)]. Since all the sites in (Xk)λ have been made vacant during
the time interval [aλTl ,aλ(Tl + κλ,pi)] (see Step 1), one easily concludes that i1 is vacant
during [aλTq ,aλ(Tq + κλ,pi)].
• If l = 0 that is if 0 < Tq < 1, there holds 0 < Tq < 1 − 2α by ΩM (α). We conclude using
ΩS2 (λ, π) that there is a site i1 ∈ (Xk)λ where no seed has fallen during [0 ,aλ(Tq + κλ,pi)]
whence ηλ,piaλs(i1) = 0 for all s ∈ [aλTq ,aλ(Tq + κλ,pi)], as desired.
Case 3. Assume finally that HTq−(x) = 0 and that Tq − [Tk − ZTk−(Xk)] ≥ 1, whence Tq −
[Tk − ZTk−(Xk)] ≥ 1 + 2α by ΩM (α). Since HTq−(x) = 0, there holds ZTq−(c−) < 1 = ZTq−(c+)
and Tk + ZTk−(Xk) ≤ Tq, so that Tk + ZTk−(Xk) ≤ Tq − 2α.
We aim to use the event ΩS,P1 (λ, π). We introduce
t0 = Tk − ZTk−(Xk) = τTk−(Xk) = Tl.
Observe that τTk−(c−) = τTk−(c+) = τTk−(x) because there has been no fire (exactly) at x during
[0 , Tk). Thus Zt0−(x) = Zt0−(x−) = Zt0−(x+) = 1 and Zt0(x) = Zt0(c−) = Zt0(c+) = 0 (using
the convention Z0−(y) = 1 for all y ∈ [−A ,A]).
Set now t1 = Tk. Observe that 0 < t1 − t0 < 1. Necessarily, Zt(c−) has jumped to 0 at least
one time between t0 and Tq− (else, one would have ZTq−(c−) = 1, since Tq− t0 ≥ 1 by assumption)
and this jump occurs after t0 + 1 > t1 (since a jump of Zt(c−) requires that Zt(c−) = 1, and since
for all t ∈ [t0 , t0 + 1), Zt(c−) = t− t0 < 1).
We thus may denote by t2 < t3 < · · · < tK , for some K ≥ 2, the successive times of jumps of
the process (Zt(c−), Zt(c+)) during (t0 + 1 , Tq) and say x2, . . . , xK the corresponding locations of
the fires. We also put ε = 1 if t2 is a jump of Zt(c+) and ε = −1 else.
Then we observe that Zt(c−) and Zt(c+) do never jump to 0 at the same time during (t0 , Tq)
(else, it would mean that they are killed by the same fire at some time u, whence necessarily,
Hr(u) = 0 and Zr(c−) = Zr(c+) for all r ∈ (u , Tq)). Furthermore, there is always at least one
jump of (Zt(c−), Zt(c+)) in any time interval of length 1 (during [t0+1 , Tq)), because else, Zt(c+)
and Zt(c−) would both become equal to 1 and thus would remain equal forever. Finally, observe
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that two jumps of Zt(c−) cannot occur in a time interval of length 1 (since a jump of Zt(c−)
requires that Zt(c−) = 1) and the same thing holds for Zt(c+).
Consequently, the family P = {ε; (x0, t0), (Xk, Tk), . . . , (xK , tK)} necessarily satisfies the condi-
tion (PP ) of Subsection 9.3.
Next, there holds that t2− t1 < ZTk−(Xk) = t1− t0, because else, we would have Ht2−(Xk) = 0
and thus the fire destroying c+ (or c−) at time t2 would also destroy c− (or c+), we thus would
have Zt2(c+) = Zt2(c−) = 0, so that Zt(c+) and Zt(c−) would remain equal forever. Furthermore,
we have tK < Tq < tK + 1 because else, we would have ZTq−(c+) = ZTq−(c−) = 1.
Finally, we check that
(ηλ,pit (i))t∈[aλt0,aλ(tK+κλ,pi)],i∈(Xk)λ = (ζ
λ,pi,P
t (i))t∈[aλt0,aλ(tK+κλ,pi)],i∈(Xk)λ ,
this last process being built upon the families (NSt (i))t≥0,i∈Z and (N
P
t (i))t≥0,i∈Z as in Subsection
9.2. Indeed, seeds fall according to the same processes and fires propagate according to the same
processes on (Xk)λ. We already have checked that (η
λ,pi
t (i))t≥0,i∈Z and (ζ
λ,pi,P
t (i))t≥0,i∈Z are equal
on (Xk)λ during the time interval [aλt0 ,aλ(Tk+κλ,pi)]. Nothing happens on (Xk)λ during [aλ(Tk+
κλ,pi) ,aλt2). In both cases (say ε = −1), a match falls on ⌊nλx2⌋ ∈ J−⌊nλA⌋ , ⌊nλXk⌋ −mλK at
time aλt2. This fire destroys destroys the zone containing ⌊nλXk⌋ −mλ (by definition of ζ
λ,pi,P
and because, by construction, Dt2−(x2) = [a ,Xk], for some a ∈ BM ∪{−A}, whence η
λ,pi
aλt2−(j) = 1
for all j ∈ J⌊nλx2⌋ , ⌊nλXm⌋ −mλK, see Steps 4 and 5 above) at the same time, since with our
coupling, the second fire spreads according to the same rules and to the same processes in both
cases. This implies that (ηλ,pit (i))t≥0,i∈Z and (ζ
λ,pi,P
t (i))t≥0,i∈Z are also equal on (Xk)λ during the
time interval [aλ(Tk + κλ,pi) ,aλ(t2 + κλ,pi)]. And so on.
We thus can use ΩS,P1 (λ, π) and conclude that there is a site i1 in (Xk)λ which is vacant during
[aλ(tK + κλ,pi) ,aλ(tK + 1)] for (ζ
λ,pi,P
t (i))t≥0,i∈Z. Since seeds fall on (Xk)λ according to the same
processes, we deduce that there is also a vacant site in (Xk)λ during [aλ(tK +κλ,pi) ,aλ(tK +1)] ⊂
[aλTq ,aλ(Tq + κλ,pi)] for the (λ, π,A)−FFP, as desired.
Step 7. We now conclude. We put z := ZTq−(Xq) and consider separately the cases z ∈ (0 , 1) and
z = 1. Observe that z = 0 do never happens, since by construction, ZTq−(Xq) = min(ZTq−1(Xq) +
Tq − Tq−1, 1) > 0 and since Tq > Tq−1.
Case z ∈ (0 , 1). Then in the A−LFFP(0), we have ZTq−(Xq) = ZTq(Xq) for all x ∈ (−A ,A)
whence τTq−(c) = τTq (c) = τTq+κλ,pi(c) for all c ∈ CM . Using Step 3, as seen in Micro(0) in
Subsection 4.4, we see that the match falling on ⌊nλXq⌋ at time aλTq destroys nothing outside
Jj1 , j2K ⊂ (Xq)λ and there is no more burning tree in IλA at time aλ(Tq + κλ,pi). We deduce that
ρλ,pis (i) = ρ
λ,pi
Tq
(i) for all s ∈ [Tq , Tq +κλ,pi ] and all i 6∈ (Xq)λ. Thus, applying Ω
λ,pi
Tq
, we deduce that
for all c ∈ CM and all i ∈ cλ,
τTq+κλ,pi(c) = τTq (c) ≤ ρ
λ,pi
Tq
(i) = ρλ,piTq+κλ,pi(i) ≤ τTq (c) + κλ,pi = τTq+κλ,pi(c) + κλ,pi .
Thus, on Ω(α, γ, λ, π), Ωλ,piTq implies Ω
λ,pi
Tq+κλ,pi
. Since no match falls on IλA during (aλ(Tq+κλ,pi) ,aλTq+1)
and since ηλ,pi
aλTq+1−(i) = η
λ,pi
aλTq+1
(i) for all i 6= ⌊nλXq+1⌋, we deduce that on Ω(α, γ, λ, π), for all
c ∈ CM and all i ∈ cλ,
ρλ,piTq+κλ,pi(i) = ρ
λ,pi
Tq+1
(i) and τTq+κλ,pi(c) = τTq+1 (c).
All this implies that on Ω(α, γ, λ, π), Ωλ,piTq implies Ω
λ,pi
Tq+1
when z ∈ (0 , 1).
Case z = 1. Then there are a, b ∈ BM ∪{−A,A} such that DTq−(Xq) = [a , b]. We assume that
a, b ∈ BM , the other cases being treated similarly. By construction, we know that for all c ∈ CM
with c ⊂ (a , b), ZTq−(c) = 1, for all x ∈ BM ∩ (a , b), H˜Tq−(x) = 0 while finally H˜Tq−(a) > 0 and
H˜Tq−(b) > 0.
For the A−LFFP(0), we have
(i) τTq (c) = Tq for all c ∈ CM with c ⊂ (a , b),
(ii) τTq (c) = τTq−(c) for all c ∈ CM with c ∩ (a , b) = ∅.
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Next, using Steps 4, 5, using Step 6 for a (and a very similar result for b), we immediately check
that the fire occurring on ⌊nλXq⌋ at time aλTq, as seen in Macro(0) in Subsection 4.4,
• destroys completely all the cells c ∈ CM with c ⊂ (a , b),
• destroys completely all the zones (x)λ with x ∈ BM ∩ (a , b),
• does not destroy completely (a)λ nor (b)λ,
• does not destroy at all the sites i ∈ IλA with i 6∈ J⌊nλa⌋ −mλ , ⌊nλb⌋+mλK.
Consequently, we have, for all c ∈ CM with c ⊂ (a , b) and all i ∈ (c)λ,
τTq+κλ,pi(c) = τTq (c) = Tq ≤ ρ
λ,pi
Tq+κλ,pi
(i) ≤ Tq + κλ,pi = τTq(c) + κλ,pi = τTq+κλ,pi(c) + κλ,pi,
while if c ∩ (a , b) = ∅, for all i ∈ (c)λ,
τTq+κλ,pi(c) = τTq (c) = τTq−(c) ≤ ρ
λ,pi
Tq−(i) = ρ
λ,pi
Tq+κλ,pi
(i)
≤ τTq−(c) + κλ,pi = τTq(c) + κλ,pi = τTq+κλ,pi(c) + κλ,pi.
We conclude that when z = 1, Ωλ,piTq implies Ω
λ,pi
Tq+κλ,pi
. Since no match falls on IλA during
[aλ(Tq + κλ,pi) ,aλTq+1) and since η
λ,pi
aλTq+1−(i) = η
λ,pi
aλTq+1
(i) for all i 6= ⌊nλXq+1⌋, we deduce that
on Ω(α, γ, λ, π), Ωλ,piTq+κλ,pi implies Ω
λ,pi
Tq+1
.
All this implies that on Ω(α, γ, λ, π), Ωλ,piTq implies Ω
λ,pi
Tq+1
when z = 1. This completes the
proof.
9.5 Proof of Theorem 6.1 for p = 0
We finally give the proof of the Theorem 6.1 in the case p = 0. The proof is closely related to the
proof in the case p > 0, recall Subsection 8.5.
Proof. Let us fix x0 ∈ (−A ,A), t0 ∈ (0 , T ) and ε > 0. We will prove that with our coupling (see
Subsection 9.4.1), when λ→ 0 and π →∞ in the regime R(0), there holds that
(a) limλ,pi P
[
δ(Dλ,pit0 (x0), Dt0(x0)) > ε
]
= 0;
(b) limλ,pi P
[
δT (D
λ,pi(x0), D(x0)) > ε
]
= 0;
(c) limλ,pi P
[∣∣∣Zλ,pit (x0)− Zt(x0)∣∣∣ > ε] = 0;
(d) limλ,pi P
[∫ T
0
∣∣∣Zλ,pit (x0)− Zt(x0)∣∣∣dt > ε] = 0;
(e) limλ,pi P
[∣∣∣Wλ,pit0 (x0)− Zt0(x0)∣∣∣ > ε] = 0, where
Wλ,pit0 (x0) =
(
log(|C(ηλ,piaλt0 , ⌊nλx0⌋)|)
log(1/λ)
1{|C(ηλ,pi
aλt0
,⌊nλx0⌋)|≥1}
)
∧ 1.
These points will clearly imply the result.
First, we introduce the event Ωx0,t0A,T (α, λ, π) on which
(i) x0 6∈ ∪y∈BM (y − 2α , y + 2α);
(ii) for all s ∈ TM ∪ SM with s ≤ t0, there holds that t0 − s > 2α;
(iii) if t0 6= 1, for all s ∈ TM ∪ SM with s ≤ t0, there holds that |t0 − (s+ 1)| > 2α;
(iv) if t0 > 1, for all i ∈ IλA, N
S
aλt0(i)−N
S
aλ(t0−1)(i) > 0;
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(v) if tc = t0 − τt0−(x0) < 1, there are i1 and i2 such that
−⌊λ−(tc+α)⌋ < i1 < −⌊λ−(tc−α)⌋ < 0 < ⌊λ−(tc−α)⌋ < i2 < ⌊λ−(tc+α)⌋
and such that
• NSaλt0(⌊nλx0⌋+i1)−N
S
aλτt0−(x0)
(⌊nλx0⌋+i1) = 0 whereasN
S
aλt0(⌊nλx0⌋+i2)−N
S
aλτt0−(x0)
(⌊nλx0⌋+
i2) = 0;
• for all j ∈ J−⌊λ−(tc−α)⌋ , ⌊λ−(tc−α)⌋K, NS
aλt0
(⌊nλx0⌋+ j) −NSaλ(τt0−(x0)+κλ,pi)
(⌊nλx0⌋+
j) > 0.
Since t0 − τt0−(x0) = 1 occurs with positive probability only if t0 = 1 (and τt0−(x0) = 0), the
probability of the three first points clearly tend to 1 when α tends to 0. Since (τt(x0))t≥0 is
independent of (NSt (i))t≥0,i∈Z and since (τt(x0))t≥0 ⊂ TM ∪ SM , the probability of the two last
points also tend to 1 as α → 0 and λ → 0 and π → ∞ in the regime R(0), thanks to Lemma
9.1-4,6,7 and space/time stationarity (recall that κλ,pi → 0). All this implies that for all δ > 0,
there is α > 0 such that P
[
Ωx0,t0A,T (α, λ, π)
]
> 1 − δ for all (λ, π) sufficiently close to the regime
R(0).
Let us now fix δ > 0. In the rest of the proof, we consider α0 ∈ (0 , ε), γ0 ∈ (0 , α0), λ0 ∈ (0 , 1)
and ǫ0 ∈ (0 , 1) such that for all λ ∈ (0 , λ0) and all π ≥ 1 in such a way that nλ/(aλπ) < ǫ0, we
have
P
[
Ω(α0, γ0, λ, π) ∩ Ω
x0,t0
A,T (α0, λ, π)
]
> 1− δ.
We then consider λ1 ∈ (0 , λ0) and ǫ1 ∈ (0 , ǫ0) such that for all all λ ∈ (0 , λ1) and all π ≥ 1 in
such a way that nλ/(aλπ) < ǫ1, we have
• κλ,pi ≤ α0;
• α0 + log(aλ)/ log(1/λ) < ε;
• 4mλ/nλ ≤ ε;
• 1/(2mλλ
tc−2ε) ≤ δ and 1/(2mλλtc+κλ,pi) ≤ δ if tc < 1.
All this can be done properly by using the fact that κλ,pi → 0 and mλ/nλ → 0.
In the rest of the proof, we consider λ ∈ (0 , λ1) and π ≥ 1 in such a way that nλ/(aλπ) ≤ ǫ1.
Observe that, on Ωx0,t0A,T (α0, λ, π), we have τt0−(x0) = τt0(x0) and (x0)λ ∩
(⋃
x∈BM (x)λ
)
= ∅. We
call c0 ∈ CM the cell containing x0.
Step 1. As in Subsection 8.5, Steps 1 and 2, (a) (which holds for an arbitrary value of t0 ∈ (0 , T ))
implies (b) and (c) implies (d).
Step 2. Due to Lemma 9.4, we know that, on Ω(α0, γ0, λ, π)∩Ω
x0,t0
A,T (α0, λ, π), since t0 > τt0(x0)+
3α0, for all i ∈ (x0)λ,
τt0(c0) ≤ ρ
λ,pi
t0 (i) ≤ τt0(c0) + κλ,pi .
For all i ∈ (x0)λ, since η
λ,pi
aλt0(i) ≤ 1, there holds
ηλ,pi
aλt0
(i) = min(NS,λ,pi
aλt0
(i)−NS,λ,pi
aλρ
λ,pi
t0
(i)
(i), 1).
Thus, for all i ∈ (x0)λ,
ηλ,pi
aλt0
(i) ≤ ηλ,pi
aλt0
(i) ≤ ηλ,pi
aλt0
(i)
where
ηλ,pi
aλt0
(i) := min(NSaλt0(i)−N
S
aλ(τt0(x0)+κλ,pi)
(i), 1),
ηλ,piaλt0(i) := min(N
S
aλt0
(i)−NS
aλτt0 (x0)
(i), 1).
We also recall that by construction, (τt(x0))t≥0 is independent of (NSt (i))t≥0,i∈Z.
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Step 3. Here we prove (e). We work on Ω(α0, γ0, λ, π) ∩Ω
x0,t0
A,T (α0, λ, π). By Step 2 and point (v)
of the event Ωx0,t0A,T (α0, λ, π), we observe that if 0 < tc = t0 − τt0(x0) < 1, then
J⌊nλx0⌋ − ⌊λ
−(tc−α0)⌋ , ⌊nλx0⌋+ ⌊λ−(tc−α0)⌋K
⊂ C(ηλ,pi
aλt0
, ⌊nλx0⌋) ⊂ C(η
λ,pi
aλt0 , ⌊nλx0⌋) ⊂ C(η
λ,pi
aλt0 , ⌊nλx0⌋)
⊂ J⌊nλx0⌋ − ⌊λ
−(tc+α)⌋ , ⌊nλx0⌋+ ⌊λ−(tc+α)⌋K.
Thus, this implies that
|Wλ,pit0 (x0)− (t0 − τt0(x0))| ≤ α0 +
log(2)
log(1/λ)
< ε.
If now t0− τt0(x0) > 1, then t0− τt0(x0) > 1+2α0 thanks to Ω
x0,t0
A,T (α0, λ, π). Then Step 2 and
point (iv) of Ωx0,t0A,T (α0, λ, π) imply that (x0)λ ⊂ C(η
λ,pi
aλt0 , ⌊nλx0⌋) whence |C(η
λ,pi
aλt0 , ⌊nλx0⌋)| ≥ 2mλ.
Consequently,
Wλ,pit0 (x0) ≥ 1−
log(aλ)
log(1/λ)
> 1− ε.
It only remains to study what happens when t0 = 1. By construction, we have τt0(x0) = 0.
Observe that on Ω(α, γ, λ, π), a match falling on ⌊nλXk⌋ at time aλTk ≤ 1, for some k ∈ {1, . . . , n},
does not affect the zone outside (Xk)λ. Thus, for all i ∈ (x0)λ,
ηλ,pi
aλ
(i) = min(NS
aλ
(i), 1).
Using point (iv) of the event Ωx0,t0A,T (α0, λ, π), we deduce that
(x0)λ ⊂ C(η
λ,pi
aλt0 , ⌊nλx0⌋)
and conclude that |C(ηλ,piaλt0 , ⌊nλx0⌋)| ≥ 2mλ, whence
Wλ,pit0 (x0) ≥ 1−
log(aλ)
log(1/λ)
≥ 1− ε.
Recalling that Zt0(x0) = (t0 − τt0(x0)) ∧ 1, we have proved that
P
[
|Wλ,pit0 (x0)− Zt0(x0))| < ε
]
≥ P
[
Ω(α0, γ0, λ, π) ∩ Ω
x0,t0
A,T (α0, λ, π)
]
≥ 1− δ,
as desired.
Step 4. Here we prove (c). Recall that Zλ,pit0 (x0) =
(
−
log(1−Kλ,pit0 (x0))
log(1/λ)
)
∧ 1 where Kλ,pit0 (x0) =
(2mλ + 1)
−1
∣∣∣{i ∈ J⌊nλX0⌋ −mλ , ⌊nλX0⌋+mλK : ηλ,piaλt0(i) = 1}
∣∣∣. We work on Ω(α0, γ0, λ, π) ∩
Ωx0,t0A,T (α0, λ, π) and set tc = t0 − τt0(x0).
Case 1. If tc ≥ 1, we have checked in Step 3 that η
λ,pi
aλt0
(i) = 1 for all i ∈ (x0)λ, whence
Kλ,pit0 (x0) = 1 and Z
λ,pi
t0 (x0) = 1.
Case 2. If now 0 < tc < 1, we deduce from Step 3 that
Kλ,pit0 (x0) ≤ K
λ,pi
t0 (x0) ≤ K
λ,pi
t0 (x0)
where
Kλ,pit0 (x0) = (2mλ + 1)
−1
∣∣∣{i ∈ J⌊nλX0⌋ −mλ , ⌊nλx0⌋+mλK : ηλ,pi
aλt0
(i) = 1
}∣∣∣ ,
K
λ,pi
t0 (x0) = (2mλ + 1)
−1
∣∣∣{i ∈ J⌊nλX0⌋ −mλ , ⌊nλx0⌋+mλK : ηλ,piaλt0(i) = 1}
∣∣∣ .
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Recalling Step 5 in Subsection 8.5, we deduce that
P
[
Kλ,pit0 (x0) ∈ (1− λ
tc−ε , 1− λtc+ε)
]
≥ 1− cδ,
for some constant c > 0, whence
P
[
Zλ,pit0 (x0) ∈ (tc − ε , tc + ε)
]
≥ 1− cδ.
This is nothing but the goal, since Zt0(x0) = t0 − τt0(x0) = tc as soon as Zt0(x0) < 1.
Step 5. It remains to prove (a). On Ω(α0, γ0, λ, π) ∩ Ω
x0,t0
A,T (α0, λ, π), we check that
(i) If Zt0(x0) < 1, then Dt0(x0) = {x0} and C(η
λ,pi
aλt0 , ⌊nλx0⌋) ⊂ (x0)λ (see Step 3 above), whence
Dλ,pit0 (x0) ⊂ [x0 −mλ/nλ , x0 +mλ/nλ]. We deduce that δ(D
λ,pi
t0 (x0), Dt0(x0)) ≤ 2mλ/nλ.
(ii) If Zt0(x0) = 1 and Dt0(x0) = [a , b], for some a, b ∈ BM ∪ {−A,A}, then
• for c ∈ CM with c ⊂ (a , b), η
λ,pi
aλt0(i) = 1 for all i ∈ cλ (see Step 4 of the preceeding
proof);
• for x ∈ BM ∩ (a , b), η
λ,pi
aλt0(i) = 1 for all i ∈ (x)λ (see Step 5 of the preceeding proof);
• there are i ∈ (a)λ and j ∈ (b)λ such that η
λ,pi
aλt0(i) = η
λ,pi
aλt0(j) = 0 (see Step 6 of the
preceeding proof);
so that
J⌊nλa⌋+mλ , ⌊nλb⌋ −mλK ⊂ C(η
λ,pi
aλt0 , ⌊nλx0⌋) ⊂ J⌊nλa⌋ −mλ , ⌊nλb⌋+mλK
and thus
[a+mλ/nλ , b−mλ/nλ] ⊂ D
λ,pi
t0 (x0) ⊂ [a−mλ/nλ , b+mλ/nλ],
whence δ(Dλ,pit0 (x0), Dt0(x0)) ≤ 4mλ/nλ.
Thus, on Ω(α0, γ0, λ, π)∩Ω
x0,t0
A,T (α0, λ, π), we always have δ(D
λ,pi
t0 (x0), Dt0(x0)) ≤ 4mλ/nλ. We
conclude that
P
[
δ(Dλ,pit0 (x0), Dt0(x0)) ≤ ε
]
≥ P
[
Ω(α0, γ0, λ, π) ∩ Ω
x0,t0
A,T (α0, λ, π)
]
≥ 1− δ.
This concludes the proof.
9.6 Cluster size distribution when p = 0
The aim of this section is to prove Corollary 2.7 when p = 0. We first recall a result of [[6], Lemma
3.11.1].
Lemma 9.5. Let (Zt(x), Ht(x), Ft(x))t≥0,x∈R be a LFFP(0) and consider (Dt(x))t≥0,x∈R the
associated process. There are some constants 0 < c1 < c2 and 0 < κ1 < κ2 such that the following
estimates hold.
(i) For any t ∈ (1,∞), any x ∈ R, any z ∈ [0, 1), P [Zt(x) = z] = 0.
(ii) For any t ∈ [0,∞), any B > 0, any x ∈ R, P [|Dt(x)| = B] = 0.
(iii) For all t ∈ [0,∞), all x ∈ R, all B > 0, P [|Dt(x)| ≥ B] ≤ c2e
−κ1B.
(iv) For all t ∈ [32 ,∞), all x ∈ R, all B > 0, P [|Dt(x)| ≥ B] ≥ c1e
−κ2B.
(v) For all t ∈ [5/2,∞), all 0 ≤ a < b < 1, all x ∈ R,
c1(b − a) ≤ P [Zt(x) ∈ [a , b]] ≤ c2(b− a).
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We now handle the
Proof of Corollary 2.7 when p = 0. For each λ ∈ (0 , 1) and each π ≥ 1, consider a (λ, π)−FFP
(ηλ,pit (i))t≥0,i∈Z. Let also (Zt(x), Ht(x), Ft(x))t≥0,x∈R be a LFFP(0) and consider the corresponding
process (Dt(x))t≥0,x∈R.
Point (b). Using Lemma 9.5-(iii)-(iv) and recalling that |C(ηλ,piaλt, 0)|/nλ = |D
λ,pi
t (0)|, it suffices to
check that for all t ≥ 3/2 and all B > 0, when λ→ 0 and π → 0 in the regime R(0),
lim
λ,pi
P
[
|Dλ,pit (0)| ≥ B
]
= P [|Dt(0)| ≥ B] .
This follows from Theorem 2.5-2, which implies that |Dλ,pit (0)| goes in law to |Dt(0)| and from
Lemma 9.5-(ii).
Point (a). Due to Lemma 9.5-(v) we only need that for all 0 < a < b < 1, all t ≥ 5/2, when
λ→ 0 and π → 0 in the regime R(0),
lim
λ,pi
P
[
|C(ηλ,piaλt, 0)| ∈ [λ
−a , λ−b]
]
= P [Zt(0) ∈ [a , b]] .
But using Theorem 2.5-3 and Lemma 9.5-(i), we know that
lim
λ,pi
P
[
log(|C(ηλ,piaλt, 0)|)
log(1/λ)
1{|C(ηλ,pi
aλt
,0)|≥1} ∈ [a , b]
]
= P [Zt(0) ∈ [a , b]]
as λ→ 0 and π → 0 in the regime R(0). One immediately concludes.
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